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ABSTRACT 
Waste collection problem is one of the most important logistical issues faced by municipalities, which is 
widely dependents on route optimization. In this paper, a bi-objective model that simultaneously minimizes 
operational and environmental costs and population exposure risk is presented. The problem consists of waste 
collection activities and disposing those wastes in related disposal facilities. This model seeks to find the best 
possible way to achieve the objectives of the problem with available constraints by a heterogeneous fleet of 
vehicles that have different traveling time limitations. Due to the fact that the population of people living on 
the routes are imprecise and traveling time between sites are not certain, fuzzy numbers are considered for 
those parameters. For the validation of the presented model the problem is solved by GAMS and the results of 
CPLEX solver by using epsilon constraint method are shown.  
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1. INTRODUCTION
Waste management is one of the major concerns worldwide due to its direct impact on the
environment and the health of people in the community. The waste collection problem is one of the
most complex and expensive logistical issues faced by any municipality, with the collection costs
alone accounting for more than 70% of the waste management costs. The rapid growth of
urbanization and population along with environmental concerns has created a critical situation for
waste management [1].
The typical waste collection process involves vehicles starting from the depot and traveling on fixed
routes to collect waste and transfer it to disposal or recycling centers. If our vehicles collect multiple
types of waste simultaneously and have a specific capacity for each waste type, our problem
becomes a capacitated vehicle routing problem or so-called CVRP [2].
Rabbani et al. [3] Considered the CVRP problem with a heterogeneous fleet of vehicles and added
the assumption that we could rent vehicles from other vehicle companies if our existing vehicles
were not enough for collecting wastes from all locations. They modeled the problem as a close-open
mixed vehicle routing problem so that only some vehicles would return to the original depot.
Vehicle routing problems is classified as the NP-Hard Problems. hence finding exact solution for
this problem is very difficult or impossible in many cases. They derive the results from two
approaches of genetic algorithm and hybrid genetic algorithm with the analytical hierarchy process
named AHP and compare the results with each other.
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Lin et al. [4] introduced a new set of routing problems called green routing problems. The 
importance of green logistics stems from the fact that the current logistics strategies used in 
companies are not sustainable in the long run. Farrokhi-Asl et al. [5] tried to Reduce CO2 emissions 
produced by reducing fuel consumption to optimally solve the problem and present their proposed 
model to solve the problem of waste collection from the green routing perspective. They proposed a 
multi-objective model to simultaneously minimizing operating costs and social costs related to the 
waste collecting problem. 
In this research, we propose a bi-objective sustainable close vehicle routing problem considering 
heterogeneous fleet of vehicles that each have separate capacities for different types of waste, 
collecting waste from customers locations and move them to disposal facilities. We also consider 
some parameters to be fuzzy numbers and try to simultaneously minimize operational costs, 
economical cost and transportation risk along the routes. 

2. Problem description
Each vehicle has different service time limitation and capacity allowed but vehicles can do a little
overtime if needed. Depending on time of the day, traveling times and customer demands are
uncertain and we consider them fuzzy number based on their past data.
The ultimate objective is to minimize the operating, social and environmental costs of the company.
Each of the vehicles, depending on their type, produces different amounts of CO2 that cause
environmental problems, and these emissions, depend on weight of the vehicles.
In addition to the economic issues mentioned, there are some risks involved in the problem too [6].
transportation risk is taken into account in the problem. The transportation risk is considered for all
routes between customers location and disposal facilities. We use the concept of population
exposure risk for our problem. This type of risk takes into account the total number of people along
the routes that we use. This number is imprecise because we can’t specify the exact number of
people living along the routes.so we consider this parameter to be fuzzy numbers. In the second
objective, we try to choose the path to minimize the population living along the route so that we can
look at the problem socially too. All fuzzy parameters in our problem are considered triangular
fuzzy numbers.

2.1.  Mathematical formulation 

𝐷𝐷 Set of indexes for depot F Set of indexes for disposal facilities 
𝐾𝐾 Set of indexes for vehicles C Set of indexes for customers 
W Set of indexes for waste types 

𝐷𝐷𝐷𝐷�𝑖𝑖𝑖𝑖 = �𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖
𝑝𝑝 ,𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖𝑚𝑚 ,𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖𝑜𝑜 � Demand of customer i for collection of waste type w 

𝑄𝑄𝑖𝑖𝑤𝑤 Capacity of vehicle k for waste type w 
𝑇𝑇𝑇𝑇𝑤𝑤 Maximum allowable traveling time for vehicle k 
𝑁𝑁𝑤𝑤 Number of vehicles k we have 
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�̃�𝑡𝑖𝑖𝑖𝑖 = �𝑡𝑡𝑖𝑖𝑖𝑖
𝑝𝑝 , 𝑡𝑡𝑖𝑖𝑖𝑖𝑚𝑚, 𝑡𝑡𝑖𝑖𝑖𝑖𝑜𝑜 � Traveling time between node i and node j 

𝑃𝑃𝑖𝑖𝑖𝑖𝑤𝑤 Loading/unloading time for waste type w by vehicle k in node i 
𝑓𝑓𝑓𝑓𝑤𝑤 Fixed cost of using vehicle k 
𝑉𝑉𝑤𝑤 Variable cost of using vehicle k 
𝑀𝑀 Great number 
𝑃𝑃𝑃𝑃𝑃𝑃�𝑖𝑖𝑖𝑖 = �𝑃𝑃𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖

𝑝𝑝,𝑃𝑃𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖𝑚𝑚,𝑃𝑃𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖𝑜𝑜� Number of people along the route between node i and j

𝜌𝜌0𝑤𝑤 Fuel consumption rate for empty vehicle k 
𝜌𝜌𝑤𝑤∗ Fuel consumption rate for full loaded vehicle k 
𝐴𝐴𝐴𝐴 One unit of fuel’s cost 
𝑍𝑍𝑍𝑍 Cost of CO2 emission per consumption of one liter of fuel 

Decision variables: 
𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤 If vehicle k s travels directly from node i to node j,  𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤 = 1; otherwise = 0. 
𝑜𝑜𝑖𝑖𝑤𝑤 If vehicle k departs from depot i, 𝑜𝑜𝑖𝑖𝑤𝑤 = 1; otherwise = 0 
𝑦𝑦𝑖𝑖𝑤𝑤 If vehicle k is allocated to customer i, 𝑦𝑦𝑖𝑖𝑤𝑤 = 1; otherwise = 0. 

𝑈𝑈𝑖𝑖𝑤𝑤𝑖𝑖 Continuous variable that represents the load of compartment w of vehicle k just 
after leaving the customer i. 

𝐴𝐴𝑖𝑖𝑤𝑤 Continuous variable that represents the traveling time vehicle k just after leaving 
the customer i. 

 𝑍𝑍1 = 𝑀𝑀𝑓𝑓𝑀𝑀� 𝑓𝑓𝑓𝑓𝑤𝑤�𝑜𝑜𝑖𝑖𝑤𝑤 + �𝑉𝑉𝑤𝑤 � � �̃�𝑡𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤
𝑖𝑖∈𝐷𝐷∪𝐹𝐹∪𝐶𝐶𝑖𝑖∈𝐷𝐷∪𝐹𝐹∪𝐶𝐶𝑤𝑤∈𝐾𝐾𝑖𝑖∈𝐷𝐷𝑤𝑤∈𝐾𝐾

+ �𝑉𝑉𝑤𝑤 � � � 𝑃𝑃𝑖𝑖𝑖𝑖𝑤𝑤𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤
𝑖𝑖∈𝐹𝐹∪𝐶𝐶𝑖𝑖∈𝐹𝐹∪𝐶𝐶𝑖𝑖∈𝑊𝑊𝑤𝑤∈𝐾𝐾

+ � � � (𝐴𝐴𝐴𝐴 + 𝑍𝑍𝑍𝑍)𝑡𝑡𝑖𝑖𝑖𝑖(𝜌𝜌0𝑤𝑤𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤 +
𝜌𝜌𝑤𝑤∗ − 𝜌𝜌0𝑤𝑤
𝑄𝑄𝑊𝑊𝑤𝑤

𝑈𝑈𝑖𝑖𝑤𝑤𝑖𝑖)
𝑖𝑖∈𝐹𝐹∪𝐶𝐶𝑖𝑖∈𝐹𝐹∪𝐶𝐶𝑤𝑤∈𝐾𝐾

+ ��(𝐴𝐴𝐴𝐴 + 𝑍𝑍𝑍𝑍)�̃�𝑡1𝑖𝑖
𝑖𝑖∈𝐶𝐶𝑤𝑤∈𝐾𝐾

𝑥𝑥1𝑖𝑖𝑤𝑤𝜌𝜌0𝑤𝑤 + ��(𝐴𝐴𝐴𝐴 + 𝑍𝑍𝑍𝑍)�̃�𝑡𝑖𝑖1
𝑤𝑤∈𝐾𝐾𝑖𝑖∈𝐹𝐹

𝑥𝑥𝑖𝑖1𝑤𝑤𝜌𝜌0𝑤𝑤 

)1(  

𝑍𝑍2 = 𝑀𝑀𝑓𝑓𝑀𝑀 � � � 𝑃𝑃𝑃𝑃𝑃𝑃�𝑖𝑖𝑖𝑖
𝑖𝑖∈𝐶𝐶∪𝐹𝐹𝑖𝑖∈𝐶𝐶∪𝐹𝐹𝑤𝑤∈𝐾𝐾

𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤 (2) 

𝑠𝑠. 𝑡𝑡.  � � 𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤 = 1 
𝑖𝑖∈𝐷𝐷∪𝐶𝐶

 ∀𝑗𝑗 ∈ 𝐶𝐶
𝑤𝑤∈𝐾𝐾

 (3) 

� � 𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤 = 1 
𝑖𝑖∈𝐹𝐹∪𝐶𝐶

 ∀𝑓𝑓 ∈ 𝐶𝐶
𝑤𝑤∈𝐾𝐾

 )4(  

� 𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤
𝑖𝑖∈𝐷𝐷∪𝐶𝐶

= � 𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤
𝑖𝑖∈𝐹𝐹∪𝐶𝐶

  ∀𝑗𝑗 ∈ 𝐶𝐶, 𝑘𝑘 ∈ 𝐾𝐾 )5(  

� 𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤
𝑖𝑖∈𝐹𝐹∪𝐶𝐶

= � 𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤
𝑖𝑖∈𝐶𝐶∪𝐹𝐹

      ∀𝑗𝑗 ∈ 𝑍𝑍, 𝑘𝑘 ∈ 𝐾𝐾 )6(  

�𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤
𝑖𝑖∈𝐹𝐹

= �𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤
𝑖𝑖∈𝐶𝐶

  ∀𝑗𝑗 ∈ 𝐷𝐷, 𝑘𝑘 ∈ 𝐾𝐾 )7(
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𝐴𝐴𝑖𝑖𝑤𝑤 = 0       ∀𝑓𝑓 ∈ 𝐷𝐷, 𝑘𝑘 ∈ 𝐾𝐾 (8) 

𝐴𝐴𝑖𝑖𝑤𝑤 + �̃�𝑡𝑖𝑖𝑖𝑖 + � 𝑝𝑝𝑖𝑖𝑖𝑖𝑤𝑤𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤 − 𝑀𝑀�1 − 𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤�
𝑖𝑖∈𝑊𝑊

≤ 𝐴𝐴𝑖𝑖𝑤𝑤     ∀𝑓𝑓, 𝑗𝑗 ∈ 𝐶𝐶 ∪ 𝑍𝑍, 𝑓𝑓 ≠ 𝑗𝑗, 𝑘𝑘 ∈ 𝐾𝐾 (9) 

𝐴𝐴𝑖𝑖𝑤𝑤 + �̃�𝑡𝑖𝑖𝑖𝑖 + � 𝑝𝑝𝑖𝑖𝑖𝑖𝑤𝑤𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤
𝑖𝑖∈𝑊𝑊

−𝑀𝑀�1 − 𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤� = 𝐴𝐴𝑖𝑖𝑤𝑤        ∀𝑓𝑓 ∈ 𝐷𝐷, 𝑗𝑗 ∈ 𝐶𝐶, 𝑘𝑘 ∈ 𝐾𝐾 (10) 

𝐴𝐴𝑖𝑖𝑤𝑤 + �̃�𝑡𝑖𝑖𝑖𝑖 − 𝑀𝑀�1 − 𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤� ≤� 𝑇𝑇𝑇𝑇𝑤𝑤     ∀ 𝑗𝑗 ∈ 𝐷𝐷, 𝑓𝑓 ∈ 𝑍𝑍, 𝑘𝑘 ∈ 𝐾𝐾 (11) 

0 ≤ 𝐴𝐴𝑖𝑖𝑤𝑤 ≤� � 𝑥𝑥𝑖𝑖𝑖𝑖𝑗𝑗𝑤𝑤𝑇𝑇𝑇𝑇𝑤𝑤
𝑖𝑖∈𝐶𝐶∪𝐷𝐷

    ∀𝑓𝑓 ∈ 𝐶𝐶 , 𝑘𝑘 ∈ 𝐾𝐾 (12) 

0 ≤ 𝐴𝐴𝑖𝑖𝑤𝑤 ≤� � 𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤𝑇𝑇𝑇𝑇𝑤𝑤
𝑖𝑖∈𝐶𝐶∪𝐹𝐹

    ∀𝑓𝑓 ∈ 𝑍𝑍 , 𝑓𝑓 ≠ 𝑗𝑗, 𝑘𝑘 ∈ 𝐾𝐾 (13) 

���𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤 ≤ 𝑁𝑁 
𝑖𝑖∈𝐷𝐷𝑤𝑤∈𝐾𝐾𝑖𝑖∈𝐶𝐶

(14) 

� 𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤
𝑖𝑖∈𝐶𝐶∪𝐷𝐷

= 𝑦𝑦𝑖𝑖𝑗𝑗𝑤𝑤      ∀𝑘𝑘 ∈ 𝐾𝐾 (15) 

�𝐷𝐷𝐷𝐷�𝑖𝑖𝑖𝑖𝑦𝑦𝑖𝑖𝑤𝑤 ≤ 𝑄𝑄𝑖𝑖𝑤𝑤
𝑖𝑖∈𝐶𝐶

 ∀𝑤𝑤 ∈ 𝑊𝑊, 𝑘𝑘 ∈ 𝐾𝐾 (16) 

𝑈𝑈𝑖𝑖𝑤𝑤𝑖𝑖 = 0  ∀𝑓𝑓 ∈ 𝐷𝐷, 𝑘𝑘 ∈ 𝐾𝐾,𝑤𝑤 ∈ 𝑊𝑊 (17) 

𝑈𝑈𝑖𝑖𝑤𝑤𝑖𝑖 + 𝐷𝐷𝐷𝐷�𝑖𝑖𝑖𝑖 −𝑀𝑀�1 − 𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤� ≤ 𝑈𝑈𝑖𝑖𝑤𝑤𝑖𝑖   ∀𝑓𝑓, 𝑗𝑗 ∈ 𝐶𝐶, 𝑓𝑓 ≠ 𝑗𝑗, 𝑘𝑘 ∈ 𝐾𝐾,𝑤𝑤 ∈ 𝑊𝑊 (18) 

𝑈𝑈𝑖𝑖𝑤𝑤𝑖𝑖 + 𝐷𝐷𝐷𝐷�𝑖𝑖𝑖𝑖 −𝑀𝑀�1 − 𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤� ≤ 𝑈𝑈𝑖𝑖𝑤𝑤𝑖𝑖  ∀𝑓𝑓 ∈ 𝐷𝐷, 𝑗𝑗 ∈ 𝐶𝐶, 𝑓𝑓 ≠ 𝑗𝑗, 𝑘𝑘 ∈ 𝐾𝐾,𝑤𝑤
∈ 𝑊𝑊 

(19) 

𝐷𝐷𝐷𝐷�𝑖𝑖𝑖𝑖 ≤ �𝑈𝑈𝑖𝑖𝑤𝑤𝑖𝑖
𝑤𝑤∈𝐾𝐾

≤ � � 𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤𝑄𝑄𝑖𝑖𝑤𝑤
𝑖𝑖∈𝐷𝐷∪𝐶𝐶𝑤𝑤∈𝐾𝐾

  ∀ 𝑓𝑓 ∈ 𝐶𝐶,𝑤𝑤 ∈ 𝑊𝑊 (20) 

���𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤
𝑖𝑖∈𝐶𝐶𝑖𝑖∈𝐷𝐷𝑤𝑤∈𝐾𝐾

= 0 (21) 

���𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤
𝑖𝑖∈𝐷𝐷𝑖𝑖∈𝐹𝐹𝑤𝑤∈𝐾𝐾

= 0 (22) 

���𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤
𝑖𝑖∈𝐷𝐷𝑖𝑖∈𝐶𝐶𝑤𝑤∈𝐾𝐾

= �� � 𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤
𝑖𝑖∈𝐶𝐶∪𝐹𝐹𝑖𝑖∈𝐹𝐹𝑤𝑤∈𝐾𝐾

    ∀ 𝑓𝑓 ≠ 𝑗𝑗 (23) 

�𝑥𝑥𝑖𝑖𝑖𝑖𝑤𝑤
𝑖𝑖∈𝐶𝐶

= 𝑜𝑜𝑖𝑖𝑤𝑤    ∀ 𝑓𝑓 ∈ 𝐷𝐷, 𝑘𝑘 ∈ 𝐾𝐾 (24) 

Objective function (1) minimizes the total operational and environmental costs. first and second 
term of objective function is for fixed and variable costs of using vehicles. Last three terms evaluate 
fuel and CO2 emission costs. Objective function (2) is for transportation risk. Equations (3) and (4) 
shows that each customer is assigned to a single route. Equations (5), (6) and (7) represent that for 
each vehicle entering a node, it should go out as well. There is a maximum allowable traveling time 
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for each vehicle. Equations (8) – (13) satisfy this time restriction. Equation (14) shows that we can’t 
use more vehicles than we have. Equation (15) shows the relation between two decision variables. 
Equation (16) shows that each waste type carried in each vehicle should not exceed from capacity of 
corresponding compartment for that waste type in the vehicle. Equations (17) – (20) are sub-tour 
elimination constraints for classical vehicle routing problem. Equations (21) and (22) shows that 
vehicles can’t go from customer’s locations to depots and from depots to facilities directly. 
Equation (23) shows that all vehicles left depots must visit all disposal facilities. Equation (24) 
represents new decision variable and shows relationship between two variables. 

In order to de-fuzzify the proposed model, first we need to convert soft constraints (Equations 11–
13) to flexible non-fuzzy constraints by using fuzzy flexible linear programming methods. we used
Verdagay's method [7] from [9] with α-cut for those constraints, and then we have employed
Jimenez’s approach [8] among other Possibilistic Liner Programming approaches with β as the
feasibility satisfaction degree of constraints from [9] for defuzzification of our model. Notably, due
to page limitation, we could not provide the details of the proposed defuzzification process.
However, it could be provided upon request.

3. Numerical results
Due to the complexity of the routing problem and existence of fuzzy parameters, the model
performance is measured by solving a numerical example by GAMS and output of the problem is
presented in form of fig.1 and fig.2.

Table 1. Input values of parameters 

𝐷𝐷𝐷𝐷�𝑖𝑖𝑖𝑖 = ( 𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖𝑚𝑚 ∗ 0.85,𝑈𝑈(10,50),𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖𝑚𝑚 ∗ 1.15) 𝜌𝜌0𝑤𝑤 = U(10,30) 
𝑄𝑄𝑖𝑖𝑤𝑤 = U(100,200) 𝜌𝜌𝑤𝑤∗ = U(30,50) 
𝑇𝑇𝑇𝑇𝑤𝑤 = 𝑈𝑈(300,500) 𝐴𝐴𝐴𝐴 = U(0.01,1) 
Maximum overtime for vehicles = U(20,50) 𝑍𝑍𝑍𝑍 = U(0.01,1) 
�̃�𝑡𝑖𝑖𝑖𝑖 = (𝑡𝑡𝑖𝑖𝑖𝑖𝑚𝑚 ∗ 0.9,𝑈𝑈(1,10), 𝑡𝑡𝑖𝑖𝑖𝑖𝑚𝑚 ∗ 1.1) 𝑉𝑉𝑤𝑤 = U(100,200) 
𝑃𝑃𝑖𝑖𝑖𝑖𝑤𝑤 = U(1,2) 𝑁𝑁𝑤𝑤 = 4 
𝑃𝑃𝑃𝑃𝑃𝑃�𝑖𝑖𝑖𝑖 = (𝑃𝑃𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖𝑚𝑚 ∗ 0.9,𝑈𝑈(1,50),𝑃𝑃𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖𝑚𝑚 ∗ 1.1) 𝑓𝑓𝑓𝑓𝑤𝑤 = U(600,1200) 
α = 0.5 and 0.7 β = 0.5 and 0.8 
Number of customers = 9 Number of facilities = 3 
Number of waste types = 3 Number of depots = 1 

For defuzzification of the model, two different values for α and β are considered and results by 
epsilon constraint method are shown in figure.1. As it can be seen, with increasing α and β, solution 
space becomes smaller thus objective function value may become worse. We get the best answer by 
solving the model for a α =0.5 and β =0.5 in GAMS with Cplex solver. Three out of all vehicles are 
selected and allocated to routes created for them. Results are shown in figure.2.  
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Figure.2 optimized routes for vehicle 1,2 and 3   Figure.1 Pareto front for problem with different α and β  
  for α=0.5 and β=0.5  

4. Conclusions
In this work has developed a new mathematical model for a waste collection problem which
simultaneously minimizes operational and environmental costs and population exposure risk.
realistic assumptions such as heterogeneous collection vehicle fleet with different capacity and
maximum allowable travelled distance and the uncertainty in some parameters are also taken into
account. Time windows restriction can be considered in future researches. applying this model in a
real case situation and investigating results or using more efficient methods such as metaheuristic
algorithms are recommended for future researches.
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ABSTRACT 
In this paper, the resilience green meat supply chain network is investigated by proposing a multi-product, 
multi-period, multi-echelon and multi-objective mixed-integer linear programming formulation 
considering three conflicting objectives: minimizing total transportation and location costs, minimizing 
total CO2 emissions released from transportation, and maximizing total capacity utilization. Disruption in 
each echelon of the green meat supply chain is considered. Also, transportation cost and demand 
parameters are sources of uncertainty, therefore, in order to cope with the uncertainties, robust 
optimization approach is applied. A solution approach based on the multi-choice goal programming 
(MCGP) approach considering utility function is utilized to solve the proposed model. As a result, the 
optimal product flow and number of each echelon will be determined. Finally, a set of numerical 
experiments and sensitivity analyses on uncertainty level and demand parameters to investigate the 
efficiency of the proposed model are conducted. 
Keywords: Meat supply chain, Multi-objective programming, Mixed-integer linear programming, Ben-Tal robust 
optimization, Multi-choice goal programming. 

1. Introduction
With noticeable growth in population and simultaneous increase in incomes in developing
countries, the food demand is rising rapidly. Food supply chain has a significant role in handling
the food demand. Considering meat as the main meal, it is imperative to take the design of meat
supply chain network seriously. Designing each echelon of food supply chain (FSC) requires
large amounts of money. Thus, for the FSC to be efficient, cost reduction is of primary
importance. Also, in recent years, environmental effects of products have received great
attention from people. Therefore, initiatives to tackle environmental issues, particularly
emission of greenhouse gases such as carbon dioxide (CO2), which is released from
transportation, need to be taken into special consideration. Moreover, one of the substantial
factors to minimize the cost for logistics and facilities is optimization of capacity level. In order
to satisfy the customer demand at the right time, a sufficient capacity level is a determining
factor. Disruption in food supply chain networks (FSCN), particularly disruption in capacity
level, is worth paying attention to, while designing the supply chain.  Capacity disruptions lead
to loss of inventory, unsatisfied demand, and consequently decrease in service level and sales.
The main causes of capacity disruption are categorized into natural and man-made disasters
(e.g., earthquakes, fire, flood, equipment damages, and labor strike).
In this paper, a multi-objective mixed-integer linear programming (MOMILP) model is
proposed to design a green meat supply chain network. The goals of the proposed model are
minimizing total cost and total CO2 emissions of transportation, and maximizing total capacity
utilization of facilities, considering the capacity disruptions. Also, the uncertainties in
transportation cost and demand have been investigated.
The remainder of this paper is organized as follows. Section 2 presents the related literature of
the research. Section 3 concerns with problem statement and assumptions. Section 4 describes
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the research problem and proposed MOMILP model. The uncertainty modeling is presented in 
section 5. The solution approach and the numerical analysis are illustrated in Section 6 and 
Section 7, respectively. Finally, Section 8 presents the conclusions and provides suggestions for 
future research. 
2. Literature
In this section, the researches related to current study have been reviewed in order to find the
research gap in this field.
Garcia-Flores et al. [2] investigated the northern Australia cattle industry and proposed a
strategic optimization model to obtain the optimal location of cattle rest sites and optimal
quantity in every echelon. Mohammed and Wang [5] formulated a multi-objective model for
meat supply chain network design to minimize the total cost of transportation, number
transportation vehicles, and delivery time of meat products. They obtained three Pareto
solutions using the ɛ-constraint method, LP-metrics method, and the weighted Tchebycheff
method. Mohammed et al. [4] developed a multi-objective model to optimize four conflicting
objectives in meat supply chain. They used the modified weighted-sum and ɛ-constraint method
to solve the suggested model. Rahimi et al. [10] introduced a new robust multi-objective multi-
period model for supply chain planning under uncertain purchasing cost, selling price, and
demand. They made a balance between the current and expected profit and employed LP-
metrics method and solved the model as a single-objective mixed-integer programming model.
Soysal et al. [12] provided a single-product multi-objective linear programming model for beef
logistics network problem. The objectives were minimizing total CO2 emissions and total
logistics cost. Mohebalizadeh and Hafezalkotob [6] developed a multi-objective mixed integer
linear programming model for a sustainable supply chain network. They used fuzzy parametric
programming (MFPP) and weighted metrics method to solve the developed model.
Chávez et al. [1] investigated perishable agricultural products transported from Mexico to the
United States. They considered disruption in transportation and formulated a stochastic multi-
objective minimum cost flow (SMMCF) model and proposed a simulation-based multi-
objective optimization solution procedure. Pariazar and Sir [8] developed a multi-objective
stochastic programming model to make a balance between costs and risk in the supply chain,
considering disruption in production. A genetic algorithm-based search method was proposed to
identify Pareto-optimal supply chain configurations. Shekarian et al. [11] examined multi-site,
multi-product, multi-period, multi-objective, and multi-transportation channels under supply
risk and demand risk. They studied the effects of flexibility and agility on reducing supply chain
disruptions. The augmented ε-constraint method and the non-dominated sorting genetic
algorithm are applied to solve multi-objective mixed integer programming model.
Mohebalizadehgashti et al. [7] developed a multi-objective mixed-integer linear programming
formulation for a green meat supply chain network in Southern Ontario, Canada, to minimize
total cost and total CO2 emissions, and maximize total capacity utilization of facilities.  The
augmented ɛ-constraint method is employed to solve the proposed model. Also they considered
uncertainty in demand and purchasing cost using decision trees technique.
The literature showed that in designing the meat supply chain networks, uncertainty and
disruptions have been less addressed by researchers. This paper proposes resilience green meat
supply chain network whose objectives are minimizing total transportation and fixed cost,
minimizing total CO2 emissions released from transportation, and maximizing total capacity
utilization with disruption in each echelon of the FSC. In order to cope with the uncertainties,
the robust optimization approach is applied. Finally, the MOMILP model is solved using goal
programming method. The main contribution of this research is incorporating concept of
resiliency in the green meat supply chain network design problem under uncertainty.
3. Problem Definition
In this paper, a system consisting of farms, abattoirs, retailers, and customers with different
kinds of product is investigated. Figure 1 shows the above four-echelon supply chain network.
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Farms supply various types of animals for abattoirs. In abattoirs, a type of meat plant in which 
livestock is slaughtered, meat is processed and then transported to retailers. Finally, retailers are 
in charge of selling meat to customers.  The proposed model assists abattoirs in choosing farms 
and retailers to work with. Furthermore, it determines the product flow transported between 
each echelon and the location of each abattoir. The assumptions of the model are as follows: 
Maximum capacity of farms, abattoirs, and retailers are deterministic. The transportation cost 
and customer demand are uncertain parameters. Inventory of product in abattoirs and retailers, 
and shortage are not allowed. Other parameters, including the purchasing price of animals, fixed 
cost of working with a farm, opening an abattoir, and selling meat via a retailer, are known in 
advance. The transportation distance and cost from each layer to another is known. For the CO2 
emission due to the transportation, a factor is used. Also, for disruption in capacity level of 
farms, abattoirs, and retailers, other factors are applied.  

Figure 1. A four-echelon meat supply chain network 
4. Model formulation
The notations of the proposed model are defined in the following:
Sets:
F: set of potential farm locations (1 … f … F)
A: set of potential abattoir locations (1 … a … A)
R: set of potential retailer locations (1 … r … R)
C: set of customers (1 … c … C)
J: set of products j including livestock and meat (1 … j … J)
T: set of time periods (1 … t … T)

Parameters: 
pfjt: purchasing cost per ton of livestock j from farm f in period t 
nf: fixed-cost of working with farm f 
ba: fixed-cost for opening abattoir a 
er: fixed-cost for selling products via retailer r 
defa: transportation distance (mile) from farm f to abattoir a 
gear: transportation distance (mile) from abattoir a to retailer r 
herc: transportation distance (mile) from retailer r to customer c 
kcfajt: unit transportation cost per mile for livestock j from farm f to abattoir a in period t 
lcarjt: unit transportation cost per mile for processed meat j from abattoir a to retailer r in period t 
mcrcjt: unit transportation cost per mile for meat j from retailer r to customer c in period t 
dcjt: demand (ton) of customer c for meat j in period t 
xfj: maximum supply capacity (ton) of farm f for livestock j 
oaj: maximum supply capacity (ton) of abattoir a for processed meat j 
urj: maximum supply capacity (ton) of retailer r for meat j 
α: CO2 emission factor per ton and per mile 
wj: weight (ton) of product j including livestock and meat 
βf: capacity disruption factor in farm f 
βa: capacity disruption factor in abattoir a 
βr: capacity disruption factor in retailer r 

Farms Abattoir
 

Retailers Customers 
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Decision Variables: 
QUfajt: quantity of livestock j (ton) transported from farm f to abattoir a in period t 
QNarjt: quantity of processed meat j (ton) transported from abattoir a to retailer r in period t 
QArcjt: quantity of meat j (ton) transported from retailer r to customer c in period t 
Zf: binary variable, equals to 1 if farm f is selected, 0 otherwise 
Ia: binary variable, equals to 1 if abattoir a is open, 0 otherwise 
Yr: binary variable, equals to 1 if retailer r is selected, 0 otherwise 
Mathematical Modeling: 
According to above definitions, the research problem can be formulated as follows: 

1 ( * )* * * * *

* * *

fjt fajt fa fajt arjt ar arjt rcjt rc rcjt
f a j t a r j t r c j t

f f a a r r
f a r

MinZ p kc de QU lc ge QN mc he QA

n Z b I e Y

= + + +

+ + +

∑∑∑∑ ∑∑∑∑ ∑∑∑∑

∑ ∑ ∑
(1) 

2 ( * * * * * *j fa fajt j ar arjt j rc rcjt
f a j t a r j t r c j t

MinZ w de QU w ge QN w he QAa= + +∑∑∑∑ ∑∑∑∑ ∑∑∑∑ (2) 

3 / / /fajt fj arjt aj rcjt rj
f a j t a r j t r c j t

MaxZ QU x QN o QA u= + +∑∑∑∑ ∑∑∑∑ ∑∑∑∑ (3) 

S.t:
. *fajt f f fj

a j j
QU Z xβ≤∑∑ ∑ ,f t∀ (4) 

. *arjt a a aj
r j j

QN I oβ≤∑∑ ∑ ,a t∀ (5) 

. *rcjt r r rj
c j j

QA Y uβ≤∑∑ ∑ ,r t∀ (6) 

fajt arjt
f r

QU QN≥∑ ∑ , ,a j t∀ (7) 

arjt rcjt
a c

QN QA≥∑ ∑ , ,r j t∀ (8) 

rcjt cjt
r

QA d=∑ , ,c j t∀ (9) 

{ }, , 0,1f a rZ I Y ∈ , ,f a r∀ (10) 
, , 0fajt arjt rcjtQU QN QA ≥  , , , , ,f a r c j t∀ (11) 

The Equation (1) represents the first objective function, which is minimizing total transportation 
cost and fixed costs. The purchasing and transportation cost of animals that are transported from 
farms to abattoirs are the first part of the function. The second and third terms denote the 
transportation cost of transferring meat from abattoirs to retailers and from retailers to 
customers, respectively, and they are followed by the fixed costs related to farms, abattoirs, and 
retailers. Equation (2) minimizes the emission of CO2, while equation (3) maximizes capacity 
utilization of facilities. Constraints (4), (5), and (6) restrict the capacity of farms, abattoirs, and 
retailers, respectively, considering capacity disruption. Constraints (7) and (8) ensure that the 
amount of meat sent to and by each abattoir and retailer, respectively, in each time period and 
for each product, are equal. Constraint (9) requires that the entire demand of every customer is 
satisfied. Constraints (10) and (11) indicate binary decision variables and non-negative decision 
variable. 
5. Uncertainty Modeling
Due to changes in the business environment, uncertainty exists in nature of supply chain
network design problem. In this study some parameters like demand of customers and
transportation costs considered as an uncertain parameter. Hence, the Ben-Tal robust
optimization approach is applied to deal with the uncertainties, interested readers can see
Pishvaee et al. [9]. The robust counterpart of the proposed model can be formulated as follows:

Gall
ey

 Proo
f



1MinZ  (12) 

S.t:
( * * * ) ( * * ) ( * * )

* * * 1

kc lc mc
fajt arjt rcjtfjt fajt fa fajt fajt ar arjt arjt rc rcjt rcjt

f a j t a r j t r c j t

f f a a r r
f a r

p QU kc de QU lc ge QN mc he QA

n Z b I e Y Z

h h h+ + + + + +

+ + + ≤

∑∑∑∑ ∑∑∑∑ ∑∑∑∑

∑ ∑ ∑

 (13) 

* *kc kc
kc fajt fajt fajtG QUρ h≤  (14) 

* *kc kc
kc fajt fajt fajtG QUρ h≥ −  (15) 

* *lc lc
lc arjt arjt arjtG QNρ h≤  (16) 

* *lc lc
lc arjt arjt arjtG QNρ h≥ −  (17) 

* *mc mc
mc rcjt rcjt rcjtG QAρ h≤ (18) 

* *mc mc
mc rcjt rcjt rcjtG QAρ h≥ −  (19) 

* d
rcjt cjt d cjt

r
QA d Gρ≥ −∑ (20) 

* d
rcjt cjt d cjt

r
QA d Gρ≤ +∑ (21) 

0h ≥  (22) 
Equations (2)-(8), (10), (11) 
Where Gfajt

kc, Garjt
lc, and Grcjt

mc represent “uncertainty scale” in transportation cost of product j in 
period t between farm f, abattoir a, retailer r, and customer c. The parameters ρkc, ρlc, and ρmc are 
“uncertainty levels” in transportation cost between farm f, abattoir a, retailer r, and customer c. 
Also, Gcjt

d is “uncertainty scale” in customer demand for product j in period t. 
6. Solution Approach
In this paper, the multi-choice goal programming (MCGP) approach considering utility function
is employed to solve the multi-objective problem. Interested readers can consult Jadidi et al. [3]
for more information. The notations and the model are presented as follows:
k: Index for objectives
Xi: Number of units ordered to supplier i
fk(X): Objective k
yk: Kth aspiration level
fk,min: Minimum of yk
fk,max: Maximum of yk
wk

d: Relative importance connecting (dk
-, dk

+)
dk

-: Negative goal deviation
dk

+: Positive goal deviation
δk

-: Normalized deviation of yk from fk,min
wk

δ: Weight associated with δk
-

λk: Utility value

3

1
[ ( ) ]d

k k k k k
K

Min w d d w dd− + −

=

+ +∑  (23) 

S.t:
,max

,max ,min

k k
k

k k

f y
f f

λ
−

≤
−

(24) 

( )k k k kf X d d y− ++ − = (25) 

1k kλ d −+ =  (26) 

,min ,maxk k kf y f≤ ≤ (27)
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. 0k kd d− + =  (28) 

, , , 0k k k kd d d λ− + − ≥  (29) 

7. Computational Experiments
In this part, the performance of the proposed mathematical model is investigated by numerical
experiments. The parameters for numerical examples are given in Table 1.

Table 1- Value of parameters 

A set of sensitivity analyses on the two parameters ρ and d are conducted. Figure 2 shows the 
changes of the uncertainty level, ρ, on Z1, Z2, and Z3. As shown in Figure 2, by increasing ρ, 
total cost faces a non-linear increase, CO2 emissions grow higher and capacity utilization 
decreases. Nevertheless, the increase in total cost is faster than the growth in CO2 emissions. 
Therefore, one suggested scheme to cope with the uncertainty level, the parameters need to be 
estimated more accurately. In addition, Figure 3 describes the changes of customer demand, d, 
on Z1, Z2, and Z3. As customer demand increases, the total cost, CO2 emissions, and capacity 
utilization increase.  

Figure 2. Changing on Z1, Z2, and Z3 by increasing ρ 
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Parameter Random distribution Parameter Random distribution 
pfjt: Uniformint (3000,7000) urj Uniformint (1500,2000) 
nf Uniformint (10000,20000) wj Uniform (0.5,0.7) 

ba uniformint (1000000,2000000) βf Uniform (0.1,0.9) 
er Uniformint (20000,30000) βa Uniform (0.1,0.7) 
defa Uniformint (30,50) βr Uniform (0.1,0.6) 
gear Uniformint (10,40) Α 222 g per ton-mile 
herc Uniformint (20,30) 

kcρ = 
lcρ = 

mcρ 0.1 

kcfajt Uniformint (30,50) kc
fajtG 2.12 

lcarjt Uniformint (15,30) lc
arjtG 2.3 

mcrcjt Uniformint (10,25) mc
rcjtG 3.87 

dcjt Uniformint (10,30) 
1
dw = 

1w d  0.33 

xfj Uniformint (1500,2000) 
2
dw = 

2w d  0.33 

oaj Uniformint (1500,2000) 
3
dw = 

3w d  0.33 
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Figure 3. Changing on Z1, Z2, and Z3 by increasing d 

8. CONCLUSIONS
The supply chain network problem considered in this study is a multi-product, multi-period, and
multi-objective green meat supply chain network including four echelons: farms, abattoirs,
retailers, and customers. First, a multi-objective mixed-integer linear programming (MOMILP)
model is developed. Then, the Ben-Tal robust optimization approach is employed to handle
uncertainty. Finally, the model is solved by the multi-choice goal programming (MCGP)
approach considering utility function. One of the main contributions of this paper is to consider
disruptions in green meat supply chain network design problem. The other contribution is its
consideration of uncertainties in both transportation cost and customer demand. The proposed
model determines the optimal unit of products ordered by each echelon, the optimal number of
farms, abattoirs, and retailers and how they are connected to each other.
Some possible future research directions can be defined as follows: (1) considering the meat as
a perishable product while designing its supply chain network; (2) investigating the impact of
uncertainty in lead time of meat product.
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ABSTRACT 
This paper studies the robust centdian problem on tree networks in which the value of edge lengths and 
vertex weights are uncertain and the uncertainty is characterized by given intervals. Here, we use the 
minmax regret criterion and present a solution method for the minmax regret centdian problem on tree 
networks with time complexity 𝒪𝒪(𝑛𝑛4). 
Keywords : Centdian problem, Robust optimization, Minmax regret criterion.

1. INTRODUCTION

The p-median and the p-center problems are the most common and fundamental problems in the 
study of network location theory. For a given network with specified set of clients and candidate 
locations, the aim of the p- median problem is to find the location of p points on network such 
that minimize the sum of weighted distance of clients to its closest facility. Also, the p-center 
problem wants to find p locations among candidate locations such that minimize the maximum 
weighted distance of all clients to closest stablished facility.  
Generally speaking, the median objective function is suitable for locating enterprise 
infrastructures such as warehouses, or public infrastructures such as schools. Also, the center 
objective function is frequently employed in locating emergency services, such as fire stations 
or police stations. 
The real life applications consider the total weighted distance and maximum weighted distance 
of all clients from nearest facility simultaneous. Therefore, in the models of such problems, the 
objective function is usually combination of the p-median and p-center objective functions. To 
consider the median and center criteria together, researchers have suggested several  approaches 
and models. The most important of these approaches are the constrained and combination 
methods.   
In constrained method, one of the p-center and p-median objective function must be minimized, 
provided that the other objective function is not greater than a fixed value. The combination 
method considers the convex combination of p-median and p-center objectives as objective 
function of the new model. Revelle and Swain [1] introduced the first constrained median-center 
problem, which they named the central facilities location problem. They located p communities 
as centers in such a way that the median objective is minimized by converting the problem into 
a linear programming problem. Berman et. al. [2] described a constrained median-center 
problem called the modified p-median problem. In this model, p medians are to be found such 
that the center objective is less than a given value. In [3, 4], the authors proposed the other 
constrained method, namely penalty method, where the distance function in the median 
objective function is replaced with a non-decreasing convex function in the objective function 
of penalty model.  
The combination method was first introduced by Halpern [5], and the corresponding model 
named centdian location problem. In this method, the convex combination of the median and 
center objective functions are considered as objective function of new model. In this new model, 
the coefficients of the median and center objective functions are 𝜆𝜆 and 1 − 𝜆𝜆, respectively. So, 
the mentioned model is called the 𝜆𝜆 −centdian location problem. In almost combination 
methods, instead of convex combination, the simple sum of the median and center function is 
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considered. Also, in some methods, the weight of all clients are the same in both center and 
median problems and in some cases are different. The last case named the double-weighted 
centdian problem. 
Halpern studied the 1-centdian location problem on general graphs and trees, which the weight 
of all clients in center problem are equal to one. Tamir et al. [6] considered the double-weighted 
p-centdian  problem on a tree, and presented an algorithm with 𝒪𝒪(𝑝𝑝𝑛𝑛6) time complexity for
𝑝𝑝 ≥ 4, and 𝒪𝒪(𝑛𝑛𝑝𝑝) time complexity for 𝑝𝑝 < 4.
Assume now that the input data of a problem have not a certain value. For example, consider a
network with uncertain vertex weights or uncertain edge lengths or both. Then the presented
algorithms in above cann’t solve the centdian problems on such networks. If the value of input
data is specified by a distribution function, then we can use the probably optimization methods.
If the value of these data is characterized by a membership function, then we can use the fuzzy
optimization approaches.
Suppose that the value of input data of a problem don’t be specified by a distribution or
membership function. Such problems are belong to the robust optimization models and they can
be solved by existing approaches in the robust optimization. The first approach in robust
optimization presented by Syster. He considered a linear programming model in 1973 [7] and
tried to counteract to the uncertainty of data, by a conservative approach. The final solution of
his approach was far away from optimal solution, because he considered the worst cases.
Mulvey et al. [8] investigated Syster approach in discrete optimization. Ben Tal et al. in 2000
presented new algorithm for robust optimization, which is not efficient [9]. Bertsimas et al.
introduced an algorithm, counteract the uncertainty of data by controlling the level of
conservative. By using this method, they obtained the new linear optimization model, and called
the robust counterpart of first model [10].
One of the important approaches in robust optimization is minmax criterion, which is proposed
by Kouvelis and Ye in 1992 [11]. In this method, the maximum difference between the cost
(profit) of decision of decision maker and the cost (profit) of optimal decision is minimized.
In the robust location problems, we use the minmax regret criterion for obtaining the robust
solution by using the combinatorial approaches.  Averbakh [12] showed that the minmax regret
1-center and 1-median problems on general graphs with uncertain edge lengths are NP-hard.
These problems on special graphs, such path, tree,… can be solved in polynomial time. Also,
these problems on general graphs with uncertain vertex weights are solvable in polynomial
time.
Averbakh et al. presented two algorithms with time complexity 𝒪𝒪(𝑛𝑛6) and 𝒪𝒪(𝑛𝑛2 log𝑛𝑛) for
solving the minmax regret 1-center problem on weighted tree with interval edge lengths and
vertex weights, and un-weighted tree with interval edge lengths, respectively [13]. Burkard et al.
considered the above problems and improved these time complexity to 𝒪𝒪(𝑛𝑛3 log𝑛𝑛) and
𝒪𝒪(𝑛𝑛 log𝑛𝑛) [14].  Also, Aloulou et al. [15] obtained an algorithm for minmax regret 1-center
problem on general graphs and trees with time complexity of 𝒪𝒪(𝑚𝑚𝑛𝑛(𝑛𝑛 + |𝑆𝑆||𝑆𝑆|) and 𝒪𝒪(𝑛𝑛(log𝑛𝑛 +
|𝑆𝑆|)|𝑆𝑆|), respectively. In this case, the vertex weights of general graph and tree is described by a
discrete set of scenarios, S.
Kouvelis considered the minmax regret 1-median problem on tree and proposed an algorithm
with 𝒪𝒪(𝑛𝑛4) time complexity. Chen et al. improved this time to 𝒪𝒪(𝑛𝑛3) [16]. Also, Averbakh et al.
obtained two algorithms for described problem with time complexity of 𝒪𝒪(𝑛𝑛2) and 𝒪𝒪(𝑛𝑛𝑙𝑙𝑙𝑙𝑙𝑙2𝑛𝑛)
[17, 18].
Up to now, the robust centdian problem with uncertainty edge lengths not investigated. Conde
considered the robust double weighted centdian problem on tree networks and presented an
algorithm with 𝒪𝒪(𝑛𝑛3 log𝑛𝑛)  time [19]. Li et al. studied the robust centdian problem with interval
vertex weights on dynamic graphs and proposed an algorithm with  𝒪𝒪(𝑛𝑛3 log𝑛𝑛) time complexity
[20]. In this case, the weight of each node at center and median problem is same.
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In this paper we investigate the double-weighted centdian problem with interval vertex weights 
and edge lengths on tree networks and present a solution approach which is run in 𝒪𝒪(𝑛𝑛4). 

2. PROBLEM STATEMENT AND SOLUTION APPROACH

Let 𝑇𝑇 = (𝑉𝑉,𝐸𝐸) be a tree network with the vertex set 𝑉𝑉 = {𝑣𝑣1,𝑣𝑣2, … , 𝑣𝑣𝑛𝑛} and edge set  𝐸𝐸. Assume 
that every vertex 𝑣𝑣𝑖𝑖 on tree is correspond to intervals  [𝑢𝑢𝑖𝑖−,𝑢𝑢𝑖𝑖+], [𝑤𝑤𝑖𝑖−,𝑤𝑤𝑖𝑖+], and each edge 𝑒𝑒 on 
tree is associated with intervals [𝑙𝑙𝑒𝑒−, 𝑙𝑙𝑒𝑒+] , [𝑙𝑙�̅�𝑒−, 𝑙𝑙�̅�𝑒+]. Let for  1 ≤ 𝑖𝑖 ≤ 𝑛𝑛, 0 ≤ 𝑤𝑤𝑖𝑖− ≤ 𝑤𝑤𝑖𝑖+ and 0 ≤ 𝑢𝑢𝑖𝑖− ≤
𝑢𝑢𝑖𝑖+. Also, let for all 𝑒𝑒 ∈ 𝐸𝐸, 0 ≤ 𝑙𝑙𝑒𝑒− ≤ 𝑙𝑙𝑒𝑒+ and 0 ≤ 𝑙𝑙�̅�𝑒− ≤ 𝑙𝑙�̅�𝑒+. Consider the Cartesian cross product of 
above intervals and define 𝑆𝑆1 = (∏ [𝑢𝑢𝑖𝑖−,𝑢𝑢𝑖𝑖+]𝑛𝑛

𝑖𝑖=1 ) × (∏ [𝑙𝑙𝑒𝑒−, 𝑙𝑙𝑒𝑒+] 𝑒𝑒∈𝐸𝐸 ), 𝑆𝑆2 = (∏ [𝑤𝑤𝑖𝑖−,𝑤𝑤𝑖𝑖+]𝑛𝑛
𝑖𝑖=1 ) ×

(∏  𝑒𝑒∈𝐸𝐸 [𝑙𝑙�̅�𝑒−, 𝑙𝑙�̅�𝑒+]) and 𝑆𝑆 = 𝑆𝑆1 × 𝑆𝑆2. Suppose that   𝑆𝑆1, 𝑆𝑆2 and 𝑆𝑆 are the set of all scenarios for the 
center, median and centdian problems, respectively. Therefore, for each scenario 𝑠𝑠 ∈ 𝑆𝑆1 and for 
each 𝑥𝑥 ∈ 𝑇𝑇, the objective function of the 1-center problem in this point is equals to  

𝑓𝑓1(𝑥𝑥, 𝑠𝑠) = max1≤𝑖𝑖≤𝑛𝑛 𝑤𝑤𝑖𝑖𝑠𝑠𝑑𝑑𝑠𝑠(𝑥𝑥, 𝑠𝑠). 

The aim of this problem is to find the point on tree such that it minimizes 𝑓𝑓1(𝑥𝑥, 𝑠𝑠) on scenario 
𝑠𝑠 ∈ 𝑆𝑆1. 
For a given  𝑠𝑠 ∈ 𝑆𝑆2, the objective function of the 1-median problem at the point 𝑥𝑥 on tree under 
scenario 𝑠𝑠 is  

𝑓𝑓2(𝑥𝑥, 𝑠𝑠) = �𝑤𝑤𝑖𝑖𝑠𝑠𝑑𝑑𝑠𝑠(𝑥𝑥, 𝑣𝑣𝑖𝑖)
𝑛𝑛

𝑖𝑖=1

. 

This problem want to find a point on tree that minimizes the above objective function. 
Consequently, the centdian problem requires to find a point on tree that minimizes the following 
objective function under the scenario 𝑠𝑠 ∈ 𝑆𝑆: 

𝑓𝑓(𝑥𝑥, 𝑠𝑠) = 𝑓𝑓1(𝑥𝑥, 𝑠𝑠) + 𝑓𝑓2(𝑥𝑥, 𝑠𝑠). 

The minmax regret criterion for the centdian problem defined as 

min
𝑥𝑥∈𝑇𝑇

max
𝑠𝑠∈𝑆𝑆

𝑅𝑅(𝑥𝑥, 𝑠𝑠) 

where for each point 𝑥𝑥 on tree and scenario 𝑠𝑠 ∈ 𝑆𝑆, 𝑅𝑅(𝑥𝑥, 𝑠𝑠) = 𝑓𝑓(𝑥𝑥, 𝑠𝑠) − 𝑓𝑓(𝑥𝑥∗, 𝑠𝑠). Notice that 𝑥𝑥∗ is a  
1-centdian on tree under scenario 𝑠𝑠.

Worst case scenarios for center problem 
Let 𝑆𝑆1̅ ⊆ 𝑆𝑆1 is contain the scenarios {𝑠𝑠𝑖𝑖(𝑥𝑥):  𝑥𝑥 ∈ 𝑉𝑉, 𝑖𝑖 = 1, … ,𝑛𝑛}. 𝑠𝑠𝑖𝑖(𝑥𝑥) obtains as follows: 

• The weight of all nodes 𝑣𝑣 of tree expect 𝑣𝑣𝑖𝑖 , are equal to lower bound of corresponding
intervals, i.e 𝑢𝑢𝑣𝑣− and the weight of vertex 𝑣𝑣𝑖𝑖 is 𝑢𝑢𝑖𝑖+.

• The length of edge 𝑒𝑒 on the path between 𝑥𝑥 and 𝑣𝑣𝑖𝑖 is equal to 𝑙𝑙𝑒𝑒+.
• The length of edge 𝑒𝑒 which does not belong to above path, is equal to 𝑙𝑙𝑒𝑒−.

Worst case scenarios for median problem 
Assume now that 𝑆𝑆2̅ ⊆ 𝑆𝑆2 is contains the scenario  {𝑠𝑠(𝑎𝑎, 𝑏𝑏):    (𝑎𝑎, 𝑏𝑏) ∈ 𝐸𝐸}.  𝑠𝑠(𝑎𝑎, 𝑏𝑏), satisfies the 
following property: 

• If  𝑣𝑣𝑖𝑖 ∈ 𝑇𝑇𝑎𝑎 , then 𝑤𝑤𝑖𝑖
𝑠𝑠(𝑎𝑎,𝑏𝑏) = 𝑤𝑤𝑖𝑖−. If  𝑣𝑣𝑖𝑖 ∈ 𝑇𝑇𝑏𝑏 , then 𝑤𝑤𝑖𝑖

𝑠𝑠(𝑎𝑎,𝑏𝑏) = 𝑤𝑤𝑖𝑖+.
• Let vertex 𝑣𝑣 be parent of vertex 𝑢𝑢. If edge 𝑒𝑒 = (𝑢𝑢, 𝑣𝑣) belongs to  𝑇𝑇𝑎𝑎 or 𝑒𝑒 = (𝑎𝑎, 𝑏𝑏), then the

length of edge 𝑒𝑒 on scenario 𝑠𝑠(𝑎𝑎, 𝑏𝑏) obtains as
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𝑙𝑙𝑠𝑠(𝑎𝑎,𝑏𝑏)(𝑒𝑒) = �𝑙𝑙�̅�𝑒
+ 𝑖𝑖𝑓𝑓     𝑊𝑊𝑠𝑠(𝑇𝑇𝑎𝑎) < 𝑊𝑊𝑠𝑠(𝑇𝑇𝑏𝑏),
 𝑙𝑙�̅�𝑒−  𝑂𝑂𝑂𝑂ℎ𝑒𝑒𝑒𝑒𝑤𝑤𝑖𝑖𝑠𝑠𝑒𝑒  

 

• If edge 𝑒𝑒 = (𝑢𝑢, 𝑣𝑣) belongs to 𝑇𝑇𝑏𝑏,  then

 𝑙𝑙𝑠𝑠(𝑎𝑎,𝑏𝑏)(𝑒𝑒) = �
𝑙𝑙𝑒𝑒− 𝑖𝑖𝑓𝑓     𝑊𝑊𝑠𝑠(𝑇𝑇𝑎𝑎) < 𝑊𝑊𝑠𝑠(𝑇𝑇𝑏𝑏),
𝑙𝑙𝑒𝑒+  𝑂𝑂𝑂𝑂ℎ𝑒𝑒𝑒𝑒𝑤𝑤𝑖𝑖𝑠𝑠𝑒𝑒.  

From the above contents, we can conclude that |𝑆𝑆1̅| = 𝑛𝑛2, |𝑆𝑆2̅| = 2(𝑛𝑛 − 1). 

Lemma 1. 
Let 𝑥𝑥 and 𝑦𝑦 be two point on tree, and 𝑠𝑠 ∈ 𝑆𝑆1 × 𝑆𝑆2  be an arbitrary scenario. If 𝑓𝑓1(𝑥𝑥, 𝑠𝑠) − 𝑓𝑓2(𝑦𝑦, 𝑠𝑠) ≥
0, then 𝑠𝑠 ∈ 𝑆𝑆1̅ × 𝑆𝑆2̅.   

Let 𝑥𝑥 and 𝑦𝑦 be two nodes on tree, and 𝑠𝑠𝑎𝑎 be a scenario on 𝑆𝑆1 such that  it has the following 
properties: 

• The weight of vertex 𝑣𝑣 on scenario 𝑠𝑠𝑎𝑎 is characterized as:

 𝑢𝑢𝑠𝑠𝑎𝑎(𝑣𝑣) = �
𝑢𝑢+(𝑣𝑣)  𝑖𝑖𝑓𝑓   𝑢𝑢+(𝑣𝑣)𝑑𝑑𝑠𝑠𝑎𝑎(𝑦𝑦, 𝑣𝑣) < 𝑓𝑓1(𝑦𝑦, 𝑠𝑠−)

min �𝑢𝑢−(𝑣𝑣),
𝑓𝑓1(𝑦𝑦, 𝑠𝑠−)
𝑑𝑑𝑠𝑠+(𝑦𝑦, 𝑣𝑣)

 �    𝑙𝑙𝑂𝑂ℎ𝑒𝑒𝑒𝑒𝑤𝑤𝑖𝑖𝑠𝑠𝑒𝑒 

• The length of edge 𝑒𝑒 = (𝑢𝑢, 𝑣𝑣) on scenario 𝑠𝑠𝑎𝑎 is the same of its lengths on 𝑆𝑆1̅.

Notice that the length of all edges on scenarios 𝑠𝑠− and 𝑠𝑠+ are equal to lower bound and upper 
bound of corresponding intervals, respectively.  

Lemma 2. 
Let 𝑥𝑥 and 𝑦𝑦 be two point on tree, and 𝑠𝑠 ∈ 𝑆𝑆1 × 𝑆𝑆2  be an arbitrary scenario.  If 𝑓𝑓1(𝑥𝑥, 𝑠𝑠) − 𝑓𝑓2(𝑦𝑦, 𝑠𝑠) <
0, then 𝑠𝑠 ∈ 𝑠𝑠𝑎𝑎 × 𝑆𝑆2̅.  

Lemma 3. 
The required time complexity for calculating the optimal solution of the robust centdian 
problem is equals to 𝒪𝒪(𝑛𝑛4). 

3. CONCLUSIONS

Solving the robust location problems on networks with uncertain edge lengths are very harder 
than solving the robust location problems on networks with uncertain vertex weights. In more 
case, the first kind of problems on networks are NP-hard. Therefore, there is a gap between time 
complexity of the described problems. The best time algorithm for double-weighted centdian 
problem on tree with interval vertex weights is the conde’s algorithm with time complexity 
𝒪𝒪(𝑛𝑛3 log𝑛𝑛). In this here, we obtain an algorithm with 𝒪𝒪(𝑛𝑛4) time complexity for double-
weighted centdian problem on tree with interval vertex weights and edge lengths. 
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ABSTRACT 
This study proposes a mixed-integer programming model for an energy-efficient unrelated parallel 
machines scheduling under uncertainty. The proposed model considers some features like weight for jobs, 
learning effect, deteriorating jobs and the machine eligibility constraint. The objective function of the 
proposed model minimizes total weighted completion times and total energy consumption. In this 
research, the robust optimization method is applied to cope with the uncertainty. Due to NP-hardness of 
the research problem, a heuristic algorithm is developed to solve the proposed model in reasonable time. 
Then, the problem solved in different sizes and the efficiency of the developed algorithm is examined. 
Finally, sensitivity analysis is carried out on some parameters of the proposed model and the results are 
reported. Results show that the developed model can obtain optimal/near optimal solutions in less CPU 
time than exact method. 
Keywords: Energy-efficient scheduling; Unrelated parallel machines; Heuristic method, Learning 
effect; Deteriorating jobs. 

1. INTRODUCTION

Parallel Machine Scheduling Problem (PMSP) is concerned with allocating a set of jobs to a 
number of parallel machines in order to satisfy customer’s requirements. In the literature, PMSP 
can be subdivided into the three types [1] : (I) Identical machine scheduling: all machines have 
identical functions and speeds. Therefore, the processing time to complete a job on each 
machine is the same. (II) Uniform machine scheduling: each machine has different processing 
time for a job and it depends on the rates of machines. (III) Unrelated parallel machine 
scheduling: this type shows performing of the same function by different machine but each 
machine has different processing capacities or capabilities. This paper concentrates on an 
unrelated PMSP (UPMSP). In typical deterministic scheduling problem, jobs processing times 
are assumed as given fixed and constant. However, in many situations this assumption is 
unrealistic due to learning and/or deterioration phenomena job processing time may be altered. 
In scheduling problem with deterioration jobs, any delay at the start of processing a job 
increases the time that the job takes to accomplish although it has been received attention that 
waiting to be processed may deteriorate jobs. In scheduling problem with learning effect, the 
repetition of a job’s processing operation may decrease the job processing time. 
Wang [2] proposed  𝑃𝑃𝑗𝑗[𝑟𝑟] = (𝑃𝑃𝑗𝑗 + 𝛽𝛽𝛽𝛽)𝑟𝑟𝑎𝑎  as processing time of job j in scheduling problem that 
𝛽𝛽 is common deterioration rate, 𝑃𝑃𝑗𝑗is the basic processing time of job j and a is the learning 
index. Moreover, Wang [3] studied a linear combination model of Biskup [4] in which the 
processing time of job j is 𝑃𝑃𝑗𝑗[𝑟𝑟] = 𝑃𝑃𝑗𝑗(𝛼𝛼(𝛽𝛽) + 𝛽𝛽)𝑟𝑟𝛼𝛼, where 𝑃𝑃𝑗𝑗 is the normal processing time and 
𝛼𝛼(𝛽𝛽)is a function of increasing deterioration function. Wang and Cheng [5] showed the actual 
processing of job j is  𝑃𝑃𝑗𝑗[𝑟𝑟] = (𝑃𝑃0+𝛼𝛼𝑗𝑗𝛽𝛽)𝑟𝑟𝑎𝑎 , 𝛼𝛼𝑗𝑗 is the processing time growth rate of job j and 𝑃𝑃0 
is the common processing time to minimize makespan of the single machine. Other surveys 
which have studied scheduling problems with learning effect and deterioration jobs 
simultaneously include [6]–[11]. 
Li et al. [12] proposed a mathematical model for parallel machine scheduling with unrelated 
machines in order to minimize both total tardiness and energy consumption and developed 
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heuristic algorithms to solve it. Ding et al. [13] proposed mixed integer linear programming 
model for an unrelated parallel machine scheduling problem under time-of-use pricing scheme 
in order to decrease the total electricity cost with bounded makespan restriction. They solve the 
proposed model by a column generation heuristic. Wu and che [14] developed a memetic 
algorithm to solve bi- objective unrelated parallel machine problem in order to minimize both 
makespan and total energy consumption. Wang et al., [15] Investigate an identical parallel 
machine problem to minimize makespan and total energy consumption. Afzalirad and Rezaeian 
[16] addressed an unrelated parallel machine scheduling with machine eligibility and
precedence constraints and developed a hybrid meta-heuristic algorithm to solve. Afzalirad and
Rezaeian [17] developed NSGA-II and MOACO to minimization the bi-objective unrelated
parallel machine scheduling problem mean weighted tardiness and mean weighted flow time.
Cheng and Huang [18] proposed mixed integer programming to minimize total earliness and
tardiness in UPMSP considering distributed release time control and they developed efficient
genetic algorithm to solve it. To minimize both total tardiness and total energy consumption
Expósito et al,. [19] analyzed the effects of learning or tiredness on the setup times in a
scheduling problem with identical parallel machines. They developed metaheuristic algorithm
aimed at finding high-quality and diverse solutions. Xiwen e al,. [20] studied Two-agent
scheduling problems with the general position-dependent processing time and developed a
heuristic method to solve the proposed model in reasonable time. Arık et al., [21] proposed a
non-linear model for fuzzy parallel machines scheduling with   learning/deterioration effects.
Ding et al., [22] developed an ejection chain algorithm for solve the parallel machines
scheduling with  completion-time-based criteria and sequence-dependent deterioration.
Based on the literature, the main contributions of this paper can summarized as follows:
(I) The literature shows that researchers have less attention to the energy-efficient scheduling
problem. This study proposed a mixed integer programming model for an energy efficient
unrelated parallel machines scheduling. (II) According to the literature, the uncertainty has been
less addressed in the previous studies. In this research a robust optimization approach is applied
to tackle the uncertainty. (III)In this paper a heuristic algorithm is proposed to solve the research
problem in reasonable time. (IV) This study considers energy consumption, weight for jobs,
learning effect, deteriorating jobs, the past-sequence-dependent setup time and the machine
eligibility constraint, simultaneously.
The rest of the current study is organized as follows. The research problem is defined in Section
2. The robust optimization counterpart is developed in Section 3. The heuristic method is
described in Section 4. The numerical examples are presented in Section 5. Finally, conclusions
and future researches suggestions are presented in Section 6.

2. PROBLEM DEFINITION 

Suppose there are n jobs and m machines which is the jobs must be allocated and scheduled on 
the machines. Each machine can perform at most one job at a time and preemption is not 
allowed and all jobs are available at times 0. Due to learning effect the following jobs 
processing time reduced in comparison to their normal processing time. On the other hand, 
deterioration effect may cause processing time will be prolonged. This paper also considers 
past-sequence-dependent (p-s-d) setup time. In addition, energy consumption performing job j 
on machine i are considered for the purpose of minimizing total energy consumption. The 
notations of the mathematical model are presented in the following: 
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Indices 
j Index of the jobs 
i Index of the machines 
k Index of the positions 
Parameters 
Wj Weight of job j 
PTji Normal processing time of job j on machine i 
REji Energy consumption rate for processing job j on machine i 

deteriorating rate 
CAPij 1 if machine i capable to process job j and 0 otherwise 

iη
 Normalizing constant of machine i 

a Learning index 
λ  Weight of total weighted completion time in objective function 

ω  Weight of total energy consumption in objective function 
Variables 
Xijk 1 if job j is assigned to the machine i in position k and 0 otherwise 

PTAik Actual processing time of the job which is scheduled in the kth position on machine i 

Sik Past-sequence-dependent (p-s-d) setup time. 
Cji Completion time of job j which is scheduled on machine i 
STik Starting time of the job which is scheduled in the kth position on machine i 

According to above definitions, the research problem can formulated as follows 
. . .j ji

j i
Min W C Engλ ω+∑∑ (1) (7) 
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i k jik
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The objective function (1) minimizes sum of total weighted completion times and total energy 
consumption. Constraint (2) ensures that each job is assigned to only one position of all 
machines. Relation (3) indicates at most one job can be assigned to a position of machines. 
Equation (4) is a flow balance constraint. Relation (5) shows the machine eligibility constraint. 
The actual processing time is calculated in equation (6). The past-sequence-dependent setup 
time is measured in constraints (7) and (8). Relations (9) and (10) are scheduling constraints 
which are calculated start time and completion time of the jobs. Equation (11) calculates the 
total energy consumption. Finally, constraint (12) define the range of the variables. 

3. Uncertainty modeling
Due to business environment fluctuations, the uncertainty is existed in nature of the research

problem. In this study, the Ben-Tal robust optimization approach is applied to cope with the 
uncertainty, interested readers can see [23] for more details. The robust counterpart of the 
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proposed model formulated as follows (weight of jobs and the processing times of jobs 
considered as uncertain parameters): 

. ( . ) .w
j ji ji

j i
Min W C Engλ η ω+ +∑∑ (13) 

. .w w
w ji ji jiG Cρ η≤  (14) 

. .w w
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Where 𝜌𝜌 is the uncertainty level and G is a uncertainty level, 𝜂𝜂  is a continuous variable. 

4. Heuristic method
In this paper, a heuristic method is applied to solve the proposed model. In this algorithm, at

first, the binary variable (𝑋𝑋𝑖𝑖𝑗𝑗𝑖𝑖 ∈ {0.1}) is converted to a continuous one (𝑋𝑋𝑖𝑖𝑗𝑗𝑖𝑖 ≥ 0) (binary 
constraint is relaxed). Then, the new problem is solved and results are achieved. In obtained 
results, for each 𝑋𝑋𝑖𝑖𝑗𝑗𝑖𝑖 that is equal to 1, we set the value of these variables equal to 1 and for 
other variables 𝑋𝑋𝑖𝑖𝑗𝑗𝑖𝑖which is equal to zero, we set the value of these variables equal to 0. Then, 
the problem is solved again. This procedure continues until all of the relaxed variable are equal 
to one or zero. Figure 1 shows the steps of heuristic algorithm 

Figure 1: Steps of the heuristic algorithm 
In some cases, it is possible that the mentioned algorithm get stuck at a loop. That means, 
maybe after solving the relaxed problem, the values of relaxed variable not equal to one or zero 
and be a number in [0 1] interval. in this condition the following procedure is used to fix the 
loop. If 𝑋𝑋𝑖𝑖𝑗𝑗𝑖𝑖 ≥ 0.5, we set it equal to 1. Otherwise, if 𝑋𝑋𝑖𝑖𝑗𝑗𝑖𝑖 ≤ 0.5, it set equal to zero. 
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5.Numerical examples

This section devotes to present the computational results of solving the proposed model using 
developed algorithm. To do this, at first, the values of parameters of the model is estimated and 
next the research problem is solved in different sizes and the results are reported. 
5.1. Input data 
In this section the necessary data to solve the proposed model is presented. The weight of jobs 
generated by Discreet Uniform (DU) distribution between [1 5]. The normal processing times 
are generated by DU between [10 30]. The normalizing constant of machines are generated 
based on uniform distribution on [0 1]. The deterioration rate is equal to 1.05 and the considered 
value for learning index is -0.3. The energy consumption is generated by DU between [4 10]. 
The weight of objective functions is considered equal to 0.5. 
5.2. Report of the results 
To solve the proposed model, 20 instances in different sizes are designed. The instances solved 
with the heuristic method and results are reported in Table 1. In order to examine the efficiency 
of the proposed algorithm, the instances solved using exact method (GAMS software), too. The 
obtained results with heuristic and exact methods are compared with 2 criteria: I) CPU time II) 
Relative Percentage Deviation. It should be noted that the RPD is calculated using following 
formula: 

100sol sol

sol

H GRPD
G
−

= × (18) 

Where Hsol is solution which obtained the heuristic method and Gsol by GAMS software. 
Table 1 shows the obtained results from solve the instances. The first column denotes number of 
instance, the second column shows the size of problem. The third column shows value of the 
objective function (obtained by GAMS), the fourth column presents CPU time of GMAS 
software (in seconds) to obtain the solution. The 5th column presents the value of the objective 
function obtained by heuristic method. 6th column denotes CPU time of the heuristic method, 
and 7th column shows the RPD. As can be seen in Table 1, the developed heuristic method can 
obtained optimal/near optimal solutions.  
Figure 2 compared CPU time of the heuristic method and GAMS software. Figure 2 shows that 
the computational time of GAMS software is increased non-linearly and with increasing the size 
of the problem, the heuristic method has better performance in term of CPU time. 

Table 1: Results of solving the instances 

No. |j|*|i| GAMS CPU time Heuristic CPU time RPD 

1 |5|*|2| 632.8 1.4 632.8 2.6 0 
2 |6|*|3| 721.2 4.5 721.2 3.8 0 
3 |7|*|3| 785.9 11.2 792.2 6.1 0.8 
4 |8|*|4| 898.3 41.8 909.1 14.3 1.2 
5 |9|*|4| 974.5 75.3 974.5 21.5 0 
6 |10|*|4| 1158.1 114.6 1176.6 43.9 1.6 
7 |10|*|5| 1125.8 186.1 1135.9 65.3 0.9 
8 |11|*|5| 1361.5 305.4 1361.5 83.6 0 
9 |11|*|6| 1258.3 367.6 1258.3 77.9 0 

10 |12|*|6| 1409.1 575.3 1438.7 93.2 2.1 
11 |13|*|6| 1538.7 704.8 1566.4 89.5 1.8 
12 |15|*|7| 1725.2 1368.2 1759.7 106.4 2 
13 |16|*|7| 1850.5 1751.5 1850.5 115.8 0 
14 |16|*|8| 1736.8 2216.7 1762.9 112.5 1.5 
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No. |j|*|i| GAMS CPU time Heuristic CPU time RPD 

15 |17|*|8| 1772.6 3195.2 1816.9 128.1 2.5 
16 |20|*|8| 1941.3 6756.5 1991.7 173.5 2.7 
17 |20|*|9| - >10000 1917.0 146.8 - 
18 |22|*|9| - >10000 2221.5 185 - 
19 |25|*|10| - >10000 2796.7 204.3 - 
20 |28|*|10| - >10000 3223.9 198.7 - 

Figure 2: comparing CPU time of the heuristic algorithm and exact method 

Table 1 shows that the heuristic algorithm can obtained high-quality solutions. For better 
understanding, Figure 3 compared the values of objective function achieved by GAMS software 
and the heuristic method and shows the RPD. 

Figure 3: Comparing the quality of obtained solutions 
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5.3. Sensitivity analysis 
This section devotes to analyze the impact of the learning index, the deterioration rate and on 
the objective function. It should be noted that, the impact of changing mentioned parameters on 
completion times and energy consumption have been independently studied. 
Figure 4 depicted effect of change in the learning index on total weighted completion time and 
the energy consumption. Based on Figure 4, increasing in the learning effect leads to non-linear 
decrease in the total completion times. Also, with increasing the learning index, the total energy 
consumption is decreased.  

(a) (b) 

Figure 4: Sensitivity analysis on the learning index; (a) completion time, (b) energy consumption 

Figure 5 shows effect of change in the deterioration rate on total weighted completion time and 
the energy consumption. Based on Figure 5, increasing in the deterioration rate leads to increase 
in the total completion times. Also, with increasing the deterioration rate, the total energy 
consumption is increased.  

(a) (b)
Figure 5: Sensitivity on the deterioration rate; (a) completion time, (b) energy consumption 

6. Conclusions and future research
This study addressed the energy-efficient unrelated parallel machines considering weight for
jobs, learning effect, deteriorating jobs and the machine eligibility constraint. In this paper, a
mixed-integer programming model is proposed to minimize the sum of weighted completion
times and the total energy consumption. This research applied the robust optimization approach
to tackle the uncertainty in parameters of the model. Due to complexity of the research problem,
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a heuristic algorithm is developed to solve the proposed model in reasonable time. Then, in 
order to examine performance of the proposed algorithm, the problem solved in different sizes 
and achieved solutions are compared with exact method. Results showed that developed 
algorithm obtained high-quality solutions in better CPU time than exact method. Finally, 
sensitivity analysis carried out on some important parameters of the model and impact of 
change in these parameters on objective function investigated. 
The suggestions for future studies include considering other objective functions and propose a 
multi-objective model. Also, incorporate some concept like reliability and just-in-time 
manufacturing is another direction for future researches. 
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ABSTRACT 
We study the joint dynamic pricing and inventory control of a monopolist selling a perishable product. 
Dynamic pricing is an efficient policy for selling the products with a maximum lifetime that are known as 
perishable products. In many real cases, retailers use an expiration date based pricing (EDBP), in which 
the price of a perishable product is reduced according to its remaining lifetime to encourage the customers 
to purchase less-fresh products. A major concern for using this policy is that reduced prices have a 
negative impact on customers’ perception of quality. Indeed, it is shown that EDBP leads customers to 
assume that the quality of the product must have decreased. Thus, successfully EDBP policy requires 
customers’ favorable perception of the products and their acceptance. One suggested way that has been 
discussed in the literature to prevent this negative effect is to provide greater familiarity with the practice. 
This means that customers do not use the fact of price reduction to infer a reduction in product quality. In 
this paper, in order to contract the negative quality inference, we consider a social communication 
network associated with the product as a collaborative selling component. This communication network 
allows customers to continue to bond with each other and share their purchasing and consumption 
experiences of the product to improving the perceived quality of product and thus acceptance of the 
EDBP policy. We assume that a customer’s willingness-to-pay (WTP) increases according to the size of 
the network. This phenomenon is known as the network externality. We investigate the effect of network 
externality upon a retailer’s pricing and inventory policy for a perishable product with a two-period 
lifetime. Results show that a significant profit loss and perishables waste is incurred when the network 
externality is ignored.  
Keyword: Dynamic pricing, Inventory Control, Network Externality, Perishable Product. 

1. INTRODUCTION

The majority of sales revenue of grocery stores and supermarkets comes from perishables such 
as food items (e.g., meats and poultry, produce, dairy, and bakery products), pharmaceuticals 
(e.g., drugs and vitamins), and cut flowers. In grocery retailing, spoilage from perishables 
represents a major threat to the profitability of supermarkets. A survey by the National 
Supermarket Research Group found that a 300-store grocery chain loses about $34 million a 
year due to spoilage. On an industry-wide level, losses due to spoilage and shrinkage translate 
into $32 billion for chilled meats, seafood, and cheese; $34 billion for produce; and $504 billion 
for pharmaceutical and biomedical products [1]. 
Thus in today’s competitive world, applying an effective policy for inventory management of 
perishables is crucial for the success in grocery retailing. Joint dynamic pricing and inventory 
control is an efficient policy for selling the perishable products thereby, in addition to increasing 
profitability in a supply chain, the retailer can significantly prevent from wastes of perishables. 
Perishable products have a maximum lifetime and become corrupt if they are not sold until their 
expiration dates. Because of limited time for selling the perishable products, dynamic pricing 
and inventory control of such products have become a major challenge for retailers. 
When perishable products, such as dairy products, fruits and vegetables, drugs, or batteries are 
priced uniformly, without taking into consideration the amount of time remaining until the 
expiration date, consumers may gravitate towards fresher products, leaving some inventory 
unsold. A dynamic pricing policy, in which products are priced differently as they approach 
expiration, may encourage customers to buy less-fresh products, potentially increasing revenue 
and eliminating waste [2]. 
 In many real cases, retailers use an expiration date based pricing (EDBP), in which price of a 
perishable product is reduced according to its remaining lifetime, to encourage the customers to 
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purchase less-fresh products. A major concern for using of EDBP policy is customer behaviour 
for acceptance of products which expiration date is approaching. When consumers perceive the 
value or quality to decrease, as they do when the product shows cosmetic damage or the 
expiration date is approaching, their willingness-to-pay diminishes. Vice versa, it is also known 
that reduced prices have a negative impact on customers’ perception of quality, and lead 
consumers to assume that the quality must have decreased [3]. 
Thus, successfully EDBP policy requires customers’ favourable perception of the products and 
their acceptance. Recently, Aschemann-Witzel [3] empirically studied factors that are influence 
the customer likelihood of choice of the suboptimal foods which are priced by EDBP policy. 
Aschemann-Witzel [3] investigated the effect of three main factors that have been discussed in 
the literature with regard to suboptimal food consisting of different communication approaches 
about expiration date based pricing (budget saving or food waste avoidance), organic labelling 
and familiarity with the practice. An online survey experiment is applied to examine the effect 
of these factors. Results show that neither different communication approaches nor organic 
labelling have a significant influence. Nonetheless, consumer’s familiarity with the practice has 
a significant influence on the acceptance of suboptimal foods. In other word, consumer’s 
familiarity with the practice can increase his/her perceived quality of the suboptimal foods by 
insuring that no reduction in food quality occurs when an EDBP is applied for the suboptimal 
foods. Author stated that familiar customers are more likely to have experienced the actual and 
often good product quality of price – reduced suboptimal foods in previous purchases, and they 
might have as a result adopted new purchasing routines and habits which are predictive of 
choice. Thus, one of the author’s suggestions is to form campaigns for capacitation to 
acceptance of price reduced suboptimal foods. 
Following the Aschemann-Witzel’s [3] suggestion, this paper aims to study the optimal 
dynamic pricing and inventory control for a perishable item with a two-period lifetime under 
network externality, on the theory side. In particular, we consider a social communication 
network associated with the product as a collaborative selling component. This communication 
network allows customers to continue to bond with each other and share their purchasing and 
consumption experiences of the product to improving the perceived quality of the suboptimal 
foods. We assume that a customer’s willingness-to-pay (WTP) increases according to the size of 
the network. This phenomenon is known as the network externality. We investigate the effect of 
network externality upon a retailer’s pricing and inventory policy for a perishable product. To 
the best of our knowledge, this paper is the first in the literature to study dynamic pricing and 
inventory control problem for a perishable inventory under network externality. 
Network externalities refer to the general phenomenon that a customer's utility of purchasing a 
product is increasing in the number of other customers who buy the same product [4]. A classic 
example is communication networks – telephones, fax machines, or e-mail accounts become 
more valuable as more people join the network, i.e. adopt the product. Network effects can be 
direct or indirect. Under direct network effects, the utility that a consumer derives from a good 
depends directly on its installed base, or equivalently the cumulative unit sales of the good. The 
communication networks mentioned above are examples of direct network effects They are in 
contrast with indirect network effects, under which consumers care about the installed base only 
because a large installed base of the good will increase the availability of a complementary 
good. For example, a person purchasing a video game console will be concerned with the 
number of other people purchasing the same hardware because a more popular game console 
will induce more games to be developed for it [5]. A wide range of industries is characterized by 
network effects. Some of these network effects may appear in more subtle ways. For example, 
more people going to a shopping mall can make it more crowded. On the other hand, a more 
popular shopping mall may attract more and better-quality stores. If the second effect 
dominates, the utility of going to the shopping mall increases with the number of people going 
there, which gives rise to the indirect network effect [5]. 
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In the rest of the paper, Section 2 presents a literature review in two study areas related to this 
paper. Section 3 describes the notations, assumptions and basic formulation of the developed 
model. A numerical study is reported in section 4. Finally, in section 5 we conclude this paper 
by presenting our main findings and some future research directions. 

2. LITERATURE REVIEW

In recent years, joint dynamic pricing and inventory control has been received a lot of attention 
due to its important managerial implications on the firm’s operation decisions. Significant 
progress has been made in the past decade on non-perishable products [1]. The studies 
conducted in this field demonstrate great benefits of dynamic pricing and inventory control 
coordination for the firms. The importance of the subject becomes more apparent when products 
are perishable and the retailer must sell the items by a deadline. Petruzzi and Dada [6] 
investigated an extension of newsvendor problem in which stocking quantity and selling price 
are determined simultaneously. Burnetas and Smith [7] considered a pricing and ordering 
problem for a perishable product with one-period lifetime and unknown demand distribution. Li 
et al. [8] analysed the problem in which the retailer does not sell new and old inventory at the 
same time, which implies that the retailer can decide at the end of each period, whether to 
dispose of or carry the ending inventory to the next period. All of the above researches assume 
that the planning horizon consisted of a set of discrete periods. In other words, the inventory 
system is considered as a periodic review system. Our paper would also fall into this category. 
Another stream of dynamic pricing and inventory control problems is models with continuous- 
time planning horizon (readers can see recent studies in this field: [9]-[16]). Particularly, Yavari 
et al. [17] developed the joint dynamic pricing and inventory control problem for perishable 
products in continuous review system in which inflation, time value of money and partial 
backlogging was taken into account.  
Yang and Zhang [18] developed a stochastic joint dynamic pricing and inventory control model 
to determine the optimal policy in an e-commerce market place that has adopted an online 
review system. customers who purchased the product may either give a positive or negative 
review/rating to the product quality. These ratings impact the purchasing decisions of potential 
customers and lead to a network externality. In other words, customers are more willing to 
purchase the product with higher previous sales. 
Zhang [19] claimed that his work is the first in the literature to study the dynamic pricing and 
inventory management problem under network externalities. The author considered a periodic 
review dynamic pricing and inventory management problem with a single durable product, in 
which there was an online social communication network so that (part of) the customers who 
purchase the product can join the network and exhibit network externalities onto potential 
customers in the future. Results show that network externalities drive the firm to balance the 
tradeoff between generating current profits and inducing future demands. 
The key difference between our work and the work conducted by Zhang [19] is that we consider 
that the product is perishable and subsequently has a pre-specified expiration date 

3. PROBLEM DEFINITION 

Consider a retailer selling a perishable product with a-two period life-time. The inventory 
system is a periodic review and we are going to model a joint dynamic pricing and inventory 

model over a horizon of T periods, labeled backwards as { }1.,..,1, −TT . At the beginning of each
period, retailer decides upon the replenishment and pricing of the product, simultaneously. 
Orders are received with a zero lead time. Demand is then recognized and met by the available 
inventory, and any unmet demand is backlogged. Since replenishment is allowed, it’s possible 
that there are inventories with different ages in stock in each period. So we also assume that the 
retailer selects a first-in-first-out (FIFO) issuing policy, thereby forces customers to purchase 
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the more aged inventories first. Note that, the retailer charges only a single price for all of the 
inventories with different ages in stock. 
Furthermore, as with Zhang [19], we make the following assumptions: 

- There is an online social communication network associated with the product, in which
customers who purchase the product can join to the network and share their purchasing
and consumption experiences of the product, and thereby exhibit network externality
onto potential customers in the future.

- Demand in each period t is stochastic, and depends on the prevailing price and function
of the network size, and is given as follows:

( , ) ( ) .t t t t t t tD p N V p Nβ γ ξ= − + +  (1) 
In which Vt is the product’s intrinsic value to customers that is independent of the network size; 

[ , ]tp p p= is the selling price charged in period t; β is a fixed scalar; Nt is the network size
(number of network’s members ) at the beginning of period t; (.)γ is the network externality
function that is a nonnegative, concavely increasing, and twice continuously differentiable 
function of the network size at the beginning of period t; and finally tξ  is an additive random 
disturbance with ( ) 0tE ξ = , and added to the demand function due to considering the other
uncertainties. 

- We assume in each period a part (θ) of new customers who purchase the product will
join to the network, and also a part (1 η− ) of customers that already (at the first of
period) are in the network, will leave the network (at the end of the period). Therefore,
given the network size at the first of the period t (Nt), the network size at the beginning
of the next period t-1 (Nt-1) is given by:

1 . . ( , ) .t t t t t tN N D p Nη θ ε− = + +  (2) 
In which θ and tη  are scalars between 0 and 1, and tε is an additive random disturbance with 

( ) 0tE ε = .
3.2 Notations 
In addition to the parameters introduced in the previous section, some other notations of the 
problem are as follow: 
It: inventory level before ordering at the beginning of period t; 
xt: inventory level after ordering at the beginning of period t; 
c: per unit ordering cost in period t; 
b: per unit backlogging cost in period t; 
h: per unit holding cost in period t. 
3.3 Mathematical Formulation 
The problem objective function is to determine decision variables xt and pt in each period, so as 
to maximize the expected profit consisting of sales revenue minus ordering costs, holding costs, 
and backlogging costs over the planning horizon: 

1

{ . ( , ) ( ) ( ( , )) ( ( , )) }.
T

t t t t t t t t t t t
t

Max Z E p D p N c x I h x D p N b x D p N+ −

=

= − − − − − −∑  (3) 

3.4 Solving Approach  
We use the dynamic programming approach to solve the model. The first step in this approach 
is to define the stage, state and decision variables. Thus we have: 
Stage: each period is considered as one stage. So we have T stages. 
State: in each stage, the state of the system is given by (It , Nt). 
Decision variables: in each stage pt and xt are decision variables. 
Now, given an initial inventory I0 and network size N0, we can write the Bellman equation as 
follows: 
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[ , ]

( , ) . max ( , , , ),
t t

t

t t t t t t t t tx I
p p p

I N c I j x p N Ip
≥
∈

= +

in which: 
(4) 

1

( , , , ) {{ . ( , )

( ( , )) ( ( , )) }

[ ( ) , . . ( , ) ]}.

t t t t t t t t t

t t t t t t

t t t t t t t t t t

j x p N I E p D p N cx

h x D p N b x D p N

x I D I N D p Np η θ ε

+ −

+
−

= −

− − − −

+ − − − + +  

(5) 

Defining ttttttt IcNINI .),(),( −=Π p  , we can rewrite the equation (4) as:

[ , ]

( , ) max ( , , , ),
t t

t

t t t t t t t tx I
p p p

I N J x p N I
≥
∈

Π =
(6) 

Where J is now given by: 

(
)}

1

( , , , ) {{ . ( , )

( ( , )) ( ( , )) }

[ ( ) , .

. ( , ) ] .[ ( ) ]

{ . ( , ) . .( ( , ) )

( ( , )) ( ( , ))

t t t t t t t t t

t t t t t t

t t t t t t

t t t t t t t t

t t t t t t t t

t t t t t t

t

J x p N I E p D p N cx

h x D p N b x D p N

x I D I N

D p N c x I D I

E p D p N c I c D p N I

h x D p N b x D p N

η

θ ε

+ −

+
−

+

+

+ −

−

= −

− − − −

+ Π − − −

+ + + − − −

= − − −

− − − −

+Π 1[ ( ) , . . ( , ) ]}.t t t t t t t t tx I D I N D p Nη θ ε+− − − + +  

(7) 

Therefore, the optimal price and inventory policy is obtained as: 
( )

[ , ]

( , ), ( , ) arg max ( , , , ).
t t

t

t t t t t t t t t t t
x I
p p p

x I N p I N J x p N I
≥
∈

=
(8) 

4. Numerical study
In this section, we investigate some numerical examples to quantitatively evaluate the benefits
of considering the network externality in dynamic pricing and inventory control of perishable
products. In particular, we are going to evaluate the impact of the network externality upon the
retailer’s profitability and product waste avoidance.
Following Chen et al., [1] we adopt the test case parameters from Federgruen and Heching [19]
by this difference that they were considered an infinite horizon, while we consider a finite
horizon. Thus, the parameters of the test case are specified stationery as:
[V, β, c, b, h, p , p ]=[174, 3, 22.15, 10.78, 0.22, 25, 44].
Also, following Zhang [19] we assume that the network externality function is of the form as 

( ) . ( 0)t tN k N kγ = ≥ , where k exhibits the intensity of network externality. Therefore, the
demand function is specified as ( , ) 174 3 .t t t t t tD p N p k N ξ= − + + , where tξ  follows a normal
distribution with zero mean and standard deviation of two (σ=2). Furthermore, the parameters β 
and η are set equal to 0.2, 0.4 and 0.8, respectively.  We then examine the problem for 

{ }3,5,8,10,15T ∈  and { }0.2,0.5,0.8k ∈ . Hence, we examine a total of 15 instances
Given the zero initial inventory and network size (I0=N0=0), the optimal policy for each instance 
is calculated by the value iteration method. Figures 1 and 2 show the impact of ignoring 
network externality upon the retailer’s profit loss and perishables waste, respectively. 
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Results reveal that a significant profit loss (between 1 to 14 percentage as long as increasing the 
intensity of network externality and planning horizon length) and perishables waste (between 1 
to 14 percentage) is incurred when the network externality is ignored. 

Fig. 1. Impact of ignoring the network externality upon the retailer’s profit loss 

Fig. 2. Impact of ignoring the network externality upon the retailer’s waste 

6. CONCLUSIONS

This paper addressed dynamic pricing and inventory control for a perishable product problem. 
To do this a mathematical model is proposed to maximize the expected profit consisting of sales 
revenue minus ordering costs, holding costs, and backlogging costs over the planning horizon. 
In this paper, in order to contract the negative quality inference, we consider a social 
communication network associated with the product as a collaborative selling component. This 
communication network allows customers to continue to bond with each other and share their 
purchasing and consumption experiences of the product to improving the perceived quality of 
product and thus acceptance of the EDBP policy.  Then, the dynamic programming approach is 
applied to solve the proposed model. Finally, Impact of ignoring the network externality 
investigated on the retailer’s profit loss and the retailer’s perishables waste. a multi-product 
multi-period version of the developed model can be an interesting issue for future research.  
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ABSTRACT 

Due to their relation to the linear complementarity problem, absolute value equations 
have been intensively studied recently. In this paper, we study error bounds for absolute 
value equations. We give a formula (an optimization problem) for the computation of 
error bounds. We discuss its bounds and also exact values for special classes of 
matrices.  
Keyword: Absolute value equation, Error bounds, Interval matrices. 

1. INTRODUCTION

We consider the absolute value equation 
𝐴𝐴𝐴𝐴 − 𝑏𝑏 = |𝐴𝐴|,  (𝐴𝐴𝐴𝐴𝐴𝐴) 

where 𝐴𝐴 ∈ ℝ𝑛𝑛×𝑛𝑛,  𝑏𝑏 ∈ ℝ𝑛𝑛 and | . | denotes absolute value. The absolute value equation, due to 
its relation to the linear complementarity problem, have received considerable attention in last 
two decades. Many methods such as Newton-like methods [1, 2] or concave optimization 
methods [3], have been proposed for (AVE).  
Due to the computational errors involved in the numerical process, checking the quality of the 
generated solution is critical. One effective method for numerical validation is error bound 
method. Error bounds play a crucial role in theoretical and numerical analysis optimization 
problems [4, 5]. In this paper, we study error bounds for (AVE). In fact, we give a formula 
which gives an upper bound for the distance between the generated solution and the solution of 
(AVE) on the basis of residual function.  

1.1.   NOTATION 
Vectors are considered to be column vectors and the superscript 𝑇𝑇 represents the transposition. 
The capital letter 𝐼𝐼 denotes the identity matrix. We use ‖. ‖1, ‖. ‖, ‖. ‖∞to denote 1-norm, 2-norm 
and ∞-norm, respectively.  
We denote the comparison matrix 𝐴𝐴 by ⟨𝐴𝐴⟩, which is defined as ⟨𝐴𝐴⟩𝑖𝑖𝑖𝑖 = |𝐴𝐴𝑖𝑖𝑖𝑖| for 𝑖𝑖 = 𝑖𝑖 and as 
⟨𝐴𝐴⟩ = −|𝐴𝐴𝑖𝑖𝑖𝑖| for 𝑖𝑖 ≠ 𝑖𝑖.  𝐴𝐴 is said to be an M-matrix if 𝐴𝐴−1 ≥ 0 and 𝐴𝐴𝑖𝑖𝑖𝑖 ≤ 0. 𝐴𝐴 is called an H-
matrix if ⟨𝐴𝐴⟩ is a M-matrix. The interval matrix [𝐴𝐴 − 𝐼𝐼,𝐴𝐴 + 𝐼𝐼] is defined as [𝐴𝐴 − 𝐼𝐼,𝐴𝐴 + 𝐼𝐼] =
{B:𝐴𝐴 − 𝐼𝐼 ≤ 𝐵𝐵 ≤  𝐴𝐴 + 𝐼𝐼}. We call an interval matrix [𝐴𝐴 − 𝐼𝐼,𝐴𝐴 + 𝐼𝐼] regular provided each 
𝐴𝐴1 ∈ [𝐴𝐴 − 𝐼𝐼,𝐴𝐴 + 𝐼𝐼] is non-singular. We denote the smallest singular value and the spectral 
radius of 𝐴𝐴 by 𝜎𝜎𝑚𝑚𝑖𝑖𝑛𝑛(𝐴𝐴) and 𝜌𝜌(𝐴𝐴), respectively. 

2. ERROR BOUNDS FOR ABSOLUTE VALUE EQUATION

It is well-known that (AVE) has a unique solution when [𝐴𝐴 − 𝐼𝐼,𝐴𝐴 + 𝐼𝐼] is regular. Throughout 
this paper, we assume that [𝐴𝐴 − 𝐼𝐼,𝐴𝐴 + 𝐼𝐼] is regular and 𝐴𝐴⋆ denotes the unique solution of 
(AVE).   

Theorem 2.1. Let [𝐴𝐴 − 𝐼𝐼,𝐴𝐴 + 𝐼𝐼] be regular. Then 
‖x − x⋆‖ ≤ max

|𝐷𝐷|≤𝐼𝐼
‖(A − D)−1‖ ‖Ax − b − |x|‖       (2)
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Proof. As 𝐴𝐴𝐴𝐴⋆ − 𝑏𝑏 = |𝐴𝐴⋆|, we have  
Ax − b − |x| = Ax − b − |x| −  𝐴𝐴𝐴𝐴⋆ − 𝑏𝑏 − |𝐴𝐴⋆| = 𝐴𝐴(𝐴𝐴 − 𝐴𝐴⋆) − (|x| − |𝐴𝐴⋆|). 
Since |x| − |𝐴𝐴⋆| = 𝐷𝐷1(𝐴𝐴 − 𝐴𝐴⋆) for some 𝐷𝐷1 ∈ [−𝐼𝐼, 𝐼𝐼], we have 
𝐴𝐴 − 𝐴𝐴⋆ = (𝐴𝐴 − 𝐷𝐷)−1(Ax − b − |x|). 
By applying sub-multiplicative property, we obtain the desired inequality. 

It is easily seen the above inequality holds for 1-norm and ∞–norm. To exploit this formulation, 
one needs to solve the optimization problem  
max ‖(A − D)−1‖       𝑠𝑠. 𝑡𝑡.  𝐷𝐷 ∈ [−𝐼𝐼, 𝐼𝐼]                                                                                  (3)        
In the next proposition, we show that optimization problem (3) attains its maximum at some 
vertices of [−𝐼𝐼, 𝐼𝐼].  

Proposition 2.1. Let [𝐴𝐴 − 𝐼𝐼,𝐴𝐴 + 𝐼𝐼] be regular. Then optimization problem (3) attains its 
maximum at some vertices of [−𝐼𝐼, 𝐼𝐼]. 
Proof. As the feasible set is compact and the objective function is continuous on it, problem (3) 
attains its maximum. Let 𝐷𝐷� be an optimal solution. If |𝐷𝐷�| = 𝐼𝐼, the proof will complete. 
Otherwise, without loss of generality one may assume that |𝐷𝐷�11| < 1. Let 𝑓𝑓: [−1, 1] → ℝ given 
by 𝑓𝑓(𝑡𝑡) = ‖(A − Dt)−1‖, where 𝐷𝐷𝑡𝑡 is a diagonal matrix equals to 𝐷𝐷 but 𝐷𝐷11 = 𝑡𝑡. By Sherman-
Morrison formula [6], it is seen that 𝑓𝑓 is a convex function on its domain. Hence,  

max
−1≤𝑡𝑡≤1

𝑓𝑓(𝑡𝑡) = max {𝑓𝑓(−1), 𝑓𝑓(1)} . 

Therefore, we obtain a new matrix  𝐷𝐷� which is optimal for (3) and |𝐷𝐷�11| = 1. In the same line, 
one can obtain matrix 𝐷𝐷� which is optimal for (3) and |𝐷𝐷�| = 𝐼𝐼, and the proof will be complete. 
By Proposition 2, to handle problem (3), one needs to check solely all vertices of [−𝐼𝐼, 𝐼𝐼]. As the 
number of vertices is 2𝑛𝑛, this method may not be effective for large 𝑛𝑛.  We denote the optimal 
value of (3) by 𝑐𝑐(𝐴𝐴). In addition, we use 𝑐𝑐∞(𝐴𝐴) to denote the optimal value of (3) with respect 
to the ∞-norm. In the following, we give some formulas for the computation of 𝑐𝑐(𝐴𝐴) for some 
classes of matrices. 

Proposition 2.2. Let 𝐴𝐴 be symmetric and let [𝐴𝐴 − 𝐼𝐼,𝐴𝐴 + 𝐼𝐼] be regular. Then 

𝑐𝑐(𝐴𝐴) =
1

𝜎𝜎𝑚𝑚𝑖𝑖𝑛𝑛(𝐴𝐴) − 1
. 

 Proof. Because [𝐴𝐴 − 𝐼𝐼,𝐴𝐴 + 𝐼𝐼] is regular, Bauer-Fike Theorem [6] implies that 𝜎𝜎𝑚𝑚𝑖𝑖𝑛𝑛(𝐴𝐴) > 1. 
As 𝐴𝐴 is symmetric and ‖A−1‖ = 1

𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚(𝐴𝐴), we get the desired equality.

For square matrix 𝐴𝐴, let 

𝑟𝑟𝑖𝑖(𝐴𝐴) = ��𝐴𝐴𝑖𝑖𝑖𝑖� − |𝐴𝐴𝑖𝑖𝑖𝑖|,  𝑐𝑐𝑙𝑙𝑖𝑖(𝐴𝐴) = ��𝐴𝐴𝑖𝑖𝑖𝑖�
𝑛𝑛

𝑖𝑖=1

− �𝐴𝐴𝑖𝑖𝑖𝑖�.
𝑛𝑛

𝑖𝑖=1

 

Gall
ey

 Proo
f



Proposition 2.3. Let  𝐷𝐷� be a diagonal matrix with 𝐷𝐷�𝑖𝑖𝑖𝑖 = 𝑠𝑠𝑖𝑖𝑠𝑠𝑛𝑛(𝐴𝐴𝑖𝑖𝑖𝑖). If 

𝛼𝛼 ≔ min
𝑖𝑖=1,…,𝑛𝑛

�|𝐴𝐴𝑖𝑖𝑖𝑖| −
1
2

 �𝑟𝑟𝑖𝑖(𝐴𝐴) +  𝑐𝑐𝑙𝑙𝑖𝑖(𝐴𝐴)�� > 1, 

then 𝑐𝑐(𝐴𝐴) = ∥ (𝐴𝐴 − 𝐷𝐷�)−1 ∥. 

Proof. Let 𝐷𝐷 ∈ [−𝐼𝐼, 𝐼𝐼]. By Theorem 3 in [7], 𝜎𝜎min(𝐴𝐴 −  𝐷𝐷) ≥ 𝛼𝛼 − 1.  So [𝐴𝐴 −  𝐼𝐼,𝐴𝐴 +  𝐼𝐼] is 
regular. Since ∥ 𝐴𝐴−1 ∥−2=  𝜆𝜆𝑚𝑚𝑖𝑖𝑛𝑛 (𝐴𝐴𝑇𝑇𝐴𝐴), by Proposition 2.1, 𝑐𝑐(𝐴𝐴) = max|𝐷𝐷|=𝐼𝐼 ‖(A − D)−1‖. 
Suppose that |𝐷𝐷|  = 𝐼𝐼. Consider matrix  

𝑇𝑇 = (𝐴𝐴 − 𝐷𝐷)𝑇𝑇  (𝐴𝐴 − 𝐷𝐷) − (𝐴𝐴 − 𝐷𝐷�)𝑇𝑇  (𝐴𝐴 − 𝐷𝐷�) =  𝐷𝐷�𝐴𝐴 + 𝐴𝐴𝑇𝑇𝐷𝐷� − 𝐷𝐷𝐴𝐴 − 𝐴𝐴𝑇𝑇𝐷𝐷. 

It is easily seen that T is diagonally dominant with nonnegative diagonal, so it is positive semi-
definite, which implies the desired equality.  

Proposition 2.4. If (𝐴𝐴 − 𝐼𝐼)−1 ≥ 0 and (𝐴𝐴 + 𝐼𝐼)−1 ≥ 0, then 𝑐𝑐(𝐴𝐴) = ‖(𝐴𝐴 − 𝐼𝐼)−1‖. 

Proof. Kuttler’s theorem [8] implies that [𝐴𝐴 − 𝐼𝐼,𝐴𝐴 + 𝐼𝐼] is regular and [𝐴𝐴 − 𝐼𝐼,𝐴𝐴 + 𝐼𝐼]−1 =
[(𝐴𝐴 + 𝐼𝐼)−1, (𝐴𝐴 − 𝐼𝐼)−1]. Therefore, 𝑐𝑐(𝐴𝐴) = ‖(𝐴𝐴 − 𝐼𝐼)−1‖.  

Proposition 2.5. Let A be an M-matrix. If 𝜌𝜌(𝐴𝐴−1) < 1, then 𝑐𝑐(𝐴𝐴) = ‖(𝐴𝐴 − 𝐼𝐼)−1‖. 

Proof. By virtue of Theorem 3.6.3 in [8], 𝐴𝐴 − 𝐼𝐼 is an M-matrix. In addition, as M-matrices are 
preserved by the addition of positive diagonal matrices, 𝐴𝐴 + 𝐼𝐼 is also an M-matrix. Hence, by 
Kuttler’s theorem, [𝐴𝐴 −  𝐼𝐼,𝐴𝐴 +  𝐼𝐼] is inverse nonnegative, and we proceed as in the proof of 
Proposition 2.4.  

Theorem 2. 2. Let A be an H-matrix. If 𝜌𝜌(⟨𝐴𝐴⟩−1) < 1, then 𝑐𝑐∞(𝐴𝐴) ≤ ‖(⟨𝐴𝐴⟩ − 𝐼𝐼)−1‖. 

Proof. Under the assumption, Theorem 3.7.5 in [8] implies that interval matrix [𝐴𝐴 − 𝐼𝐼,𝐴𝐴 + 𝐼𝐼] is 
an H-matrix. So, [𝐴𝐴 − 𝐼𝐼,𝐴𝐴 + 𝐼𝐼] is regular. In addition,  

⟨[𝐴𝐴 − 𝐼𝐼,𝐴𝐴 + 𝐼𝐼]⟩  =  [⟨𝐴𝐴⟩ − 𝐼𝐼, ⟨𝐴𝐴⟩ + 𝐼𝐼]. 

By Kuttler’s theorem, [⟨𝐴𝐴⟩ − 𝐼𝐼, ⟨𝐴𝐴⟩ + 𝐼𝐼]−1  =  [(⟨𝐴𝐴⟩ + 𝐼𝐼)−1, (⟨𝐴𝐴⟩ −  𝐼𝐼)−1]. Because (⟨𝐴𝐴⟩  +
 𝐼𝐼) − 1 ≥  0, 

𝑐𝑐∞(𝐴𝐴) = max−𝐼𝐼≤𝐷𝐷≤𝐼𝐼  ‖(A − D)−1‖   ≤  max−𝐼𝐼≤𝐷𝐷≤𝐼𝐼 ‖⟨A − D⟩−1‖  = ∥ (⟨𝐴𝐴⟩ −  𝐼𝐼)−1𝑒𝑒 ∥∞  , 

where the first inequality follows form the fact that for H-matrix 𝐴𝐴, ∥ 𝐴𝐴−1 ∥∞ ≤ ∥ ⟨𝐴𝐴⟩−1 ∥∞; see 
[8]. 

3. CONCLUSIONS

In this paper, we studied error bounds for absolute value equations. We suggested some 
formulas for the computation of error bounds for some classes of matrices. The investigation of 
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other classes of matrices may be of interest for further research. 
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ABSTRACT 
Traditional Data Envelopment Analysis (DEA) models evaluate the efficiency of decision making units 
(DMUs) with common crisp input and output data. However, the data in real applications are often 
imprecise or ambiguous. This paper transforms fuzzy fractional DEA model which is constructed using 
fuzzy arithmetic, into the conventional crisp model. This transformation is performed considering the goal 
programming that is one of the Multi Objective Programming (MOP) methods. Therefore, in this research 
the one linear programming model measures the fuzzy efficiencies of DMUs with fuzzy input and fuzzy 
output data. 
Keywords : Data envelopment analysis, Fuzzy input and fuzzy output data, Fuzzy efficiency, 
Multiobjective programming, Goal programming.

1. INTRODUCTION

Data envelopment analysis (DEA) is a methodology for evaluating the relative efficiency of 
decision making units (DMUs) where input and output data are precisely known. However, in 
real word situations, crisp input and output data may not always be available. Thus fuzzy DEA 
models are much more realistic than the commonly used crisp models. Several ways have been 
recognized to investigate fuzzy data in connection with DEA.  
Hosseinzadeh et al [1] applying a fuzzy metric and a ranking function, obtained from it, the 
multiplier fuzzy CCR model converts to its crisp counterpart. Solving this model yields the 
optimal solution of fuzzy multiplier model. 
Hatami-Marbini et al. [2] have provided a taxonomy and review of the fuzzy DEA methods 
during the past twenty years. They have presented a classification scheme with four primary 
categories, namely the tolerance approach, the α-level based approach, the fuzzy ranking 
approach and the possibility approach. Some recent researches in this field are as follows: 
Chang and Lee [3] have integrated data envelopment analysis (DEA), knapsack formulation and 
fuzzy set theory to deal with a model for the project selection problem when each project 
possesses vague input and output data in the selection. Hsiao et al. [4] have proposed a fuzzy-
based SBM model and fuzzy-based super-efficiency SBM model to demonstrate their 
characteristics theoretically and empirically using the case of 24 commercial banks in Taiwan. 
Wang and Chin [5] have discussed a “fuzzy expected value approach” for data envelopment 
analysis (DEA) in which fuzzy inputs and fuzzy outputs are first weighted respectively; then 
their expected values are used to measure the optimistic and pessimistic efficiencies of decision 
making units (DMUs) in a fuzzy environment. The two efficiencies are finally geometrically 
averaged for the purposes of ranking and identifying the best performing DMU. Azadeh and 
Alem [6] have presented a decision making flowchart to choose among DEA, fuzzy DEA and 
Chance Constraint Data Envelopment Analysis (CCDEA) for the selection of the best DMU 
under certainty, uncertainty and probabilistic conditions. Hatami-Marbini et al. [7] have 
integrated the concept of the TOPSIS into a four-phase fuzzy DEA framework based on the 
theory of displaced ideal to measure the efficiencies of a set of DMUs and to rank them with 
fuzzy input–output levels. Guo, s [8] fuzzy DEA models evaluate the efficiencies of DMUs with 
symmetrical L–L fuzzy input and output data. Based on the fuzzy DEA model, an aggregation 
model for integrating fuzzy attribute values is presented in order to rank objects objectively. 
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Hougaard [9] has provided a simple approximation of (crisp) productivity scores for fuzzy 
production data in which all calculations can be performed in a spreadsheet and, in any case, do 
not involve fuzzy programming. Moreover, the entire procedure (with its resulting crisp 
productivity scores) has an economic interpretation parallel to the original interpretation of the 
DEA scores.  
Wang et al. [10] have tackled fuzziness in input and output data in DEA with two fuzzy DEA 
models that are formulated as linear programming (LP) models from the fuzzy arithmetic 
perspective and can be solved to determine fuzzy efficiencies of a group of DMUs. In their 
approach, three LP models must be solved for determining the fuzzy efficiency score of each 
DMU. Therefore, three separate sets of weight corresponding to inputs and outputs are provided 
for computing the fuzzy efficiency of each DMU.  To reduce the computational effort and 
provide one weight set corresponding to inputs and outputs for measuring the fuzzy efficiency 
score, in this paper, multiobjective programming (MOP) is used to deal with fuzziness in input 
and output data in DEA. This new method can evaluate fuzzy efficiencies of DMUs with one 
linear crisp model. Accordingly, the obtained fuzzy efficiency score from one weight vector is 
more acceptable and has a better interpretation.  
This paper is organized as follows: In section 2, the fuzzy fractional DEA model for evaluating 
the efficiency of each DMU is introduced, and some present deficiencies in Wang et al.'s 
method [10] are discussed. In Section 3, a new method based upon MOP is provided for 
transforming the fuzzy fractional DEA model into the linear crisp one.  Finally, numerical 
example and concluding remarks are illustrated in sections 4 and 5 respectively.  

2. THE FRACTIONAL DEA MODEL FOR MEASURING THE EFFICIENCIES OF DMUS WITH
FUZZY NUMBERS

Consider n DMUs to be evaluated, each with m inputs and s outputs. Suppose 𝑥𝑥�𝑖𝑖𝑖𝑖 (𝑖𝑖 = 1, . . . ,𝑚𝑚)  
and 𝑦𝑦�𝑟𝑟𝑖𝑖 (𝑟𝑟 = 1, . . . , 𝑠𝑠) are the input and output data of DMUj (𝑗𝑗 = 1, . . . ,𝑛𝑛), where 𝑥𝑥�𝑖𝑖𝑖𝑖 =
(𝑥𝑥𝑖𝑖𝑖𝑖𝐿𝐿 , 𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀, 𝑥𝑥𝑖𝑖𝑖𝑖𝑈𝑈) and 𝑦𝑦�𝑟𝑟𝑖𝑖 = (𝑦𝑦𝑟𝑟𝑖𝑖𝐿𝐿 ,𝑦𝑦𝑟𝑟𝑖𝑖𝑀𝑀 ,𝑦𝑦𝑟𝑟𝑖𝑖𝑈𝑈 ) are positive triangular fuzzy numbers.    Therefore, 𝑥𝑥𝑖𝑖𝑖𝑖𝐿𝐿 ⟩0 
and 𝑦𝑦𝑟𝑟𝑖𝑖𝐿𝐿 ⟩0 for 𝑖𝑖 = 1, . . . ,𝑚𝑚 , 𝑟𝑟 = 1, . . . , 𝑠𝑠 and 𝑗𝑗 = 1, . . . ,𝑛𝑛 and the membership functions of 𝑥𝑥�𝑖𝑖𝑖𝑖 
and 𝑦𝑦�𝑟𝑟𝑖𝑖 are respectively defined as:  

 𝜇𝜇𝑥𝑥�𝑖𝑖𝑖𝑖(𝑥𝑥) =

⎩
⎪⎪
⎨

⎪⎪
⎧

𝑥𝑥−𝑥𝑥𝑖𝑖𝑖𝑖
𝐿𝐿

𝑥𝑥𝑖𝑖𝑖𝑖
𝑀𝑀−𝑥𝑥𝑖𝑖𝑖𝑖

𝐿𝐿 , 𝑥𝑥𝑖𝑖𝑖𝑖𝐿𝐿 ≤ 𝑥𝑥 ≤ 𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀,

𝑥𝑥𝑖𝑖𝑖𝑖
𝑈𝑈−𝑥𝑥

𝑥𝑥𝑖𝑖𝑖𝑖
𝑈𝑈−𝑥𝑥𝑖𝑖𝑖𝑖

𝑀𝑀 , 𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀 ≤ 𝑥𝑥 ≤ 𝑥𝑥𝑖𝑖𝑖𝑖𝑈𝑈

0,𝑂𝑂𝑂𝑂ℎ𝑒𝑒𝑟𝑟𝑒𝑒𝑖𝑖𝑠𝑠𝑒𝑒.

, 

 𝜇𝜇𝑦𝑦�𝑟𝑟𝑖𝑖(𝑦𝑦) =

⎩
⎪⎪
⎨

⎪⎪
⎧

𝑦𝑦−𝑦𝑦𝑟𝑟𝑖𝑖
𝐿𝐿

𝑦𝑦𝑟𝑟𝑖𝑖
𝑀𝑀−𝑦𝑦𝑟𝑟𝑖𝑖

𝐿𝐿 ,𝑦𝑦𝑟𝑟𝑖𝑖𝐿𝐿 ≤ 𝑦𝑦 ≤ 𝑦𝑦𝑟𝑟𝑖𝑖𝑀𝑀 ,

𝑦𝑦𝑟𝑟𝑖𝑖
𝑈𝑈−𝑦𝑦

𝑦𝑦𝑟𝑟𝑖𝑖
𝑈𝑈−𝑦𝑦𝑟𝑟𝑖𝑖

𝑀𝑀 ,𝑦𝑦𝑟𝑟𝑖𝑖𝑀𝑀 ≤ 𝑦𝑦 ≤ 𝑦𝑦𝑟𝑟𝑖𝑖𝑈𝑈 ,

0,𝑂𝑂𝑂𝑂ℎ𝑒𝑒𝑟𝑟𝑒𝑒𝑖𝑖𝑠𝑠𝑒𝑒.

 

 Assume that 𝑥𝑥�𝑖𝑖𝑖𝑖 = (𝑥𝑥𝑖𝑖𝑖𝑖𝐿𝐿 , 𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀 , 𝑥𝑥𝑖𝑖𝑖𝑖𝑈𝑈) and 𝑥𝑥�𝑘𝑘𝑖𝑖 = (𝑥𝑥𝑘𝑘𝑖𝑖𝐿𝐿 , 𝑥𝑥𝑘𝑘𝑖𝑖𝑀𝑀 , 𝑥𝑥𝑘𝑘𝑖𝑖𝑈𝑈 ), the fuzzy arithmetic operations  on 
𝑥𝑥�𝑖𝑖𝑖𝑖 and 𝑥𝑥�𝑘𝑘𝑖𝑖 are defined as follows: 

Gall
ey

 Proo
f



𝑥𝑥�𝑖𝑖𝑖𝑖 + 𝑥𝑥�𝑘𝑘𝑖𝑖 = �𝑥𝑥𝑖𝑖𝑖𝑖𝐿𝐿 + 𝑥𝑥𝑘𝑘𝑖𝑖𝐿𝐿 , 𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀 + 𝑥𝑥𝑘𝑘𝑖𝑖𝑀𝑀 , 𝑥𝑥𝑖𝑖𝑖𝑖𝑈𝑈 + 𝑥𝑥𝑘𝑘𝑖𝑖𝑈𝑈 �, 
𝑥𝑥�𝑖𝑖𝑖𝑖 − 𝑥𝑥�𝑘𝑘𝑖𝑖 = �𝑥𝑥𝑖𝑖𝑖𝑖𝐿𝐿 − 𝑥𝑥𝑘𝑘𝑖𝑖𝑈𝑈 , 𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀 − 𝑥𝑥𝑘𝑘𝑖𝑖𝑀𝑀 , 𝑥𝑥𝑖𝑖𝑖𝑖𝑈𝑈 − 𝑥𝑥𝑘𝑘𝑖𝑖𝐿𝐿 �, 
𝑥𝑥�𝑖𝑖𝑖𝑖 × 𝑥𝑥�𝑘𝑘𝑖𝑖 = �𝑥𝑥𝑖𝑖𝑖𝑖𝐿𝐿 𝑥𝑥𝑘𝑘𝑖𝑖𝐿𝐿 , 𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑥𝑥𝑘𝑘𝑖𝑖𝑀𝑀 , 𝑥𝑥𝑖𝑖𝑖𝑖𝑈𝑈𝑥𝑥𝑘𝑘𝑖𝑖𝑈𝑈 �, 
𝑥𝑥�𝑖𝑖𝑖𝑖
𝑥𝑥�𝑘𝑘𝑖𝑖

= �
𝑥𝑥𝑖𝑖𝑖𝑖𝐿𝐿

𝑥𝑥𝑘𝑘𝑖𝑖𝑈𝑈
,
𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀

𝑥𝑥𝑘𝑘𝑖𝑖𝑀𝑀
,
𝑥𝑥𝑖𝑖𝑖𝑖𝑈𝑈

𝑥𝑥𝑘𝑘𝑖𝑖𝐿𝐿
�

Considering the above relations, the following fuzzy DEA model that has been proposed by 
Wang et al. [10], measure the fuzzy efficiency of a DMU (denoted by DMUo): 

Max   𝜃𝜃�𝑜𝑜 ≈ [𝜃𝜃𝑜𝑜𝐿𝐿,𝜃𝜃𝑜𝑜𝑀𝑀,𝜃𝜃𝑜𝑜𝑈𝑈] = [∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑟𝑟𝐿𝐿𝑠𝑠
𝑟𝑟=1
∑ 𝑣𝑣𝑖𝑖𝑥𝑥𝑖𝑖𝑟𝑟

𝑈𝑈𝑚𝑚
𝑖𝑖=1

, ∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑟𝑟𝑀𝑀𝑠𝑠
𝑟𝑟=1
∑ 𝑣𝑣𝑖𝑖𝑚𝑚
𝑖𝑖=1 𝑥𝑥𝑖𝑖𝑟𝑟

𝑀𝑀 , ∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑟𝑟𝑈𝑈𝑠𝑠
𝑟𝑟=1
∑ 𝑣𝑣𝑖𝑖𝑥𝑥𝑖𝑖𝑟𝑟

𝐿𝐿𝑚𝑚
𝑖𝑖=1

] 

s.t. 𝜃𝜃�𝑖𝑖 ≈ [𝜃𝜃𝑖𝑖𝐿𝐿,𝜃𝜃𝑖𝑖𝑀𝑀,𝜃𝜃𝑖𝑖𝑈𝑈] = [
∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑖𝑖

𝐿𝐿𝑠𝑠
𝑟𝑟=1

∑ 𝑣𝑣𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖
𝑈𝑈𝑚𝑚

𝑖𝑖=1
,
∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑖𝑖

𝑀𝑀𝑠𝑠
𝑟𝑟=1

∑ 𝑣𝑣𝑖𝑖𝑚𝑚
𝑖𝑖=1 𝑥𝑥𝑖𝑖𝑖𝑖

𝑀𝑀 ,
∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑖𝑖

𝑈𝑈𝑠𝑠
𝑟𝑟=1

∑ 𝑣𝑣𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖
𝐿𝐿𝑚𝑚

𝑖𝑖=1
] ≤ 1,  𝑗𝑗 = 1, . . . ,𝑛𝑛  (1) 

 𝑢𝑢𝑟𝑟 ,𝑣𝑣𝑖𝑖 ≥ 0,  𝑟𝑟 = 1, . . . , 𝑠𝑠,𝑖𝑖 = 1, . . . ,𝑚𝑚 

They simplified the former model as: 

Max 𝜃𝜃�𝑜𝑜 ≈ [𝜃𝜃𝑜𝑜𝐿𝐿,𝜃𝜃𝑜𝑜𝑀𝑀,𝜃𝜃𝑜𝑜𝑈𝑈] = [∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑟𝑟𝐿𝐿𝑠𝑠
𝑟𝑟=1
∑ 𝑣𝑣𝑖𝑖𝑥𝑥𝑖𝑖𝑟𝑟

𝑈𝑈𝑚𝑚
𝑖𝑖=1

, ∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑟𝑟𝑀𝑀𝑠𝑠
𝑟𝑟=1
∑ 𝑣𝑣𝑖𝑖𝑚𝑚
𝑖𝑖=1 𝑥𝑥𝑖𝑖𝑟𝑟

𝑀𝑀 , ∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑟𝑟𝑈𝑈𝑠𝑠
𝑟𝑟=1
∑ 𝑣𝑣𝑖𝑖𝑥𝑥𝑖𝑖𝑟𝑟

𝐿𝐿𝑚𝑚
𝑖𝑖=1

] 

s.t. 𝜃𝜃𝑖𝑖𝑈𝑈 =
∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑖𝑖

𝑈𝑈𝑠𝑠
𝑟𝑟=1

∑ 𝑣𝑣𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖
𝐿𝐿𝑚𝑚

𝑖𝑖=1
≤ 1,  𝑗𝑗 = 1, . . . ,𝑛𝑛  (2) 

 𝑢𝑢𝑟𝑟 ,𝑣𝑣𝑖𝑖 ≥ 0,  𝑟𝑟 = 1, . . . , 𝑠𝑠 , 𝑖𝑖 = 1, . . . ,𝑚𝑚 
Wang et al. [10] have calculated the best possible values of 𝜃𝜃𝑜𝑜𝐿𝐿, 𝜃𝜃𝑜𝑜𝑀𝑀and 𝜃𝜃𝑜𝑜𝑈𝑈 by the following 
three fractional programming models: 

Max 𝜃𝜃𝑜𝑜𝐿𝐿 = ∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑟𝑟𝐿𝐿𝑠𝑠
𝑟𝑟=1
∑ 𝑣𝑣𝑖𝑖𝑥𝑥𝑖𝑖𝑟𝑟

𝑈𝑈𝑚𝑚
𝑖𝑖=1

 

s.t. 𝜃𝜃𝑖𝑖𝑈𝑈 =
∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑖𝑖

𝑈𝑈𝑠𝑠
𝑟𝑟=1

∑ 𝑣𝑣𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖
𝐿𝐿𝑚𝑚

𝑖𝑖=1
≤ 1,       𝑗𝑗 = 1, . . . ,𝑛𝑛  (3) 

 𝑢𝑢𝑟𝑟 ,𝑣𝑣𝑖𝑖 ≥ 0,  𝑟𝑟 = 1, . . . , 𝑠𝑠 , 𝑖𝑖 = 1, . . . ,𝑚𝑚 

Max 𝜃𝜃𝑜𝑜𝑀𝑀 = ∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑟𝑟𝑀𝑀𝑠𝑠
𝑟𝑟=1
∑ 𝑣𝑣𝑖𝑖𝑚𝑚
𝑖𝑖=1 𝑥𝑥𝑖𝑖𝑟𝑟

𝑀𝑀  

s.t. 𝜃𝜃𝑖𝑖𝑈𝑈 =
∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑖𝑖

𝑈𝑈𝑠𝑠
𝑟𝑟=1

∑ 𝑣𝑣𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖
𝐿𝐿𝑚𝑚

𝑖𝑖=1
≤ 1,       𝑗𝑗 = 1, . . . ,𝑛𝑛  (4) 

 𝑢𝑢𝑟𝑟 ,𝑣𝑣𝑖𝑖 ≥ 0,  𝑟𝑟 = 1, . . . , 𝑠𝑠 , 𝑖𝑖 = 1, . . . ,𝑚𝑚 

Max      𝜃𝜃𝑜𝑜𝑈𝑈 = ∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑟𝑟𝑈𝑈𝑠𝑠
𝑟𝑟=1
∑ 𝑣𝑣𝑖𝑖𝑚𝑚
𝑖𝑖=1 𝑥𝑥𝑖𝑖𝑟𝑟

𝐿𝐿   

s.t. 𝜃𝜃𝑖𝑖𝑈𝑈 =
∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑖𝑖

𝑈𝑈𝑠𝑠
𝑟𝑟=1

∑ 𝑣𝑣𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖
𝐿𝐿𝑚𝑚

𝑖𝑖=1
≤ 1,  𝑗𝑗 = 1, . . . ,𝑛𝑛  (5) 

 𝑢𝑢𝑟𝑟 ,𝑣𝑣𝑖𝑖 ≥ 0,  𝑟𝑟 = 1, . . . , 𝑠𝑠 , 𝑖𝑖 = 1, . . . ,𝑚𝑚 

By transforming the above models into three linear programming (LP) models, they have 
obtained the best fuzzy efficiency of DMUo. 
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To describe the problem in their approach, we turn to Wang, Luo and Liang's simple numerical 
illustration where eight manufacturing enterprises (DMUs) with two inputs and two outputs are 
assumed. The Corresponding data set is given in Table 1. 
Note that model (2) is a multiobjective problem, but by converting it to separate fractional 
problems and solving linear models for DMUA, there are the fuzzy efficiency as (𝜃𝜃𝐴𝐴𝐿𝐿 ,𝜃𝜃𝐴𝐴𝑀𝑀,𝜃𝜃𝐴𝐴𝑈𝑈) = 
(0.8124, 0.9033, 1.0000)  with  three weight sets as listed in Table 2. 

Table 1. DMUs' data (extracted from [10]) 
DMUs  Input1  Input2  Output1  Output2 

A   (2120,2170,2210)   1870  (14500, 14790, 14860)  (3.1, 4.1, 4.9) 
B    (1420,1460,1500)  1340   (12470,12720,12790)    (1.2, 2.1, 3.0) 
C    (2510,2570,2610)  2360   (17900,18260,18400)    (3.3, 4.3, 5.0) 
D   (2300,2350,2400)   2020   (14970,15270,15400)    (2.7, 3.7, 4.6) 
 E   (1480,1520,1560)   1550   (13980,14260,14330)    (1.0,1.8,2.7) 
 F   (1990,2030,2100)   1760   (14030,14310,14400)    (1.6,2.6,3.6) 

 G  (2200,2260,2300)    1980  (16540,16870,17000)    (2.4,3.4,4.4) 
 H  (2400,2460,2520)    2250  (17600,17960,18100)    (2.6,3.6,4.6) 

Table 2. Fuzzy efficiency and optimal weights 
𝜽𝜽�  (𝑢𝑢1∗ ,𝑢𝑢2∗ ,𝑣𝑣1∗,𝑣𝑣2∗) 

 𝜽𝜽𝑨𝑨𝑳𝑳=0.812383         (0.000056,0,0,0.000535) 

 𝜽𝜽𝑨𝑨𝑴𝑴=0.903316  (0.000028,0.118382,0,0.000535) 

 𝜽𝜽𝑨𝑨𝑼𝑼=1.000000  (0,0.204082,0.000472,0) 

In multiobjective programming, the optimal solution of each model is called the ideal solution 
for its corresponding objective function. Therefore, the ideal points for models (3), (4) and (5) 
define the maximum feasible value of 𝜃𝜃𝐴𝐴𝐿𝐿 ,𝜃𝜃𝐴𝐴𝑀𝑀and𝜃𝜃𝐴𝐴𝑈𝑈, respectively. However, each ideal point 
does not optimize all objective functions simultaneously.  
 In the next section for removing this ambiguity, a new method for measuring the fuzzy 
efficiency of each DMU considering Goal Programming (GP) is proposed.  

3. APPLICATION OF INTERACTIVE GOAL PROGRAMMING (IGP) FOR INVESTIGATING THE
FUZZY DEA

Since formulation (1) is equivalent to a multiobjective problem, an interactive method can be 
used to solve it. Interactive multiobjective programming methods constitute techniques that 
allow the Decision Maker (DM) to search for different efficient solutions, so that the DM can 
reach the most preferred solution or at least to a good solution, in the sense that it is acceptable 
by the DM. Therefore, interactive methods are powerful tools for solving multiobjective 
programming problems (see [11,12,13,14,15,16]). 
There are several various interactive methods. It is evident that the selection of the interactive 
method would indeed influence the final solution. 
For determining the efficient solutions in model (1), a new method is proposed. This method is 
based upon the goal programming (GP). By means of minimizing deviations from the set goals 
that are provided by the DM, a preferred solution is obtained. GP method has been widely used 
in many multiobjective programming problems (see [17]).  
First, by using the Charnes-Cooper transformation for the third objective function (see Charnes 
and Cooper [18]), the model (2) can be transformed to the following program: 
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Max  [∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑟𝑟𝐿𝐿𝑠𝑠
𝑟𝑟=1
∑ 𝑣𝑣𝑖𝑖𝑚𝑚
𝑖𝑖=1 𝑥𝑥𝑖𝑖𝑟𝑟

𝑈𝑈 , ∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑟𝑟𝑀𝑀𝑠𝑠
𝑟𝑟=1
∑ 𝑣𝑣𝑖𝑖𝑚𝑚
𝑖𝑖=1 𝑥𝑥𝑖𝑖𝑟𝑟

𝑀𝑀 ,∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑜𝑜𝑈𝑈𝑠𝑠
𝑟𝑟=1 ] 

 s.t.         ∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑖𝑖𝑈𝑈𝑠𝑠
𝑟𝑟=1 − ∑ 𝑣𝑣𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝐿𝐿 ≤ 0𝑚𝑚

𝑖𝑖=1 ,   𝑗𝑗 = 1, . . . ,𝑛𝑛                                                                  (6) 

 ∑ 𝑣𝑣𝑖𝑖𝑥𝑥𝑖𝑖𝑜𝑜𝐿𝐿 = 1𝑚𝑚
𝑖𝑖=1  

        𝑢𝑢𝑟𝑟 ,𝑣𝑣𝑖𝑖 ≥ 0,                              𝑟𝑟 = 1, . . . , 𝑠𝑠,𝑖𝑖 = 1, . . . ,𝑚𝑚 

Then we apply a simple GP formation for the three objective functions. Therefore, we have: 

Min  𝛥𝛥1 + 𝛥𝛥2 + 𝛥𝛥3 

s.t.  ∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑜𝑜𝐿𝐿𝑠𝑠
𝑟𝑟=1 − ∑ 𝑣𝑣𝑖𝑖𝑥𝑥𝑖𝑖𝑜𝑜𝑈𝑈 + 𝛥𝛥1 = 0𝑚𝑚

𝑖𝑖=1  
 ∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑜𝑜𝑀𝑀𝑠𝑠

𝑟𝑟=1 − ∑ 𝑣𝑣𝑖𝑖𝑥𝑥𝑖𝑖𝑜𝑜𝑀𝑀 + 𝛥𝛥2 = 0𝑚𝑚
𝑖𝑖=1  

 ∑ 𝑢𝑢𝑟𝑟𝑠𝑠
𝑟𝑟=1 𝑦𝑦𝑟𝑟𝑜𝑜𝑈𝑈 + 𝛥𝛥3 = 1 

 ∑ 𝑢𝑢𝑟𝑟𝑦𝑦𝑟𝑟𝑖𝑖𝑈𝑈𝑠𝑠
𝑟𝑟=1 − ∑ 𝑣𝑣𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝐿𝐿 ≤ 0𝑚𝑚

𝑖𝑖=1 ,  𝑗𝑗 = 1, . . . ,𝑛𝑛  (7) 
 ∑ 𝑣𝑣𝑖𝑖𝑥𝑥𝑖𝑖𝑜𝑜𝐿𝐿 = 1𝑚𝑚

𝑖𝑖=1 , 
 𝛥𝛥1 − 𝛥𝛥2 ≥ 0, 
 𝛥𝛥2 − 𝛥𝛥3 ≥ 0, 
 𝑢𝑢𝑟𝑟 ,𝑣𝑣𝑖𝑖 ≥ 0,  𝑟𝑟 = 1, . . . , 𝑠𝑠, 𝑖𝑖 = 1, . . . ,𝑚𝑚 
 𝛥𝛥1,𝛥𝛥2,𝛥𝛥3 ≥ 0 

Where the goal of each objective that the DM wishes to attain is one, and 𝛥𝛥𝑖𝑖, j=1,2,3 are under-
achievement of the jth goal. The last two constraints reflect the fact that 𝜃𝜃𝑜𝑜𝐿𝐿 ≤ 𝜃𝜃𝑜𝑜𝑀𝑀 ≤ 𝜃𝜃𝑜𝑜𝑈𝑈. 
To sum up, a new method in fuzzy efficiency evaluation from the perspective of MOLP is 
employed. For each DMUo , a linear model is solved to obtain weights that optimize all 
objective functions simultaneously; therefore, the fuzzy efficiency of DMUo is achieved. 

4. NUMERICAL EXAMPLE

Model (7) is applied to the data set used in Wang et al. [10]. Table 1 presents the input and 
output data for the eight manufacturing enterprises.  Table 3 reports the results from model (7), 
i.e., the fuzzy efficiency and optimal weights of each DMU.
As it can be seen, the efficiency of each DMU is positive triangular fuzzy number. Furthermore,
this fuzzy efficiency has been obtained from one optimal set of weight.

Table 3. The obtained results from solving model (7) 
DMUs  (𝜃𝜃𝐿𝐿,𝜃𝜃𝑀𝑀,𝜃𝜃𝑈𝑈)  (𝑢𝑢1∗ ,𝑢𝑢2∗ ,𝑣𝑣1∗,𝑣𝑣2∗) 

     A (0.772637,0.899082,0.995704) 
(0.000028,0.118382,0,0.000535) 

 B  (0.973010,0.992517,0.997979)  (0.000078,0,0,0.000746) 
 C  (0.787096,0.802926,0.809082)  (0.000044,0,0,0.000424) 

     D (0.685187,0.802591,0.904614) 
(0.000026,0.109592,0,0.000495) 
     E       (0.960202,0.987183,0.999941) 
(0.000070,0,0.000199,0.000455) 

 F   (0.842070,0.858875,0.864277)   (0.000060,0,0,0.000568) 
 G  (0.876708,0.894199,0.901090)  (0.000053,0,0,0.000505) 
 H  (0.828028,0.844965,0.851552)  (0.000047,0,0,0.000444) 

Gall
ey

 Proo
f



9. CONCLUSION

The main purpose of this paper is investigating the DEA models in fuzzy environment to provide their 
extended applications. To deal with this problem, the goal programming method which is the method in 
multiobjective linear programming (MOLP) has been applied. Accordingly, the fuzzy efficiency 
assessment can be performed by a linear model. The new method is illustrated with a numerical example 
which has been used in Wang, Luo and Liang's article. Wang et al. [10] have made a significant 
contribution by using a fuzzy ranking approach to compare and rank the fuzzy efficiencies of DMUs. But 
their approach has some deficiencies such as solving three LP models and providing three sets of weights 
corresponding inputs and outputs for evaluating DMUs. Therefore, the proposed approach in this study 
which is based on GP method eliminates these difficulties. 
Investigating   the other fuzzy DEA models from the view point of MOLP can be the base for the 
future research issues. It is possible that another researches to be found in comparison between the 
different fuzzy DEA models for evaluating DMUs. Finally, it is hoped that this study makes a small 
contribution to fuzzy DEA.  
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ABSTRACT 
In this paper, a new two-type parameter estimator is introduced. This estimator is an extension of the two-
parameter estimator presented by Özkale and Kaçiranlar [10], which includes the ordinary least squares, 
the generalized ridge and the generalized Liu estimators, as special cases. Here the performance of this 
new estimator over the ordinary least squares and two-parameter estimators is , theoretically, evaluated in 
terms of quadratic bias (QB) and mean squared error matrix (MSEM) criteria, and the optimal biasing 
parameters are obtained to minimize the scalar mean squared error (MSE). Then a numerical example is 
given and a simulation study is done to illustrate the theoretical results of the paper. 
Keywords : Generalized Liu estimator, Generalized ridge estimator, Lagrange method, Mean squared 
error matrix, Two-parameter estimator. 

1. INTRODUCTION

Let us consider the linear regression model 
𝑌𝑌 = 𝑋𝑋 𝛽𝛽 + 𝜀𝜀 (1) 
where 𝑌𝑌 = (𝑦𝑦1, … ,𝑦𝑦𝑛𝑛)′ is random vector of response value, 𝑋𝑋 = (𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛)′ is an 𝑛𝑛 × 𝑝𝑝 
regressors matrix of full column rank with 𝑋𝑋𝑖𝑖 = �𝑋𝑋𝑖𝑖1, … ,𝑋𝑋𝑖𝑖𝑖𝑖�

′
 for 𝑖𝑖 = 1,2, … ,𝑛𝑛 , 𝛽𝛽 is a 𝑝𝑝 × 1

vector of unknown regression coefficients and 𝜀𝜀 is an 𝑛𝑛 × 1 vector of error terms with 
expectation 𝐸𝐸(𝜀𝜀) = 0 and covariance matrix Cov(𝜀𝜀) =  𝜎𝜎2𝐼𝐼𝑛𝑛. 
According to Gauss-Markov theorem, the ordinary least squares (OLS) estimator is obtained as 
follows: 

�̂�𝛽𝑂𝑂𝑂𝑂𝑂𝑂 = (𝑋𝑋′ 𝑋𝑋 )−1𝑋𝑋′𝑌𝑌 ,     𝑘𝑘 > 0 

Multicollinearity, linear or near linear dependency among the regressors, in the linear regression 
model is an important problem faced in applications. If multicollinearity is present, the small 
relative changes in the matrix 𝑋𝑋′𝑋𝑋 will produce large relative changes in the matrix (𝑋𝑋′𝑋𝑋)−1 . 
Thus the OLS estimator results in a large variance and it will not be a precise estimator.  
In order to deal with the multicollinearity, Hoerl and Kennard [5] proposed the ordinary ridge 
(OR) estimator, 

�̂�𝛽(𝑘𝑘) = (𝑋𝑋′ 𝑋𝑋 + 𝑘𝑘 𝐼𝐼 )−1𝑋𝑋′𝑌𝑌 ,     𝑘𝑘 > 0 

And Liu [7] proposed the Liu estimator which combines the Stein [13] estimator with OR 
estimator, 

�̂�𝛽(𝑑𝑑) = (𝑋𝑋′ 𝑋𝑋 + 𝐼𝐼 )−1(𝑋𝑋′𝑌𝑌 + 𝑑𝑑  �̂�𝛽𝑂𝑂𝑂𝑂𝑂𝑂 ),      0 < 𝑑𝑑 < 1 

As well as the above-mentioned estimators, some other biased estimators were introduced in the 
literature such as the r-d class estimator [6], the Liu-type estimator [8], the two-parameter 
estimator [10], the principal component k-d class estimator [2], the r-k class estimator [11, 12], 
the ridge 2 estimator [14]. 
In Section 2 of this paper, the two-parameter (TP) estimator presented by Özkale and Kaçiranlar 
[10] is extended. In Section 3, the performance of the proposed estimator with respect to
quadratic bias (QB) and mean squared error matrix (MSEM) criteria is discussed, and in Section
4, a method presented to choose the biasing parameters. To compare this estimator with TP and
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OLS estimators, a numerical example is presented in Section 5, and a simulation study is done 
in Section 6. 

2. THE PROPOSED ESTIMATOR

In this Section, the extended two-type parameter (ETTP) estimator is introduced. The model (1) 
can be rewritten in canonical form, 
𝑌𝑌 = 𝑍𝑍 𝛼𝛼 + 𝜀𝜀, (2) 

where 𝑍𝑍 = 𝑋𝑋 𝑄𝑄, 𝛼𝛼 = 𝑄𝑄′𝛽𝛽 , and 𝑄𝑄 is the orthogonal matrix whose columns constitute the 
eigenvectors of 𝑋𝑋′𝑋𝑋 . Also, 

𝑍𝑍′𝑍𝑍 = 𝑄𝑄′𝑋𝑋′𝑋𝑋𝑄𝑄 = Λ = 𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑�𝜆𝜆1, … , 𝜆𝜆𝑖𝑖�, 

where 𝜆𝜆1 ≥ 𝜆𝜆2 ≥ ⋯ ≥ 𝜆𝜆𝑖𝑖  are eigenvalues of 𝑋𝑋′𝑋𝑋 . The different estimators, from model (2), are 
obtained, such as  
𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂 =  Λ−1𝑍𝑍′𝑌𝑌, which is the ordinary least squares estimator. 
𝛼𝛼�(𝑘𝑘) = (Λ + 𝑘𝑘 𝐼𝐼)−1𝑍𝑍′𝑌𝑌, 𝑘𝑘 > 0, which is the ordinary ridge estimator. 
𝛼𝛼�(𝑑𝑑) = (Λ + 𝐼𝐼)𝑍𝑍′𝑌𝑌 + 𝑑𝑑 𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂 = (Λ + 𝐼𝐼)−1(Λ + 𝑑𝑑 𝐼𝐼)−1 𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂 , 0 < 𝑑𝑑 < 1, which is the Liu 
estimator. 
The two-parameter estimator introduced by Özkale and Kaçiranlar is defined by  

𝛼𝛼�(𝑘𝑘,𝑑𝑑) = (Λ + 𝑘𝑘 𝐼𝐼)−1(𝑍𝑍′𝑌𝑌 + 𝑘𝑘 𝑑𝑑 𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂) = (Λ + 𝑘𝑘 𝐼𝐼)−1(Λ + 𝑘𝑘 𝑑𝑑 𝐼𝐼)𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂 ,𝑘𝑘 > 0, 0 < 𝑑𝑑 < 1 (3)

This estimator is derived by minimizing (𝑌𝑌 − 𝑍𝑍 𝛼𝛼)′( 𝑌𝑌 − 𝑍𝑍 𝛼𝛼) subject to 

(𝛼𝛼 − 𝑑𝑑 𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂)′(𝛼𝛼 − 𝑑𝑑 𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂) = 𝑐𝑐 

that is by minimizing the following function 

(𝑌𝑌 − 𝑍𝑍 𝛼𝛼)′( 𝑌𝑌 − 𝑍𝑍 𝛼𝛼) + [(𝛼𝛼 − 𝑑𝑑 𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂)′(𝛼𝛼 − 𝑑𝑑 𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂) − 𝑐𝑐] 

where 𝑐𝑐 is a constant and 𝑘𝑘 is a Lagrangian multiplier.  
Here, instead of minimizing the above-mentioned function, the following function is minimized. 

(𝑌𝑌 − 𝑍𝑍 𝛼𝛼)′( 𝑌𝑌 − 𝑍𝑍 𝛼𝛼) + �𝑘𝑘𝑖𝑖 ��𝛼𝛼𝑖𝑖 − 𝑑𝑑𝑖𝑖𝛼𝛼�𝑖𝑖,𝑂𝑂𝑂𝑂𝑂𝑂�
′�𝛼𝛼𝑖𝑖 − 𝑑𝑑𝑖𝑖𝛼𝛼�𝑖𝑖,𝑂𝑂𝑂𝑂𝑂𝑂� − 𝑐𝑐𝑖𝑖�

𝑖𝑖

𝑖𝑖=1

(4) 

By introducing = diag�𝑑𝑑1, … ,𝑑𝑑𝑖𝑖� , 𝐾𝐾 = diag�𝑘𝑘1, … , 𝑘𝑘𝑖𝑖� and 𝐶𝐶
1
2 = �√𝑐𝑐1, … ,�𝑐𝑐𝑖𝑖�

′, function (4)
equals  

(𝑌𝑌 − 𝑍𝑍 𝛼𝛼)′( 𝑌𝑌 − 𝑍𝑍 𝛼𝛼) + (𝐷𝐷 𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛼𝛼)′𝐾𝐾 (𝐷𝐷 𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛼𝛼) − �𝐶𝐶
1
2�
′
𝐾𝐾 𝐶𝐶

1
2 (5) 

Differentiating the function in (5) with respect to 𝛼𝛼 leads to 

𝑍𝑍′𝑍𝑍 + 𝐾𝐾 𝛼𝛼 = 𝑍𝑍′𝑌𝑌 + 𝐾𝐾 𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂 

Consequently, 

𝛼𝛼�(𝐾𝐾,𝐷𝐷) = (Λ + 𝐾𝐾)−1(𝑍𝑍′𝑌𝑌 + 𝐾𝐾 𝐷𝐷 𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂) = (Λ + 𝐾𝐾)−1(Λ + 𝐾𝐾 𝐷𝐷) 𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂 (6) 

 Where 𝑘𝑘𝑖𝑖 > 0 and 0 < 𝑑𝑑𝑖𝑖 < 1, 𝑖𝑖 = 1,2, … ,𝑝𝑝.. 
This estimator is defined as extended two-type parameter (ETTP) estimator. 
Different estimators are derived from ˆ ( , )K Da  as follows: 

(I) lim𝐷𝐷→𝐼𝐼 𝛼𝛼�(𝐾𝐾,𝐷𝐷) =  𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂
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(II) lim𝐾𝐾→0 𝛼𝛼�(𝐾𝐾,𝐷𝐷) =  𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂
(III) lim𝐷𝐷→0 𝛼𝛼�(𝐾𝐾,𝐷𝐷) = (Λ + 𝐾𝐾)−1 Λ 𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂 =  (Λ + 𝐾𝐾)−1  𝑍𝑍′𝑌𝑌, which is the generalized ridge

estimator.
(IV) lim𝐷𝐷→0 𝛼𝛼�(𝐾𝐾,𝐷𝐷) =  (Λ + 𝐾𝐾)−1  𝑍𝑍′𝑌𝑌.
(V) 𝛼𝛼�(𝑘𝑘𝐼𝐼 ,𝑑𝑑𝐼𝐼) =  𝛼𝛼�(𝑘𝑘,𝑑𝑑).
(VI) 𝛼𝛼�(𝐼𝐼,𝐷𝐷) = (Λ + 𝐼𝐼)−1(Λ + 𝐷𝐷)𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂, which is the generalized Liu estimator.
(VII) 𝛼𝛼�(𝐼𝐼,𝑑𝑑𝐼𝐼) = (Λ + 𝐼𝐼)−1(Λ + 𝑑𝑑𝐼𝐼)𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂.

3. THE PERFORMANCE OF THE NEW ESTIMATOR

In this section, the performance of ETTP estimator was compared with TP estimator by QB
criterion, and also was compared with OLS and TP estimators, by MSEM criterion,
theoretically.

3.1. QB CRITERION 

𝑄𝑄𝑄𝑄(𝛼𝛼�) = Bias(α�)′Bias(α�), where Bias(α�) = 𝐸𝐸(𝛼𝛼�) − 𝛼𝛼. 

The following equations were resulted from equations (3) and (6). 

Bias(α�(𝑘𝑘,𝑑𝑑)) = [(Λ + 𝑘𝑘𝐼𝐼)(Λ + 𝑘𝑘𝑑𝑑𝐼𝐼) − 𝐼𝐼]𝛼𝛼 (7) 

Bias(α�(𝐾𝐾,𝐷𝐷)) = [(Λ + 𝐾𝐾)−1(Λ + 𝐾𝐾𝐷𝐷) − 𝐼𝐼]𝛼𝛼 (8) 

Consequently, 

𝑄𝑄𝑄𝑄(α�(𝐾𝐾,𝐷𝐷)) − 𝑄𝑄𝑄𝑄(α�(𝑘𝑘,𝑑𝑑)) =  �
[𝑘𝑘𝑖𝑖(𝑑𝑑𝑖𝑖 − 1)(𝜆𝜆𝑖𝑖 + 𝑘𝑘)]2 − [𝑘𝑘(𝑑𝑑 − 1)(𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖)]2

(𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖)2(𝜆𝜆𝑖𝑖 + 𝑘𝑘)2 𝛼𝛼𝑖𝑖2
𝑖𝑖

𝑖𝑖=1

 

Thus, the following theorem is resulted: 

Theorem 3.1.1: If 

𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖
𝑘𝑘𝑖𝑖(𝑑𝑑𝑖𝑖 − 1)

<
𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖
𝑘𝑘 (𝑑𝑑 − 1) ,   𝑖𝑖 = 1,2, … ,𝑝𝑝 

Then 𝑄𝑄𝑄𝑄�𝛼𝛼�(𝐾𝐾,𝐷𝐷)� < 𝑄𝑄𝑄𝑄�𝛼𝛼�(𝑘𝑘,𝑑𝑑)� 

3.2. MSEM CRITERION 

The mean squared error matrix of 𝛼𝛼� is defined as follows: 

MSEM(α�) = Cov(𝛼𝛼�) + Bias(α�)′Bias(α�) 

Lemma 3.2.1. (Farebrother [3]). Let 𝑀𝑀 be a positive definite matrix, namely > 0 , and let 𝑑𝑑 be 
some vector, then 𝑀𝑀 −   𝑑𝑑 𝑑𝑑′ ≥ 0 if and only if 𝑑𝑑′𝑀𝑀−1𝑑𝑑 ≤ 1 . 
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Lemma 3.2.2.  (Trenkler and Toutenburg [15]). Let 𝛼𝛼�(𝑗𝑗) = 𝐴𝐴𝑗𝑗𝑌𝑌, 𝑗𝑗 = 1,2 be two competing 
estimators of 𝛼𝛼. Suppose that  𝐷𝐷 = Cov(α�1) − Cov(𝛼𝛼�2) > 0, where Cov��̂�𝛽𝑗𝑗�, 𝑗𝑗 = 1,2 denotes 
the covariance matrix of 𝛼𝛼�𝑗𝑗, 𝑗𝑗 = 1,2. Then Δ(𝛼𝛼�1,𝛼𝛼�2) = MSEM(𝛼𝛼�1) − MSEM(𝛼𝛼�2) ≥ 0 if and 
only if 𝑑𝑑2′ (𝐷𝐷 + 𝑑𝑑1𝑑𝑑1′ )−1𝑑𝑑2 ≤ 1 , where MSEM�𝛼𝛼�𝑗𝑗� and 𝑑𝑑𝑗𝑗 denoite the mean squared error matrix 
and bias vector of 𝛼𝛼�𝑗𝑗 , respectively. 

It is well-known that 

Bias(α�𝑂𝑂𝑂𝑂𝑂𝑂) = 0 (9) 

Cov(α�𝑂𝑂𝑂𝑂𝑂𝑂) =  𝜎𝜎2Λ−1 (10) 

Using equations (6) and (10), the following equation is obtained: 

Cov(𝛼𝛼�(𝐾𝐾,𝐷𝐷)) =  𝜎𝜎2(Λ+𝐾𝐾)−1(Λ+𝐾𝐾 𝐷𝐷)Λ−1(Λ+𝐾𝐾 𝐷𝐷)(Λ+𝐾𝐾)−1 

By considering  

A� =  (Λ + 𝐾𝐾)−1(Λ + 𝐾𝐾 𝐷𝐷) (11) 

it is concluded that 

Cov(𝛼𝛼�(𝐾𝐾,𝐷𝐷)) =  𝜎𝜎2A� Λ−1A�′ (12) 

On the other hand, from equations (10) and (12), it is concluded that 

𝐷𝐷1 =  Cov(α�𝑂𝑂𝑂𝑂𝑂𝑂) − Cov�𝛼𝛼�(𝐾𝐾,𝐷𝐷)� =  𝜎𝜎2(Λ−1 −  A� Λ−1A�′) (13) 

And also 

𝐷𝐷1 = diag �
(𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖)2 − (𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖𝑑𝑑𝑖𝑖)2

𝜆𝜆𝑖𝑖(𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖)
� 

Consequently, if 𝑘𝑘𝑖𝑖 > 0 and 0 < 𝑑𝑑𝑖𝑖 < 1, 𝑖𝑖 = 1, … ,𝑝𝑝, then 𝐷𝐷1 > 0. 

Now, from equations (8), (9), (11) and (13) and Lemma 3.2.2, the following theorem is resulted: 

Theorem 3.2.1. If 𝑘𝑘𝑖𝑖 > 0 and 0 < 𝑑𝑑𝑖𝑖 < 1, 𝑖𝑖 = 1, … ,𝑝𝑝, then 

MSEM(α�(𝐾𝐾,𝐷𝐷)) ≤  MSEM(α�𝑂𝑂𝑂𝑂𝑂𝑂) 

if and only if 

𝛼𝛼′��̃�𝐴′ − 𝐼𝐼 ��𝜎𝜎2Λ−1 − �̃�𝐴 Λ−1 �̃�𝐴′�−1��̃�𝐴 − 𝐼𝐼�𝛼𝛼 ≤ 1 
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Using equations (3) and (10), the following equation is obtained: 

Cov(𝛼𝛼�(𝑘𝑘,𝑑𝑑)) =  𝜎𝜎2(Λ+ 𝑘𝑘𝐼𝐼)−1(Λ+ 𝑘𝑘𝑑𝑑𝐼𝐼)Λ−1(Λ+ 𝑘𝑘𝑑𝑑𝐼𝐼)(Λ+ 𝑘𝑘𝐼𝐼)−1 

By considering 

A� =  (Λ + 𝑘𝑘𝐼𝐼)−1(Λ + 𝑘𝑘𝑑𝑑𝐼𝐼) (14) 

it is concluded that 

Cov(𝛼𝛼�(𝑘𝑘,𝑑𝑑)) =  𝜎𝜎2A� Λ−1𝐴𝐴�′ (15) 

On the other hand, from equations (12) and (15), it is concluded that 

𝐷𝐷2 =  Cov�𝛼𝛼�(𝑘𝑘, 𝑑𝑑)� − Cov�𝛼𝛼�(𝐾𝐾,𝐷𝐷)� =  𝜎𝜎2(A� Λ−1�̅�𝐴′ −  A� Λ−1A�′) (16) 

And also 

𝐷𝐷2 = diag �
(𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑑𝑑)2

𝜆𝜆𝑖𝑖(𝜆𝜆𝑖𝑖 + 𝑘𝑘)2 −
(𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖𝑑𝑑𝑖𝑖)2

𝜆𝜆𝑖𝑖(𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖)2
� 

Consequently, if 

𝑁𝑁𝑖𝑖 = (𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑑𝑑)2(𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖)2 − (𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖𝑑𝑑𝑖𝑖)2(𝜆𝜆𝑖𝑖 + 𝑘𝑘)2 > 0  𝑖𝑖 = 1, … , 𝑝𝑝 

Then 𝐷𝐷2 > 0 . 

Now, noticing that 𝑁𝑁𝑖𝑖 > 0 if and only if 

𝜆𝜆𝑖𝑖[𝑘𝑘𝑖𝑖(1 − 𝑑𝑑𝑖𝑖) − 𝑘𝑘(1 − 𝑑𝑑)] > 0 

then, if 𝑘𝑘𝑖𝑖(1 − 𝑑𝑑𝑖𝑖) > 𝑘𝑘(1 − 𝑑𝑑) , 𝑖𝑖 = 1, … ,𝑝𝑝, 𝐷𝐷2 > 0 is resulted. 

Now, from equations (7), (8), (11), (14) and (16) and Lemma 3.2.2, the following theorem is 
resulted. 

Theorem 3.2.2. If (1 − 𝑑𝑑) < min{𝑘𝑘𝑖𝑖(1 − 𝑑𝑑𝑖𝑖); 𝑖𝑖 = 1, … ,𝑝𝑝} , then 

MSEM(α�(𝐾𝐾,𝐷𝐷)) ≤  MSEM(α�(𝑘𝑘,𝑑𝑑)) 

if and only if 

𝛼𝛼′��̃�𝐴′ − 𝐼𝐼 � �𝜎𝜎2A� Λ−1�̅�𝐴′ − �̃�𝐴 Λ−1 �̃�𝐴′ + [�̅�𝐴 − 𝐼𝐼]𝛼𝛼𝛼𝛼′[�̅�𝐴′ − 𝐼𝐼]�
−1
��̃�𝐴 − 𝐼𝐼�𝛼𝛼 ≤ 1
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4. SELECTION OF THE PARAMETERS 𝒌𝒌𝒊𝒊 AND 𝒅𝒅𝒊𝒊, 𝒊𝒊 = 𝟏𝟏, … ,𝒑𝒑

Another criterion measure of goodness of an estimator is

MSE(α�) = 𝐸𝐸[(𝛼𝛼� − 𝛼𝛼)′(𝛼𝛼� − 𝛼𝛼)] = tr�MSEM(α�)� = tr[Cov(𝛼𝛼�)] + Bias(𝛼𝛼�)′Bias(𝛼𝛼�) 

Thus, the optimal values for 𝑘𝑘𝑖𝑖 and 𝑑𝑑𝑖𝑖, 𝑖𝑖 = 1, … ,𝑝𝑝, can be derived by minimizing the following 
function. 

𝑓𝑓(𝐾𝐾,𝐷𝐷) = MSE�α�(𝐾𝐾,𝐷𝐷)� 

 =  tr�Cov�α�(𝐾𝐾,𝐷𝐷)�� + Bias(α�(𝐾𝐾,𝐷𝐷))′Bias(α�(𝐾𝐾,𝐷𝐷)� ) 

 =   𝜎𝜎2  �   
(𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖𝑑𝑑𝑖𝑖)2

𝜆𝜆𝑖𝑖(𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖)2
+ �

[𝑘𝑘𝑖𝑖(𝑑𝑑𝑖𝑖 − 1)]2𝛼𝛼𝑖𝑖2

(𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖)2

𝑖𝑖

𝑖𝑖=1

𝑖𝑖

𝑖𝑖=1

 

 =   𝜎𝜎2  �   
(𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖𝑑𝑑𝑖𝑖)2 + 𝑘𝑘𝑖𝑖2(𝑑𝑑𝑖𝑖 − 1)2𝛼𝛼𝑖𝑖2𝜆𝜆𝑖𝑖

𝜆𝜆𝑖𝑖(𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖)2

𝑖𝑖

𝑖𝑖=1

The values of 𝑑𝑑𝑖𝑖, 𝑖𝑖 = 1, … ,𝑝𝑝, which minimizes 𝑓𝑓(𝐾𝐾,𝐷𝐷) for fixed 𝑘𝑘𝑖𝑖, 𝑖𝑖 = 1, … ,𝑝𝑝, values can be 
obtained by differentiating 𝑓𝑓(𝐾𝐾,𝐷𝐷) with respect to 𝑑𝑑𝑖𝑖, 𝑖𝑖 = 1, … ,𝑝𝑝. 

𝜕𝜕𝑓𝑓(𝐾𝐾,𝐷𝐷)
𝜕𝜕𝑑𝑑𝑖𝑖

=
2 𝜎𝜎2𝑘𝑘𝑖𝑖(𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖𝑑𝑑𝑖𝑖) + 2 𝑘𝑘𝑖𝑖2(𝑑𝑑𝑖𝑖 − 1)𝛼𝛼𝑖𝑖2𝜆𝜆𝑖𝑖

𝜆𝜆𝑖𝑖(𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖)2
 , 𝑖𝑖 = 1, … ,𝑝𝑝 

and equating them to zero. After the unknown parameters 𝜎𝜎2 and 𝛼𝛼𝑖𝑖, 𝑖𝑖 = 1, … ,𝑝𝑝, are replaced 
with their unbiased estimators, the optimal estimators of 𝑑𝑑𝑖𝑖 , 𝑖𝑖 = 1, … ,𝑝𝑝, for fixed 𝑘𝑘𝑖𝑖, 𝑖𝑖 = 1, … ,𝑝𝑝, 
values will be obtained as follows: 

�̂�𝑑𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = �𝑘𝑘𝑖𝑖𝛼𝛼�𝑖𝑖
2− 𝜎𝜎�2�𝜆𝜆𝑖𝑖

�𝜆𝜆𝑖𝑖𝛼𝛼�𝑖𝑖
2+ 𝜎𝜎�2�𝑘𝑘𝑖𝑖

, 𝑖𝑖 = 1, … , 𝑝𝑝 (17) 

The 𝑘𝑘𝑖𝑖, 𝑖𝑖 = 1, … ,𝑝𝑝, values which minimize the 𝑓𝑓(𝐾𝐾,𝐷𝐷) can be found by differentiating 

𝜕𝜕𝑓𝑓(𝐾𝐾,𝐷𝐷)
𝜕𝜕𝑘𝑘𝑖𝑖

=
2 𝜎𝜎2(𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖𝑑𝑑𝑖𝑖)(𝑑𝑑𝑖𝑖 − 1) + 2 𝑘𝑘𝑖𝑖(𝑑𝑑𝑖𝑖 − 1)2𝛼𝛼𝑖𝑖2𝜆𝜆𝑖𝑖

(𝜆𝜆𝑖𝑖 + 𝑘𝑘𝑖𝑖)3
 𝑖𝑖 = 1, … ,𝑝𝑝 

and equating them to zero. After the unknown parameters 𝜎𝜎2 and 𝛼𝛼𝑖𝑖, 𝑖𝑖 = 1, … ,𝑝𝑝, are replaced 
with their unbiased estimators, the optimal estimators of 𝑘𝑘𝑖𝑖, , 𝑖𝑖 = 1, … ,𝑝𝑝 for fixed𝑑𝑑𝑖𝑖, 𝑖𝑖 = 1, … ,𝑝𝑝, 
values will be obtained as follows: 

𝑘𝑘�𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝜎𝜎�2

𝛼𝛼�𝑖𝑖
2−𝑑𝑑𝑖𝑖�

𝜎𝜎�2
𝜆𝜆𝑖𝑖
+ 𝛼𝛼�𝑖𝑖

2�
 , 𝑖𝑖 = 1, … ,𝑝𝑝 (18)
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Theorem 4.1. If 

�̂�𝑑𝑖𝑖 <
𝛼𝛼�𝑖𝑖2

𝜎𝜎�2

𝜆𝜆𝑖𝑖
+ 𝛼𝛼�𝑖𝑖2

,     𝑖𝑖 = 1, … , 𝑝𝑝 (19) 

Then 𝑘𝑘�𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 > 0, 𝑖𝑖 = 1, … ,𝑝𝑝. 

Proof: From (18), it was concluded. 

5. NUMERICAL EXAMPLE

In order to illustrate the performance of the new estimator, the dataset originally due to Gruber 
[4], and later discussed by Akdeniz and Erol [1], is considered. Data found in economics are 
often multicollinear. Table 5.1 gives Total National Research and Development Expenditures-as 
a percent of Gross National product by country: 1972-1986. It represents the relationship 
between the dependent variable𝑌𝑌, the percentage spent by the United States, and the four other 
independent variables 𝑋𝑋1,𝑋𝑋2,𝑋𝑋3 and 𝑋𝑋4. The variable 𝑋𝑋1 represent the percentage spent by 
France, 𝑋𝑋2, the percentage spent by West Germany, 𝑋𝑋3the percentage spent by Japan, and 𝑋𝑋4 
the percentage spent by the former Soviet Union. 

Table 5.1 

Year Y
1X 2X 3X 4X

1972 2 3.  .1 9. . 2 2. 1 9. 3 7.
1975 2 2. 1 8.  2 2. 2 0. 3 8.  
1979 2 2. 1 8.  2 4. 2 1.  3 6.  
1980 2 3.  1 8.  2 4. 2 2. 3 8.  
1981  2 4. 2 0. 2 5. 2 3.  3 8.  
1982 2 5. 2 1.  2 6. 2 4. 3 7.
1983  2 6. 2 1.  2 6. 2 6. 3 8.  
1984 2 6. 2 2. 2 6. 2 6. 4 0.
1985 2 7. 2 3.  2 8. 2 8. 3 7.
1986 2 7. 2 3.  2 7. 2 8. 3 8.  

By considering = [𝑋𝑋1,𝑋𝑋2,𝑋𝑋3,𝑋𝑋4] , the eigenvalues of 𝑋𝑋′𝑋𝑋 are obtained as follows 

λ1 = 302.9626, 𝜆𝜆2 = 0.7283   𝜆𝜆3 = 0.0446  𝜆𝜆4 = 0.0345 

Consequently, the condition number is obtained 8776.381, which suggests the presence of 
severe collinearity.  

In Table 5.2, estimated QB and MSE of OLS, TP and ETTP estimators are presented. To obtain 
these values, first the theoretical values of the QB and MSE of the estimators were used and 
then 𝜎𝜎2 and 𝛼𝛼𝑖𝑖, 𝑖𝑖 = 1, … ,𝑝𝑝 were replaced with their unbiased estimators and at last the 
estimated optimal of their other parameters were used. 
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Table 5.2 

EMSE EQB 
OLS 0 0539. 0
TP 0 0483.  0 1289.

ETTP 0 0359. 0 0094.

6. THE MONTE CARLO SIMULATION

To further illustrate the behavior of new estimator, a Monte Carlo simulation study is performed 
under different levels of multicollinearity. 

Following McDonald and Galarneau [9], the explanatory variables are generated by 

𝑥𝑥𝑖𝑖𝑗𝑗 = (1 − 𝜌𝜌2)
1
2 𝑧𝑧𝑖𝑖𝑗𝑗 + 𝜌𝜌 𝑧𝑧𝑖𝑖 𝑖𝑖+1  𝑖𝑖 = 1, … ,𝑝𝑝;   𝑗𝑗 = 1,2, … ,𝑝𝑝 

Where 𝑧𝑧𝑖𝑖𝑗𝑗’s are independent standard normal pseudo-random numbers and 𝜌𝜌 is specified so that 
the theoretical correlation between any two explanatory variables is given by 𝜌𝜌2. Four different 
values of 𝜌𝜌 specified as 0.7, 0.8, 0.9 and 0.95 are considered. 

Observations on the dependent variable are determined by 

yi =  𝛽𝛽1𝑥𝑥𝑖𝑖1 + ⋯+ 𝛽𝛽𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 +  𝜀𝜀𝑖𝑖 ,     𝑖𝑖 = 1, … ,𝑛𝑛 

Where 𝜀𝜀𝑖𝑖’s are independent normal pseudo-random numbers with the mean 0 and variance 𝜎𝜎2. 
The values of 𝜎𝜎2 are considered as  a0.2 , 2 and 5.5. Also 𝛽𝛽1 = 0.2, 𝛽𝛽2 = 0.3,  𝛽𝛽3 = 0.4 and 
𝛽𝛽4 = 0.5 are considered. For each choice of 𝜌𝜌 and 𝜎𝜎2, simulation is replicated 10000  times. The 
estimated mean squared error (EMSE) is calculated for 𝛼𝛼�𝑂𝑂𝑂𝑂𝑂𝑂, 𝛼𝛼�(𝑘𝑘,𝑑𝑑) and 𝛼𝛼�(𝐾𝐾,𝐷𝐷) as follows: 

MSEM(α�) =
1

10000
� (𝛼𝛼�(𝑟𝑟) − 𝛼𝛼)
10000

𝑟𝑟=1

′(𝛼𝛼�(𝑟𝑟) − 𝛼𝛼) 

The estimated Bias(EB)  is calculated for 𝛼𝛼�(𝑘𝑘,𝑑𝑑) and 𝛼𝛼�(𝐾𝐾,𝐷𝐷) as follows: 

EB(α�) =
1

10000
� (𝛼𝛼�(𝑟𝑟) − 𝛼𝛼)
10000

𝑟𝑟=1

. 

Consequently, EQB is calculated as follows: 

EQB(α�) = EB(𝛼𝛼�)′EB(𝛼𝛼�) 

𝛼𝛼�(𝑟𝑟), in the above equations, is 𝛼𝛼� estimator for each replication of the simulation. For each 
replication, the values 𝑘𝑘𝑖𝑖 and𝑑𝑑𝑖𝑖, 𝑖𝑖 = 1, … ,𝑝𝑝, corresponding ˆ ( , )K Da  are estimated using the 
method in Section 4. And the values 𝑘𝑘 and 𝑑𝑑, corresponding 𝛼𝛼�(𝑘𝑘,𝑑𝑑) are estimated using the 
method proposed by Özkale and Kaçiranlar [10]. The EMSE vales and EQB values are 
presented in Tables 6.1-6.4 and 6.5-6.8, respectively. 
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Table 6.1- EMSE, 𝝆𝝆 = 𝟎𝟎.𝟕𝟕 

𝜎𝜎2 
0 2. 2 5 5.  

OLS 0 0133.  0 1298.  0 3605.  
TP 0 0133.  0 1063.  0 2502.

ETTP 0 0129. 0 0828.  0 2035.  

Table 6.2- EMSE, 𝝆𝝆 = 𝟎𝟎.𝟖𝟖 

𝜎𝜎2 
0 2. 2 5 5.  

OLS 0 0185.  0 1822. 0 5054.
TP 0 0183.  0 1370. 0 3220.

ETTP 0 0172. 0 1081.  0 2699.

Table 6.3- EMSE, 𝝆𝝆 = 𝟎𝟎.𝟗𝟗 

𝜎𝜎2 
0 2. 2 5 5.  

OLS 0 3440. 0 3376. 0 9358.  
TP 0 3240. 0 2178.  0 5278.  

ETTP 0 0281.  0 1814. 0 4697.

Table 6.4- EMSE, 𝝆𝝆 = 𝟎𝟎.𝟗𝟗𝟗𝟗 

𝜎𝜎2 
0 2. 2 5 5.  

OLS 0 0650. 0 6473.  1 8139.
TP 0 0568.  0 3734. 0 9234.

ETTP 0 0454. 0 3261.  0 8883.  

Table 6.5- EQB, 𝝆𝝆 = 𝟎𝟎.𝟕𝟕 

𝜎𝜎2 
0 2. 2 5 5.  

TP 41 6850 10. -´  0 0073.  0 0223.  
ETTP 41 0663 10. -´  46 3563 10. -´ 0 0017.

Table 6.6- EQB, 𝝆𝝆 = 𝟎𝟎.𝟖𝟖 

𝜎𝜎2 
0 2. 2 5 5.  

TP 43 0530 10. -´  0 0109. 0 0287.
ETTP 41 9256 10. -´  47 2132 10. -´  0 0011.  
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Table 6.7- EQB, 𝝆𝝆 = 𝟎𝟎.𝟗𝟗 

𝜎𝜎2 
0 2. 2 5 5.  

TP 48 5201 10. -´  0 0215.  0 0427.
ETTP 43 3033 10. -´ 48 5389 10. -´ 49 5165 10. -´

Table 6.8- EQB, 𝝆𝝆 = 𝟎𝟎.𝟗𝟗𝟗𝟗 

𝜎𝜎2 
0 2. 2 5 5.  

TP 0 0049. 0 0353.  0 0558.  
ETTP 43 7517 10. -´  44 0973 10. -´  0 0011.  

7. CONCLUSION

In this paper, the two parameter estimator, introduced by Özkale and Kaçiranlar was extended. 
The performance of the new estimator was compared with OLS and TP estimators, 
theoretically. And also, by using a numerical example and studying the simulation, it was shown 
that the performance of the new estimator, in terms of EMSE criterion is better than OLS and 
TP estimators, and, in terms of EQB criterion is better than TP estimator. 
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