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ABSTRACT 
The grid topology of the networks has many applications in various fields of sciences e.g. GIS, 
transportation, image processing, textile, etc. The Hamiltonian path detection is classified as an NP-hard 
problem. In the grid networks, the directions of the movements are restricted in the horizontal and the 
vertical directions. Some nodes are restricted to travers at least once between the predetermined source 
and destination nodes those are traversed as the initial node and the last node, respectively. An 
approximation algorithm based on Cristofieds’ heuristic is applied to find an approximation solution in a 
constructed complete graph, and then it is transformed as a solution for the original grid network. The 
method is developed to construct a solution formed by the orthogonal paths. 
Keywords: Christofides’ algorithm, path Traveling salesman problem, Grid networks, Restricted 
Hamiltonian path.

1. INTRODUCTION

Let G = (A, N) be a gird network that is bounded in the plane [−L, L] × [−L, L] and A is the 
vertical or the horizontal arcs, and N is the set of nodes (coordinations) (see Figure 1). The 
lengths of the arcs are assumed to be one toward any vertical or horizontal adjacency nodes. 
Then, for any coordination (xi, yi) ∈ A that −L ≤ xi ≤ L and −L ≤ yi ≤ L, the movements are 
possibly (xi, yi + 1), (xi, yi − 1), (xi + 1, yi) and (xi − 1, yi). 
There are some nodes that they are restricted to be traversed along the path from the given 
source node s to the given node t. The problem is called s − t TSP or path TSP that in the 
general formulation the all nodes are constrained to be traversed exactly once, however in the 
grid networks, the nodes could be traversed several times and the path is started from the source 
node s and it is ended in the destination node t. 
There are some approximation algorithms for path TSP problem, especially the Held-Karp 
relaxation [1,2] and the Christofides’ heuristic [3]. Related to an approximation algorithm APA, 
the approximation ratio α describes that the solution by APA is α times of the optimal solution; 
for our considered a minimization problem, the approximation ratio α is equal or greater than 
one (α ≥ 1. Almost all of the approximation ratios for the path TSP problem were produced by 
the Christofides’ heuristic, that it is started with a minimum spanning tree. For an 
approximation algorithm, the triangular inequality should be satisfied by the arc lengths. 
The Christofides [3] obtained an algorithm with the approximation ratio 3

2
, by the minimum 

spanning tree for the symmetric TSP. Hoogeveen [4] showed the Christofides’ heuristic for path 
TSP problem is a 5

3
-approximated algorithm. An et al. [5] gave the approximation ratio 1+√5

2
 for 

path TSP in the metric space. For the clustered travelling salesman problem that the node set is 
partitioned into some clusters, Bao and Liu [6] obtained the approximation ratio 2.17; then, Bao 
et al. [7] proposed the improved approximation ratio 1.9. De Andrade [8] considered the 
shortest path problem, where the shortest path should traverse a given set of nodes exactly once, 
it is known as an NP-hard problem. Gao [9] studied some approximation algorithms for the 
metric path TSP. 
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2. PATH TSP FORMULATION

According to the distances in the grid networks, the connected path between coordination 
i = (xi, yi) and j = (xj, yj) needs exactly |xi − xj| horizontal and |yi − yj| vertical movements, 
then cij = |xi − xj| + |yi − yj| determines the shortest length from i to j. 
Let NR be the set of the restricted nodes in the grid network G, then the transformed network 
GR = (NR, AR) is constructed by the node set NR and the arc set AR. For any nodes i, j ∈ NR 
there is an arc (i, j) ∈ AR in the network GR. So, the transformed network GR will be a complete 
graph. The arcs’ costs in GR are assumed to be the computed cij in the original grid network, 
whereas they are satisfied the triangular inequality: 
cij = |xi + (xk − xk) − xj| + |yi + (yk − yk) − yj| ≤ |xi − xk| + |xk − xj| + |yi − yk| + |yk −

yj| = cik + ckj ⇒ cij ≤ cik + ckj. 
Let δ(V) ⊆ AR represent the arcs with precisely one end point in V ⊂ NR, then δ(v) = δ({v}). 
The decision variable zij ∈ {0,1} is related to the arc (i, j) in the network GR (zij = zji), if 
zij = 1 it is determine to create an orthogonal path in the grid network G from i = (xi, yi) to 
j = (xj, yj). Consider the following formulation of the path TSP problem 
min∑  (i,j)∈AR cijzij  
s. t.
∑  (i,j)∈δ(s) zij = 1
∑  (i,j)∈δ(t) zij = 1
∑  (i,j)∈δ(i) zij = 2    ∀i ∈ NR\{s, t}
∑  (i,j)∈δ(V) zij = 2    ∀V ⊊ NR, |V ∩ {s, t}| ∈ {0,1}
zij ∈ {0,1}
By Held-Karp relaxation, the constrain of the decision variables is replaced with zij ≥ 0 [1,2].

3. CHRISTOFIDES’ HEURISTIC 

The Christofides’ algorithm [3] combine the minimum spanning tree T and the perfect matching 
M of odd-degree nodes; then, an Eulerian tour is determined and it is transformed into a 
Hamiltonian cycle. 
To adapt the Christofides’ heuristic with the Hamiltonian paths in the network, the union of the 
tree T and the matching M, there should exist exactly two nodes with odd degree. In addition, 
the predetermined source and destination nodes should be in the s − t path TSP. The following 
modifications of the Christofides’ heuristic require to obtain an Hamiltonian path [4]: 

• Construct a minimum spanning tree T of the graph G.
• First, determine the set S of vertices that are of wrong degree in T, i.e., the collection of

fixed endpoints of even degree and other vertices of odd degree. Next, construct a minimum
matching M on S that leaves 2 − k vertices exposed, where k is the number of fixed
endpoints. We note that such a matching can be found by constructing a minimum perfect
matching on S augmented with 2 − k dummy vertices in an obvious fashion.

• Consider the graph that is the union of T and M. This graph is connected and has either two
or zero odd-degree vertices. The latter case occurs only if there is a single fixed endpoint
that belongs to S and is left exposed by M; in this case, delete an arbitrary edge incident to
this vertex. Find an Eulerian path in the resulting graph. This path traverses each edge
exactly once and has the two odd-degree vertices as its endpoints.

• Transform the Eulerian path into a Hamiltonian path by applying shortcuts.
As an implementation of the Christofides’ algorithm for the grid networks, an example is 
considered in Figure 1. The example network is bounded by [-L,L]×[-L,L]; the source and 
destination nodes are located in (5,−7) and (−4,4) cordinations (red nodes in Figure 1), 
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respectively. The restricted nodes are determined by (1,−6), (−9,−9), (−1,9), (1,−1), 
(−1,−1), (−3,6), , respectively for nodes 2, 3, 4, 5, 6, 7. 

Figure 1. The example network in [-L,L]×[-L,L] 

A complete graph is constructed by the restricted nodes {2, 3, 4, 5, 6, 7} and the given source 
node 1 and the destination node 8; the arc lengths in the complete graph is as the shortest path 
lengths in the original grid network. The constructed complete graph for the example grid 
network is presented in Figure 2. 

Figure 2. The constructed complete network for the example grid network 

So, the spanning tree is computed in the complete graph by red colored arcs, where nodes 2, 3, 4 
(the nodes with odd degree other than the source and destination nodes), and node 8 (the 
destination node with even degree) are the wrong degree nodes. Then, the minimum matching 
between the wrong degree nodes are determined by the green arcs in Figure 2. 
The Eulerian path between nodes 1 and 8 (the source and destination nodes) is obtained as 
1-2-3-8-6-5-2-4-7-8. So, the shortcuts are implemented as follow:

i. the source node should be traversed initially,
ii. the destination node should be traversed as the last node,

iii. the other nodes should be traversed exactly once from the source node toward the
destination node.

Thus, the approximated solution is determined as 1-2-3-6-5-4-7-8 with the length 56, after the 
shortcuts. However, the optimal length is 54 for path 1-3-2-5-6-4-7-8, so the obtained 
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approximation ratio is 1.037. By transformation of the obtained approximated solution for the 
complete graph, the solution is determined for the grid network as shown in Figure 1. 

4. ROUTING WITH BLOCK OBSTACLES

Although the appearance of some obstacles in the grid network changes the topology of the 
network, the movements are done horizontally or vertically again. So, some obstacles are 
considered in the network that they are in the shape of rectangular. 

Theorem 1:  Any orthogonal path in the grid network without obstacle will be affected by the 
ratio 2L, and the approximation ratio is at most 4L. 

Proof: Consider there are some orthogonal paths between to coordination i=(xi,yi) and 
j=(xj,yj). Then, it is required exactly ∆xij = |xi − xj| horizontal and ∆yij = |yi − yj| vertical 
movements. Let ∆Xob and ∆Yob be the horizontal and vertical bounds of longitude and latitude 
for an obstacle ob. Then, for any xmin 

ob ≤xi≤xmax 
ob  and yi<ymin 

ob  or ymax 
ob >yi, and xmin 

ob ≤xj≤xmax 
ob  

and yj<ymin 
ob  or ymax 

ob >yj, necessarily ∆xij ≤ ∆Xob = xmax 
ob − xmin 

ob , and it is required at most 
∆Xob −  ∆xij horizontal movements in compare with the grid network without obstacles (see 
Figure 3).  

Figure 3. Horizontal movements in the grid network with an obstacle 

Similarly, for the vertical movements if ymin 
ob ≤yi≤ymax 

ob  and xi<xmin 
ob  or xmax 

ob >xi, and 
ymin 

ob ≤yj≤ymax 
ob  and xj<xmin 

ob  or xmax 
ob >xj, necessarily ∆yij ≤ ∆Yob = ymax 

ob − ymin 
ob , and it is 

required at most ∆Yob −  ∆yij vertical movements in compare with the grid network without 
obstacles. 
Thus, in the constructed complete network (without obstacle), ∆Xob<2L and ∆Yob<2L implies 
any arc cost cij will increase by 2L, cij 

ob ≤ 2L × cij, where cij 
ob is the required movements in the 

grid network with obstacles. Consequently, for the approximation solution, it is ∑  (i,j) cij 
obzij ≤

2L×∑  (i,j) cij zij. By the Christofides’ algorithm the approximation ratio is 4L.□ 
Now, the example grid network is barred by some obstacles as seen in Figure 4. There are some 
blocks in the network that affected the orthogonal paths and the routing process is done with 
respect to these three barriers.  

∆xij 

∆Xob 

∆Yob 
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Figure 4. The Grid Network with obstacles in [-L,L]×[-L,L] 

In this case, the complete network is constructed by non-Euclidian distances without 
considering obstacles as previously done, and by Euclidian distances that requires much more 
computational time (Figure 5). Thus, the Eulerian path between nodes 1 and 8 (the source and 
destination nodes) is obtained as 1-2-3-8-6-5-2-4-7-8, by previous settings (i, ii, iii). Then, for 
non-Euclidian distances, the approximated solution is determined as 1-2-3-6-5-4-7-8 with the 
length 56 after the shortcuts; and for Euclidian distances, the Eulerian path is 
1-2-3-1-5-6-8-4-7-8 and the approximated solution is 1-2-3-5-6-4-7-8 with the length 60 after
the shortcuts, and it is the optimal solution, too. By transformation of the obtained approximated
solution for the complete graph, the solution is determined for the grid network as shown in
Figure 4.

Figure 5. The constructed complete network for the example grid network with obstacles 

5. CONCLUSIONS

The well-known NP-hard travelling salesman problem was considered, and its much more 
difficult version that is called path TSP (or s-t TSP) was studied. According to many 
applications of the grid topology of the networks, the problem to find a Hamiltonian restricted 
shortest path in the grid network was introduced. Then, it was converted to a path TSP in the 
complete networks. So, the approximation algorithm based on the Christofides’ heuristic was 
applied to find a reasonable approximated solution in the complete network, and then it is 
converted to some horizontal and vertical paths in the grid networks. 
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ABSTRACT 
In this paper addresses a new scalarization technique for solving multiobjective optimization problems. 
Theorems are provided on the relation of (weakly, properly) efficient solutions of the multiobjective 
optimization problem and optimal solutions of the proposed scalarized problems. All the provided results 
are established with no convexity assumption. 

Keywords : Multiobjective optimization, proper efficiency, scalarization. 

1. INTRODUCTION

One part of mathematical programming is multiobjective optimization problem when the 
conflicting objective functions must be minimized or maximized over a feasible set of 
decisions. Since it is usually not possible to optimize the conflicting functions together, one can 
only hope to find a trade-off, or compromise, solution. The scalarized problem can then be 
solved by using standard single-objective optimization techniques. Therefore the scalarized 
problem can be solved by using standard single objective optimization techniques. 
There are many recent publications on applications of MOPs. 
Some of the parameter-based scalarization approaches that are widely employed including the 
weighted-sum method, the 𝜀𝜀-constraint method, the normal boundary method and the Pascolett–
Serafini method [5, 2-8, 10-12].  
Presented an extension of this approach and investigated the relations between approximate 
optimal solutions of the proposed method and 𝜀𝜀-properly efficient solutions. More recently, by 
including surplus variables in the constraints and penalizing the violations in the objective 
function of the Pascoletti–Serafini scalarization problem, Akbari et al. [1] presented the flexible 
Pascoletti–Serafini scalarization method. Moreover, by including slack variables in the 
constraints of the Pascoletti–Serafini scalarization problem, they obtained necessary and 
sufficient conditions for proper efficiency. 
Gaznavi et al. [9] presented an extension of this approach and investigated the relations between 
approximate optimal solutions of the proposed method and 𝜀𝜀-(properly, weakly) efficient 
solutions. 
The algorithm may solve some redundant PS problems and does not generate a well-spread 
distribution of non-dominated points in convex MOPs. Burachik et al. [2] proposed the 
weighted constraint method for solving bi-objective problems that may generate non-Pareto-
optimal solutions. 
Now, in the present paper, a flexible weighted-constraint scalarization technique, which is 
applicable for general multiobjective optimization problems is proposed. By this scalarization 
technique, easy-to-check statements for (weak, proper) efficiency are obtained. 
The remainder of this article is organized as follows. in Section 2 some basic definitions and 
preliminaries are provided. In Section 3, the suggested scalarization approach is described. 
In Section 4, relations between optimal solutions of the proposed approach and (weakly, 
properly) efficient solutions of the related MOP are investigated. The conclusions are derived in 
Section 7. 
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2. PRELIMINARIES

Let 𝑋𝑋 ⊆ ℝ𝑛𝑛 be a nonempty set and 𝑓𝑓:𝑋𝑋 → ℝ𝑝𝑝 with 𝑝𝑝 ≥ 2 be a vector-valued function. A 
multiobjective optimization problem may be written as 

𝑀𝑀𝑀𝑀𝑀𝑀: min 𝑓𝑓(𝑥𝑥) = (𝑓𝑓1(𝑥𝑥), … , 𝑓𝑓𝑝𝑝(𝑥𝑥)) 
𝑠𝑠. 𝑡𝑡. 𝑥𝑥 ∈ 𝑋𝑋. 

The set of all attainable outcomes, denoted by 𝑌𝑌, is defined as the image of 𝑋𝑋 under 𝑓𝑓. In fact, 
𝑌𝑌 =  𝑓𝑓 (𝑋𝑋)  =  {𝑦𝑦 ∈  ℝ𝑚𝑚 ∶  𝑦𝑦 =  𝑓𝑓 (𝑥𝑥) 𝑓𝑓𝑓𝑓𝑓𝑓 𝑠𝑠𝑓𝑓𝑠𝑠𝑠𝑠 𝑥𝑥 ∈  𝑋𝑋}. 
The natural ordering cone is defined as follows: 

ℝ≧
𝑝𝑝 = {𝑥𝑥 ∈ ℝ𝑝𝑝: 𝑥𝑥𝑖𝑖 ≥ 0, 𝑖𝑖 = 1, … , 𝑝𝑝}.

For any 𝑦𝑦,𝑦𝑦� ∈ ℝ𝑝𝑝: 
𝑦𝑦 < 𝑦𝑦� if and only if 𝑦𝑦𝑖𝑖 < 𝑦𝑦�𝑖𝑖  ∀𝑖𝑖 = 1, … ,𝑝𝑝, 
𝑦𝑦 ≦ 𝑦𝑦� if and only if 𝑦𝑦𝑖𝑖 ≤ 𝑦𝑦�𝑖𝑖  ∀𝑖𝑖 = 1, … ,𝑝𝑝, 
𝑦𝑦 ≤ 𝑦𝑦� if and only if 𝑦𝑦𝑖𝑖 ≤ 𝑦𝑦�𝑖𝑖  ∀𝑖𝑖 = 1, … ,𝑝𝑝 and 𝑦𝑦 ≠ 𝑦𝑦�. 

Definition 2.1 A feasible solution 𝑥𝑥� ∈ 𝑋𝑋 is called 
(i) an efficient (a Pareto optimal) solution of MOP, if there is no other 𝑥𝑥 ∈  𝑋𝑋 such that

𝑓𝑓(𝑥𝑥) ≤ 𝑓𝑓(𝑥𝑥�),
(ii) a weakly efficient solution of MOP, if there is no other 𝑥𝑥 ∈  𝑋𝑋 such that 𝑓𝑓(𝑥𝑥) < 𝑓𝑓(𝑥𝑥�),
(iii) a strictly efficient solution of MOP, if there is no other 𝑥𝑥 ∈  𝑋𝑋, 𝑥𝑥 ≠ 𝑥𝑥� such that 𝑓𝑓(𝑥𝑥) ≦

𝑓𝑓(𝑥𝑥�).

Definition 2.2: A feasible solution 𝑥𝑥� ∈ 𝑋𝑋 is called a properly efficient (a properly Pareto 
optimal) solution to MOP if it is efficient and there exists a real positive number 𝑀𝑀 such that for 
each 𝑖𝑖 ∈ {1, … ,𝑝𝑝} and each 𝑥𝑥 ∈ 𝑋𝑋 satisfying 𝑓𝑓𝑖𝑖(𝑥𝑥) < 𝑓𝑓𝑖𝑖(𝑥𝑥�), there exists an index 𝑗𝑗 ∈ {1, … ,𝑝𝑝} 
with 𝑓𝑓𝑗𝑗(𝑥𝑥�) < 𝑓𝑓𝑗𝑗(𝑥𝑥) such that 

𝑓𝑓𝑖𝑖(𝑥𝑥�) − 𝑓𝑓𝑖𝑖(𝑥𝑥)
𝑓𝑓𝑗𝑗(𝑥𝑥) − 𝑓𝑓𝑗𝑗(𝑥𝑥�) ≤ 𝑀𝑀. 

We denote the set of efficient, weakly efficient and properly efficient solutions by 𝑋𝑋𝐸𝐸, 𝑋𝑋𝑊𝑊𝐸𝐸  and 
𝑋𝑋𝑃𝑃𝐸𝐸, respectively. The images of efficient, weakly efficient and properly efficient solutions in 
the image space ℝ𝑝𝑝 are called nondominated, weakly nondominated and properly nondominated 
solutions and are denoted by 𝑌𝑌𝑁𝑁, 𝑌𝑌𝑊𝑊𝑁𝑁 and 𝑌𝑌𝑃𝑃𝑁𝑁, respectively. 

A single objective optimization problem is demonstrated as follows: 
SO: min𝑔𝑔(𝑥𝑥) 
𝑠𝑠. 𝑡𝑡. 𝑥𝑥 ∈ 𝑋𝑋, 

where 𝑔𝑔:𝑋𝑋 → ℝ. 

Definition 2.3 : A feasible solution 𝑥𝑥� ∈ 𝑋𝑋 is said to be 
(i) an optimal solution of Problem (SO), if 𝑔𝑔(𝑥𝑥�) ≤ 𝑔𝑔(𝑥𝑥) for all 𝑥𝑥 ∈ 𝑋𝑋,
(ii) a strictly optimal solution of Problem (SO), if 𝑔𝑔(𝑥𝑥�) < 𝑔𝑔(𝑥𝑥) for all 𝑥𝑥 ∈ 𝑋𝑋.

3. THE FLEXIBLE WEIGHTED-CONSTRAINT SCALARIZATION METHOD
Let be given parameters. Burachik et al. [2] proposed the following scalar optimization problem,
called the weighted-constraint technique for generate an approximation of the Pareto front in
multi-objective problem:

𝑀𝑀𝑤𝑤𝑘𝑘: min𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥) 
𝑠𝑠. 𝑡𝑡. 

𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥) ≤ 𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥),∀𝑖𝑖 ≠ 𝑘𝑘 
𝑥𝑥 ∈ 𝑋𝑋. 
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By the scalarized problem 𝑀𝑀𝑤𝑤𝑘𝑘, sufficient conditions for  (properly, weakly) efficient solutions of 
MOP cannot be obtained. Therefore, an extension of the direction scalarization problem 𝑀𝑀𝑤𝑤𝑘𝑘 is 
introduced. 
Let 𝑤𝑤 ∈ ℝ≧

𝑝𝑝  and ∑ 𝑤𝑤𝑖𝑖
𝑝𝑝
𝑖𝑖=1 = 1. The flexible weighted-constraint scalarization problem is

formulated as follows: 

𝐹𝐹𝐹𝐹𝐹𝐹: min𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥) + � 𝜇𝜇𝑖𝑖𝑠𝑠𝑖𝑖
𝑝𝑝

𝑖𝑖=1
𝑖𝑖≠𝑘𝑘

 

𝑠𝑠. 𝑡𝑡. 
𝑤𝑤𝑓𝑓(𝑥𝑥) − 𝑠𝑠 − max

𝑥𝑥∈𝑋𝑋
{𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥)} ∈ ℝ≧

𝑝𝑝 , 
𝑥𝑥 ∈ 𝑋𝑋, 𝑠𝑠 ∈ ℝ≧

𝑝𝑝 , 𝜇𝜇 ∈ ℝ≧
𝑝𝑝 ,

Where 𝜇𝜇𝑖𝑖 ≥ 0 are nonnegative weights. 

4. CHARACTERIZING (WEAKLY, PROPERLY) EFFICIENT SOLUTIONS

In this section, based on the scalarized problem (FWC), sufficient conditions for obtaining 
(weakly) efficient solutions and properly efficient solutions of the MOP are provided and 
necessary and sufficient conditions are obtained for efficient solutions. The following theorem 
provides a sufficient condition for weak efficiency utilizing the scalarized problem (FWC). 

Theorem 4.1 Let (𝑥𝑥�, �̂�𝑠) be an optimal solution of the scalarized problem (FWC). If 𝜇𝜇 ≧ 0 and 
𝑤𝑤 ≧ 0 then 𝑥𝑥� is a weakly efficient solution of the MOP. 
Proof Suppose that 𝑥𝑥� is not weakly efficient. Then, there is some 𝑥𝑥 ∈ 𝑋𝑋 such that 𝑓𝑓𝑖𝑖(𝑥𝑥) <
𝑓𝑓𝑖𝑖(𝑥𝑥�),∀𝑖𝑖 = 1,2, … ,𝑝𝑝. Since 𝑤𝑤 ≧ 0, we can write 𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥) < 𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥�),∀𝑖𝑖 ≠ 𝑘𝑘. Since (𝑥𝑥�, �̂�𝑠) is an 
optimal solution of (NM), then 𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥�) − �̂�𝑠𝑖𝑖 ≤ max𝑥𝑥∈𝑋𝑋{𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥)},∀𝑖𝑖 ≠ 𝑘𝑘, so 𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥�) − �̂�𝑠𝑖𝑖 ≤
max𝑥𝑥∈𝑋𝑋{𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥)},∀𝑖𝑖 ≠ 𝑘𝑘 then (𝑥𝑥, �̂�𝑠) is feasible for (FWC) with an objective value that is 
smaller than that of (𝑥𝑥�, �̂�𝑠). This contradicts the optimality of (𝑥𝑥�, �̂�𝑠). 
Under the uniqueness assumption of the optimal solutions, the following stronger result is 
obtained for efficiency. 

Theorem 4.2 Let (𝑥𝑥�, �̂�𝑠) be an optimal solution of the scalarized problem (FWC) with 𝜇𝜇 ≧ 0, 
𝑤𝑤 ≧ 0 and 𝑥𝑥� is unique, then 𝑥𝑥� is a strictly efficient solution of the MOP. 
Proof Assume that 𝑥𝑥 is such that 𝑓𝑓(𝑥𝑥) ≦ 𝑓𝑓(𝑥𝑥�). So, (𝑥𝑥, �̂�𝑠) is a feasible solution of (FWC) with 
𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥) + ∑ 𝜇𝜇𝑖𝑖�̂�𝑠𝑖𝑖𝑖𝑖≠𝑘𝑘 ≤ 𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥�) + ∑ 𝜇𝜇𝑖𝑖�̂�𝑠𝑖𝑖𝑖𝑖≠𝑘𝑘 , uniqueness of the optimal solution implies that 
𝑥𝑥 = 𝑥𝑥�.Therefore 𝑥𝑥� is a strictly efficient solution of the MOP. 

In the following theorem, utilizing the scalarized problem (FWC), a sufficient condition is 
obtained for efficient solutions of the MOP. 

Theorem 43 Let (𝑥𝑥�, �̂�𝑠) be an optimal solution of the scalarized problem (FWC). If 𝜇𝜇 > 0, 
𝑤𝑤 > 0 and �̂�𝑠 > 0, then 𝑥𝑥� is an efficient solution of the MOP. 
Proof Suppose to the contrary that 𝑥𝑥� is not an efficient solution of the MOP. So, there exists a 
feasible solution 𝑥𝑥 ∈  𝑋𝑋 such that 

𝑓𝑓𝑖𝑖(𝑥𝑥) ≤ 𝑓𝑓𝑖𝑖(𝑥𝑥�),∀𝑖𝑖 = 1,2, … ,𝑝𝑝, 
and for some 𝑗𝑗 ∈ {1, … ,𝑝𝑝} 

𝑓𝑓𝑗𝑗(𝑥𝑥) < 𝑓𝑓𝑗𝑗(𝑥𝑥�). 
Therefore, we have 

𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥) − �̂�𝑠𝑖𝑖 ≤ max
𝑥𝑥∈𝑋𝑋

{𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥)} ,∀𝑖𝑖 ≠ 𝑗𝑗, 𝑘𝑘, 
and 
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𝑤𝑤𝑗𝑗𝑓𝑓𝑗𝑗(𝑥𝑥) − �̂�𝑠𝑗𝑗 < max
𝑥𝑥∈𝑋𝑋

{𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥)}. 
Without loss of generality, we can assume  𝑗𝑗 ≠ 𝑘𝑘, so we define 

𝑠𝑠𝑖𝑖 ≔ �
�̂�𝑠𝑖𝑖 − 𝛼𝛼 𝑖𝑖𝑓𝑓 𝑖𝑖 = 𝑗𝑗
�̂�𝑠𝑖𝑖 𝑖𝑖𝑓𝑓 𝑖𝑖 ≠ 𝑗𝑗 ,∀𝑖𝑖 ∈ {1, … ,𝑝𝑝} ∖ {𝑘𝑘}. 

Such that �̂�𝑠𝑗𝑗 − 𝛼𝛼 > 0 and 𝑤𝑤𝑗𝑗𝑓𝑓𝑗𝑗(𝑥𝑥) − �̂�𝑠𝑗𝑗 + 𝛼𝛼 ≤ max𝑥𝑥∈𝑋𝑋{𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥)}. Therefore, (𝑥𝑥, 𝑠𝑠) is feasible 
for (FWC) with 𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥) + ∑ 𝜇𝜇𝑖𝑖𝑠𝑠𝑖𝑖𝑖𝑖≠𝑘𝑘 ≤ 𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥�) + ∑ 𝜇𝜇𝑖𝑖�̂�𝑠𝑖𝑖𝑖𝑖≠𝑘𝑘 . This contradicts the optimality of 
(𝑥𝑥�, �̂�𝑠). 
 
In the next theorem, the relationship between optimal solutions of the scalarized problem 
(FWC) and properly efficient solutions of the MOP is investigated. 
 
Theorem 4.4 Let 𝑥𝑥� be an efficient solution of the MOP. Then, there exist 𝜇𝜇 ≧ 0, 𝑤𝑤 ≧ 0 and 
�̂�𝑠 ≧ 0 such that (𝑥𝑥�, �̂�𝑠) is an optimal solution (FWC) for all 𝑘𝑘 ∈ {1,2, … ,𝑝𝑝} and 𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥�) − �̂�𝑠𝑖𝑖 =
max𝑥𝑥∈𝑋𝑋{𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥)} ,∀𝑖𝑖 ≠ 𝑘𝑘. 
Proof  Set 𝜇𝜇𝑖𝑖 = ∞,∀𝑖𝑖 ≠ 𝑘𝑘 and 𝑤𝑤 ≧ 0. Since 𝑤𝑤𝑗𝑗𝑓𝑓𝑗𝑗(𝑥𝑥�) − �̂�𝑠𝑗𝑗 = max𝑥𝑥∈𝑋𝑋{𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥)} ,∀𝑖𝑖 ≠ 𝑘𝑘. So 
(𝑥𝑥�, �̂�𝑠) is a feasible of (FWC). We claim that (𝑥𝑥�, �̂�𝑠) is also an optimal solution of (FWC). Assume 
that there is a feasible solution (𝑥𝑥, 𝑠𝑠) for (FWC) with 𝜇𝜇𝑖𝑖 = ∞,∀𝑖𝑖 ≠ 𝑘𝑘 and 𝑤𝑤 ≧ 0 such that 

𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥�) + � 𝜇𝜇𝑖𝑖�̂�𝑠𝑖𝑖
𝑖𝑖≠𝑘𝑘

> 𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥) + � 𝜇𝜇𝑖𝑖𝑠𝑠𝑖𝑖
𝑖𝑖≠𝑘𝑘

, 

 

(1) 𝑓𝑓𝑘𝑘(𝑥𝑥) < 𝑓𝑓𝑘𝑘(𝑥𝑥�). 

Since (𝑥𝑥, 𝑠𝑠) is a feasible solution of (FWC), so we have 
𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥) − 𝑠𝑠𝑖𝑖 ≤ max

𝑥𝑥∈𝑋𝑋
{𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥)} = 𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥�) − �̂�𝑠𝑖𝑖 ,∀𝑖𝑖 ≠ 𝑘𝑘 

𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥) ≤ 𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥�),∀𝑖𝑖 ≠ 𝑘𝑘 
Since 𝑤𝑤 > 0, we have 

(2) 𝑓𝑓𝑖𝑖(𝑥𝑥) ≤ 𝑓𝑓𝑖𝑖(𝑥𝑥�),∀𝑖𝑖 ≠ 𝑘𝑘 

According to relations (1) and (2) we have 
𝑓𝑓(𝑥𝑥) ≤ 𝑓𝑓(𝑥𝑥�), 

a contraction to 𝑥𝑥� being an efficient solution of the MOP. 
 
Next, we state an easy approach to check the sufficient condition for identifying properly 
efficient solutions among the solutions of (FWC). For the proof we need a technical lemma 
relating properly efficient solutions of the MOP with the feasible set of (FWC) and the set X, 
respectively. This lemma is very similar to the idea in Ehrgott and Ruzika (2008).  
 
Lemma 4.1 Let 𝑥𝑥� be a properly efficient solution of the MOP with feasible set 𝑋𝑋𝑀𝑀 =
{𝑥𝑥 ∈ 𝑋𝑋:𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥�) ≤ max𝑥𝑥∈𝑋𝑋{𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥)} ,∀𝑖𝑖 = 1, … , 𝑝𝑝}. Then 𝑥𝑥� is a properly efficient solution of 
the MOP with feasible set 𝑋𝑋. 
 
Proof Suppose that 𝑥𝑥� is not a properly efficient solution. Then consider a sequence {𝑀𝑀𝛼𝛼} with 
𝑀𝑀𝛼𝛼 > 0 and lim𝛼𝛼→∞𝑀𝑀𝛼𝛼 = ∞. 
For any 𝑀𝑀𝛼𝛼, there is 𝑥𝑥𝛼𝛼 ∈ 𝑋𝑋 and an index 𝑖𝑖 with 𝑓𝑓𝑖𝑖(𝑥𝑥𝛼𝛼) < 𝑓𝑓𝑖𝑖(𝑥𝑥�) such that for all 𝑗𝑗 ≠ 𝑖𝑖 with 
𝑓𝑓𝑗𝑗(𝑥𝑥�) < 𝑓𝑓𝑗𝑗(𝑥𝑥𝛼𝛼), we have  

(1) 𝑓𝑓𝑖𝑖(𝑥𝑥�) − 𝑓𝑓𝑖𝑖(𝑥𝑥𝛼𝛼)
𝑓𝑓𝑗𝑗(𝑥𝑥𝛼𝛼) − 𝑓𝑓𝑗𝑗(𝑥𝑥�) > 𝑀𝑀𝛼𝛼 . 
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We choose a subsequence of {𝑀𝑀𝛼𝛼} such that index 𝑖𝑖 is fixed for each 𝛼𝛼. We assume that for 
each 𝛼𝛼 𝐽𝐽 = �𝑗𝑗 ∈ {1, … , 𝑝𝑝}: 𝑓𝑓𝑗𝑗(𝑥𝑥�) < 𝑓𝑓𝑗𝑗(𝑥𝑥𝛼𝛼)� is constant. According to relation (1) and since 𝑓𝑓(𝑋𝑋) 
is bounded, we have 

lim
𝛼𝛼→∞

𝑓𝑓𝑗𝑗(𝑥𝑥𝛼𝛼) = 𝑓𝑓𝑗𝑗(𝑥𝑥�). 
So, there is 𝛼𝛼0 > 0 such that 

𝑤𝑤𝑗𝑗𝑓𝑓𝑗𝑗(𝑥𝑥𝛼𝛼) < max
𝑥𝑥∈𝑋𝑋

{𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥)} + �̂�𝑠𝑗𝑗 ,∀𝛼𝛼 > 𝛼𝛼0,∀𝑗𝑗 ∈ 𝐽𝐽. 
Thus, {𝑥𝑥𝛼𝛼}𝛼𝛼>𝛼𝛼0 ⊆ 𝑋𝑋𝑀𝑀. This contradicts the proper efficiency of 𝑥𝑥� for the MOP with feasible set 
𝑋𝑋𝑀𝑀. 
 
Theorem 4.5 Let (𝑥𝑥�, �̂�𝑠) be an optimal solution of the scalarized problem (FWC). If 𝜇𝜇 > 0, 
𝑤𝑤 > 0 and �̂�𝑠 > 0, then 𝑥𝑥� is an properly efficient solution of the MOP. 
Proof According to Theorem 2.3 𝑥𝑥� is an efficient solution of the MOP for any 𝜇𝜇 > 0 and 𝑤𝑤 >
0. Since (𝑥𝑥�, �̂�𝑠) is an optimal solution of the scalarized problem (FWC), we have  

𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥�) + � 𝜇𝜇𝑖𝑖�̂�𝑠𝑖𝑖
𝑖𝑖≠𝑘𝑘

= 𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥�) + � 𝜇𝜇𝑖𝑖(𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥�) − max
𝑥𝑥∈𝑋𝑋

{𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥)})
𝑖𝑖≠𝑘𝑘

. 

So, is an optimal solution of the weighted sum problem 

𝑠𝑠𝑖𝑖𝑚𝑚 �� 𝜇𝜇𝑖𝑖𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥�)
𝑝𝑝

𝑖𝑖=1
: 𝜇𝜇𝑖𝑖𝑤𝑤𝑖𝑖 = 1,𝑤𝑤𝑖𝑖𝑓𝑓𝑖𝑖(𝑥𝑥�) ≤ max

𝑥𝑥∈𝑋𝑋
{𝑤𝑤𝑘𝑘𝑓𝑓𝑘𝑘(𝑥𝑥)}�. 

According to Geoffrion's theorem, 𝑥𝑥� is a properly efficient solution of the MOP with additional 
constraints. By lemma 2.1 𝑥𝑥� is a properly efficient solution of the MOP.  
 
5. CONCLUSIONS 

We have proposed a new scalarization technique for solving multiobjective optimization has 
been proposed. Using the proposed approach, necessary and sufficient conditions for (weakly, 
properly) efficient solutions were established. 
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ABSTRACT 
In this paper radial basis function (RBF) collocation method is applied for the solution of the differential 
equation with variable coefficients and variable delays. It is shown the high accuracy and low 
computational cost of the method compared to some other numerical methods. The differential equation 
with variable coefficients and variable delays is transformed into a linear system of algebraic equations 
with the unknown coefficients and solved with a linear algebraic system solver. Some illustrative 
examples are also given to show the validity and applicability of this method. 
Keywords : Radial basis function, Collocation method, Variable delay, Variable coefficients. 
 

1. INTRODUCTION  

In this paper, we will give an efficient numerical scheme for the approximate solution of the 
following nonhomogeneous differential equation with variable coefficients and delays. Also, we 
will consider the error of approximation, by showing that, in comparison with other methods. 
𝑢𝑢′(𝑡𝑡) = 𝑏𝑏0(𝑡𝑡) + 𝑏𝑏1(𝑡𝑡)𝑢𝑢(𝑡𝑡) + ∑ 𝑏𝑏𝑗𝑗(𝑡𝑡)𝑢𝑢(𝑡𝑡 − 𝛿𝛿𝑗𝑗(𝑡𝑡))𝑚𝑚

𝑗𝑗=2 ,        𝑎𝑎 ≤ 𝑡𝑡 ≤ 𝑏𝑏                                      (1) 
𝑢𝑢(𝑡𝑡) = 𝛾𝛾(𝑡𝑡),        𝛼𝛼 ≤ 𝑡𝑡 ≤ 𝑎𝑎,                                                                                                        (2) 
where the coefficients 𝑏𝑏𝑗𝑗 and the delays 𝛿𝛿𝑗𝑗(𝑡𝑡) are given continuous functions for 𝑎𝑎 ≤ 𝑡𝑡 ≤ 𝑏𝑏 and 
𝛼𝛼 = 𝑖𝑖𝑖𝑖𝑖𝑖�𝑡𝑡 − 𝛿𝛿𝑗𝑗(𝑡𝑡)� for 𝑎𝑎 ≤ 𝑡𝑡 ≤ 𝑏𝑏. The asymptotic behavior of the solutions to a differential 
equation with variable delays is considered in [1-5]. But, most of the mentioned type delay 
differential equations have not analytical solutions; hence, numerical methods are needed to get 
approximate solutions. In [6], authors have solved (1)-(2) by using a novel matrix-collocation 
method based on Morgan-Voyce polynomials. In [7], the authors have used the method based 
on hybrid Taylor and Lucas polynomials to solve nonhomogeneous differential equation with 
variable coefficients and variable delays. In the following, we will show that problems (1)-(2) 
can be solved by using an original method, Multiquadric (MQ) radial basis collocation method, 
which is a combination of radial basis function and collocation methods. 
This paper is organized as follows. Preliminary concepts of the MQ radial basis function 
collocation method are given in Section 2. Section 3 focuses on the main results. Section 4 is 
devoted to the application of the RBF collocation method to a significant test problem. 
Conclusions are presented in Section 5. 
 
2. MQ-RBF  COLLOCATION  METHOD 

A radial basis function is a real-valued function whose value depends only on the distance from 
the origin that’s mean 𝜙𝜙(x) = 𝜙𝜙(∥x∥), or alternatively on the distance from some other point c, 
called a center, so that 𝜙𝜙(x, c) = 𝜙𝜙(∥x − c∥). Any function 𝜙𝜙 that satisfies this property is a 
radial function. The norm is usually Euclidean distance, although other distance functions are 
also possible. The basic RBF approximation is defined as: 
Definition: Given a function 𝜙𝜙(r), r ≥ 0, distinct centers {𝑥𝑥𝑖𝑖 ∈ Ω, 𝑖𝑖 = 1,2, … ,𝑁𝑁}, where Ω is a 
bounded domain in ℝ𝑑𝑑.Then, the basic interpolating RBF approximation takes the form: 
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𝑖𝑖(𝑥𝑥) = �𝜆𝜆𝑖𝑖𝜙𝜙(∥ x − 𝑥𝑥𝑖𝑖 ∥)
𝑁𝑁

𝑖𝑖=1

 

where 𝜆𝜆𝑖𝑖 are the set of unknown RBF coefficients to be determined. 
There are a large class of RBF. The basis function used by Hardy were the quadric surfaces is 
𝜙𝜙(𝑟𝑟; 𝑐𝑐) = √𝑐𝑐2 + 𝑟𝑟2,                                                                                                                    (3) 
in which c is a shape parameter. The RBF (3) is called the multiquadric or MQ-RBF. Now, we 
briefly introduce the RBFs collocation method. Let Ω ⊆ ℝ𝑑𝑑, consider the following boundary 
value problem 
𝐿𝐿𝑢𝑢 = 𝑖𝑖  𝑖𝑖𝑖𝑖  Ω                                                                                                                                (5) 
𝑢𝑢 = 𝑔𝑔  𝑜𝑜𝑖𝑖  𝜕𝜕Ω,                                                                                                                             (6) 
Where L is a linear differential operator and d is the dimension of the problem. For nonlinear 
operators. We distinguish in our notation centers 𝑋𝑋 = {𝑥𝑥1, … , 𝑥𝑥𝑁𝑁} and the collocation pointsΕ =
{𝛼𝛼1, … ,𝛼𝛼𝑁𝑁}. We seek the approximate solution of (5) in the following form 𝑢𝑢� = ∑ 𝜆𝜆𝑖𝑖𝜙𝜙𝑁𝑁

𝑖𝑖=1 (‖𝑥𝑥 −
𝑥𝑥𝑖𝑖‖),  where 𝜆𝜆𝑖𝑖’s coefficients to be determined by collocation, 𝜙𝜙 is a radial basis function, ‖. ‖ is 
the Euclidean norm and 𝑥𝑥𝑖𝑖 is a center of the radial basis function. Now, let Ε is divided into two 
subsets. One subset contains 𝑁𝑁𝐼𝐼 centers,𝛦𝛦1 where Eq. (5) is enforced and the other subset 
contains 𝑁𝑁𝐵𝐵 centers, 𝛦𝛦2, where boundary conditions are enforced. The collocation matrix that is 
obtained by matching the differential equation and the boundary condition at the collocation 
points has the following form: 

𝐴𝐴 = �𝐴𝐴𝐼𝐼𝐴𝐴𝐵𝐵
�, 

where 𝐴𝐴𝐼𝐼 = 𝐿𝐿𝜙𝜙(�𝛼𝛼 − 𝑥𝑥𝑗𝑗�)𝛼𝛼=𝛼𝛼𝑖𝑖,  𝛼𝛼𝑖𝑖𝜖𝜖𝐸𝐸1, 𝑥𝑥𝑗𝑗𝜖𝜖𝑋𝑋 and 𝐴𝐴𝐵𝐵 = 𝜙𝜙(�𝛼𝛼 − 𝑥𝑥𝑗𝑗�)𝛼𝛼=𝛼𝛼𝑖𝑖,  𝛼𝛼𝑖𝑖𝜖𝜖𝐸𝐸2, 𝑥𝑥𝑗𝑗𝜖𝜖𝑋𝑋. The 
unknown coefficients are 𝜆𝜆𝑖𝑖’s are determined by solving the linear system 𝐴𝐴𝜆𝜆 = 𝐹𝐹, where 𝐹𝐹 is a 
vector consisting  𝑖𝑖(𝛼𝛼𝑖𝑖), 𝛼𝛼𝑖𝑖𝜖𝜖𝐸𝐸1 and 𝑔𝑔(𝛼𝛼𝑖𝑖), 𝛼𝛼𝑖𝑖𝜖𝜖𝐸𝐸2. 
 
3. APPLICATION OF THE MQ-RBF COLLOCATION METHOD 

In this section, we are interested in solving nonhomogeneous differential equation with variable 
coefficients and delays (1)-(2) by the MQ-RBF collocation method. Without loss of generality, 
assume  
 
𝑡𝑡 − 𝛿𝛿𝑗𝑗(𝑡𝑡) ≤ 𝑎𝑎            𝑖𝑖𝑜𝑜𝑟𝑟   𝑗𝑗 = 2, … , 𝑘𝑘 
𝑡𝑡 − 𝛿𝛿𝑗𝑗(𝑡𝑡) > 𝑎𝑎            𝑖𝑖𝑜𝑜𝑟𝑟   𝑗𝑗 = 𝑘𝑘 + 1, … ,𝑚𝑚 
 
for 𝑎𝑎 ≤ 𝑡𝑡 ≤ 𝑏𝑏. So, we can rewrite equations (1)-(2) as follows: 
 
𝑢𝑢′(𝑡𝑡) − 𝑏𝑏1(𝑡𝑡)𝑢𝑢(𝑡𝑡) − ∑ 𝑏𝑏𝑗𝑗(𝑡𝑡)𝑢𝑢 �𝑡𝑡 − 𝛿𝛿𝑗𝑗(𝑡𝑡)�𝑚𝑚

𝑗𝑗=𝑘𝑘+1 = 𝑏𝑏0(𝑡𝑡) + ∑ 𝑏𝑏𝑗𝑗(𝑡𝑡)𝛾𝛾(𝑡𝑡 − 𝛿𝛿𝑗𝑗(𝑡𝑡))𝑘𝑘
𝑗𝑗=2 ,                (8)          

𝑢𝑢(𝑎𝑎) = 𝛾𝛾(𝑎𝑎),                                                                                                                                (9)  
                                                                                                 
Then, we choose N nodes 𝑡𝑡𝑖𝑖, i = 1,2,…,N in the interval [𝑎𝑎, 𝑏𝑏] where 𝑡𝑡1 = 𝑎𝑎 𝑎𝑎𝑖𝑖𝑎𝑎 𝑡𝑡𝑁𝑁 = 𝑏𝑏, now 
approximate the solution of equation (1) by 
 

𝑢𝑢𝑁𝑁 = ∑ 𝜆𝜆𝑗𝑗𝜙𝜙𝑁𝑁
𝑗𝑗=1 ��𝑡𝑡 − 𝑡𝑡𝑗𝑗��. 

 
So, we have  

𝑢𝑢�𝑡𝑡 − 𝛿𝛿𝑖𝑖(𝑡𝑡)� ≃�𝜆𝜆𝑗𝑗𝜙𝜙
𝑁𝑁

𝑗𝑗=1

��𝑡𝑡 − 𝛿𝛿𝑘𝑘(𝑡𝑡) − 𝑡𝑡𝑗𝑗��     𝑖𝑖𝑜𝑜𝑟𝑟  𝑖𝑖 = 2, … ,𝑚𝑚, 
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and 𝑢𝑢′(𝑡𝑡) ≃ ∑ 𝜆𝜆𝑗𝑗𝜙𝜙′𝑁𝑁
𝑗𝑗=1 ��𝑡𝑡 − 𝑡𝑡𝑗𝑗��. Using collocation method to ensure that the approximation 

satisfies in equations (8)-(9), one obtains the following linear system with unknown coefficients 
𝜆𝜆1, 𝜆𝜆2,…, 𝜆𝜆𝑁𝑁: 
 

ΦΛ = 𝐺𝐺, 
where Λ = [𝜆𝜆1, 𝜆𝜆2, … , 𝜆𝜆𝑁𝑁]𝑇𝑇 and 
 

Φ = �

𝜙𝜙(‖𝑡𝑡1 − 𝑡𝑡1‖)
𝜓𝜓(‖𝑡𝑡2 − 𝑡𝑡1‖)

⋮
𝜓𝜓(‖𝑡𝑡𝑁𝑁 − 𝑡𝑡1‖)

𝜙𝜙(‖𝑡𝑡1 − 𝑡𝑡2‖)
𝜓𝜓(‖𝑡𝑡2 − 𝑡𝑡2‖)

⋮
𝜓𝜓(‖𝑡𝑡𝑁𝑁 − 𝑡𝑡2‖)

⋯ 𝜙𝜙(‖𝑡𝑡1 − 𝑡𝑡𝑁𝑁‖)
⋯ 𝜓𝜓(‖𝑡𝑡2 − 𝑡𝑡𝑁𝑁‖)
⋯
…

⋮
𝜓𝜓(‖𝑡𝑡𝑁𝑁 − 𝑡𝑡𝑁𝑁‖)

� 

 
where 𝜓𝜓��𝑡𝑡 − 𝑡𝑡𝑗𝑗�� = 𝜑𝜑′��𝑡𝑡 − 𝑡𝑡𝑗𝑗�� − 𝑏𝑏1(𝑡𝑡)𝜑𝜑��𝑡𝑡 − 𝑡𝑡𝑗𝑗�� − ∑ 𝑏𝑏𝑠𝑠(𝑡𝑡)𝜑𝜑��𝑡𝑡 − 𝛿𝛿𝑠𝑠(𝑡𝑡) − 𝑡𝑡𝑗𝑗��𝑚𝑚

𝑠𝑠=𝑘𝑘+1  
for j=2,…, N, and 

𝐺𝐺 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡

𝛾𝛾(𝑡𝑡1)

𝑏𝑏0(𝑡𝑡2) + �𝑏𝑏𝑠𝑠(𝑡𝑡2)𝛾𝛾(𝑡𝑡2 − 𝛿𝛿𝑠𝑠(𝑡𝑡2))
𝑘𝑘

𝑠𝑠=2
⋮

𝑏𝑏0(𝑡𝑡𝑁𝑁) + �𝑏𝑏𝑠𝑠(𝑡𝑡𝑁𝑁)𝛾𝛾(𝑡𝑡𝑁𝑁 − 𝛿𝛿𝑠𝑠(𝑡𝑡𝑁𝑁))
𝑘𝑘

𝑠𝑠=2 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

Then, this system must be solved to obtain the unknown coefficients. Hence, we have used the 
Gaussian elimination method to solve such a system. 
 
3. NUMERICAL RESULTS  

In this section, an example is given to demonstrate the accuracy and efficiency of the proposed 
method. We use N=15 random points and collocation centers. The shape Parameter is chosen 
c=𝑁𝑁

32
. At now, consider the following problem: 
𝑢𝑢′(𝑡𝑡) = (𝑡𝑡2 + 𝑡𝑡 − 1)𝑒𝑒−𝑡𝑡 − 𝑡𝑡 𝑢𝑢(𝑡𝑡 − ln(𝑡𝑡 + 1)) − 𝑒𝑒−𝑡𝑡2𝑢𝑢(𝑡𝑡 − 𝑡𝑡2) + 𝑢𝑢(𝑡𝑡),      0 ≤ 𝑡𝑡 ≤ 1 

Subject to the initial condition 𝑦𝑦(0) = 1. The exact solution of this equation is 𝑦𝑦(𝑡𝑡) = 𝑒𝑒−𝑡𝑡.  
 

 
Fig1: Comparison of the numerical and the exact solution  
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Fig2: Absolute value error for N=15 with random center 

 
 

Table 1- Comparison the absolute errors for the present 
method and method in [6] 

t This study Method in [6] 
0 0.2980 × 10−6 0 

0.1 0.1359× 10−5 1.91653× 10−3 
0.2 0.1352× 10−5 2.86131× 10−3 
0.3 0. 7122 × 10−7 3.19084× 10−3 
0.4 0.2083× 10−5 3.17959× 10−3 
0.5 0.1200× 10−5 3.02786× 10−3 
0.6 0.1541× 10−5 2.86876× 10−3 
0.7 0.1037× 10−5 2.77470× 10−3 
0.8 0.1331× 10−5 2.76306× 10−3 
0.9 0.0610× 10−5 2.80153× 10−3 
1 0.3745× 10−5 2.81276× 10−3 

 
 

4. CONCLUSIONS   

In the current paper, a numerical method based on the RBF collocation method for solving the 
differential equation with variable coefficients and variable delays is presented. Numerical 
results show that the present method has high accuracy. Furthermore, the implementation of the 
method is straightforward to code. In figures 1 we have plotted approximate solution and exact 
solution for an example. It is clear that the approximate solution by our proposed method 
coincides with the exact solution. Figures 2 show the absolute errors for this example. The 
obtained numerical results of presented example are compared with the method in [6], in table 
1.The results show that the MQ radial basis collocation method is an accurate method for 
solving the differential equation with variable coefficients and variable delays. 
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ABSTRACT 
Food is an essential component of today’s life, but the environment and the food security can be under 
threat by current consumption and production patterns. Therefore, dietary choices need to be reconsider. 
This paper addresses a novel application of a network design problem by considering sustainability issues. 
For this purpose, a multi-objective linear programming model proposed in order to design a food system 
with a sufficient dietary intake level. The first objective function aims to minimize total costs, the second 
objective function minimizes environmental impacts and the third one optimizes social impacts. Then, the 
proposed multi-objective is converted to a single-objective model by using LP-metric method and solved 
by LINGO software. Finally, a sensitivity analysis is done in some parameters of the proposed model and 
results are reported. 

Keywords : Sustainable supply chain, Food supply chain, Flexible robust optimization, Multi-objective 
programming 
 
1. INTRODUCTION  

Food does not only contribute to health and well-being but also plays a vital role in economic 
markets. Although food systems are far more resource dependent, our diet has significance for 
the environment via the amount of animal and plant products that we use Alder et al. [1]. Food 
systems account for approximately 24% of the greenhouse gas emissions, 33% of the soil 
degradation and also 60% of the terrestrial biodiversity loss UNEP [2], while the food and 
agriculture section is one of the most water and energy sectors demanding in Europe Maguire et 
al. [3]. Meat and dairy products have the highest contribution to environmental burdens 
Notarnicola et al. and Steinfeld et al. [4], [5]. An increasing population incorporate in 
unsustainable and wasteful food consumption, marked by overconsumption of meat and dairy 
products, exacerbate environmental threats in terms of global warming, resource depletion and 
endangered species UNEP [2]. Sustainable development by considering economic, 
environmental and social issues, receives increasing attention in the context of the food system. 
Although the food system is a dynamic network, various products and many processes, ranging 
from production processes to logistic and retail activities Trienekens et al. [6]. Moreover, 
globalization in the affected social systems, such as climate and geographical conditions affect 
the sustainable decision making in the food system. In terms of social perspective, health 
aspects and nutrition play an important role in the food system with the UN defining food 
security in sustainable development goals UN [7]. It is necessary to regard cost, nutritional and 
environmental aspects in order to make sustainable decisions in the design of food system. The 
remainder of this paper is organized as follows: in section 2, we define the problem and present 
a mathematical model. Section 3, gives the experimental results. Finally, in section 4, a 
discussion and some suggestions for future works are offered. 
 
2. PROBLEM DEFINITION 

In this study, a multi-objective linear programming model in the food system with dietary 
considerations is presented. This paper proposes an integrated approach, addressing the global 
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food system such as production, distribution and consumption activities. Each food chains start 
with agricultural production followed by transportation and processing of produce. 
Transportation can often be done by truck, freight ship and plane. The choice of available 
transport mode is a variable in the model. Figure (1) shows a generic representation of the food 
system from agricultural production to the nutritional contribution at consumer level by 
considering various sourcing locations, processing and product choices. The entire objective of 
the model optimizes the network design in terms of sourcing locations, transport modes and 
processing options and also the amount of products produced. 
 

 
Figure 1. Generic Food Network 

 

2.2. Sets and Indices 

𝐴𝐴 Set of locations indexed by i, j, l 
𝐶𝐶 Set of consumer locations (𝐶𝐶 ⊂ 𝐴𝐴) 
𝑆𝑆 Set of production locations (𝑆𝑆 ⊂ 𝐴𝐴) 
𝑃𝑃 Set of products indexed by 𝑝𝑝,q,r 
𝑃𝑃0 Set of processed products (𝑃𝑃0 ⊂ 𝑃𝑃) 
𝑚𝑚 Index for transport mode 
𝑛𝑛 Index for nutrient 
𝑓𝑓 Index for environmental indicator 
𝑘𝑘 Index for food category 
 
2.3. Parameters 

𝑐𝑐𝑝𝑝𝑖𝑖𝑖𝑖 Cost of product 𝑝𝑝 in location 𝑖𝑖 ∈ 𝑆𝑆 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑘𝑘𝑖𝑖 
portion size at location 𝑖𝑖 ∈ 𝐶𝐶 related to 
food category 𝑘𝑘 

𝑐𝑐𝑝𝑝𝑛𝑛𝑐𝑐𝑟𝑟𝑖𝑖 conversion factor from product 𝑝𝑝 to 
product 𝑝𝑝 𝐷𝐷𝑘𝑘𝑖𝑖 

demand for food category 𝑘𝑘 at location 
𝑖𝑖 ∈ 𝐶𝐶 

𝑝𝑝𝑟𝑟𝑝𝑝𝑖𝑖𝑝𝑝 ratio of by-product 𝑞𝑞 when 
producing product 𝑝𝑝 α share of food category demand 

𝑑𝑑𝑖𝑖𝑑𝑑𝑝𝑝𝑖𝑖𝑖𝑖 distance between 𝑖𝑖 and 𝑗𝑗 𝑏𝑏𝑖𝑖𝑘𝑘 = 1 if product 𝑝𝑝 is in food category 𝑘𝑘 
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𝑐𝑐𝑝𝑝𝑚𝑚 cost of transport for mode 𝑚𝑚 𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖 = 1 if product 𝑝𝑝 is a resource for product 
𝑝𝑝 

𝑑𝑑𝑖𝑖𝑖𝑖 nutrient demand at location 𝑖𝑖 ∈ 𝐶𝐶 
for nutrient 𝑛𝑛 𝑉𝑉𝑉𝑉𝑖𝑖 

The number of variable job 
opportunities created at the production 
location 𝑖𝑖 ∈ 𝑆𝑆 

𝑟𝑟𝑖𝑖𝑖𝑖 nutrient content for nutrient 𝑛𝑛 in 
product 𝑝𝑝 𝐿𝐿𝐷𝐷𝑖𝑖 

The lost days cost from work’s damages 
at the production location 𝑖𝑖 ∈ 𝑆𝑆 

𝑟𝑟𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖 
environmental impact of product 𝑝𝑝 
at location 𝑖𝑖 ∈ 𝑆𝑆 for sustainability 
indicator 𝑓𝑓 

𝐸𝐸𝐿𝐿 
The weights given to the elements of 
social impacts objective: created job 
opportunities 

𝑟𝑟𝑝𝑝𝑚𝑚𝑖𝑖 
environmental impact of transport 
mode 𝑚𝑚 for sustainability indicator 
𝑓𝑓 

𝐸𝐸𝐷𝐷 
The weights given to the elements of 
social impacts objective: worker’s lost 
days, respectively 

𝑟𝑟𝑝𝑝𝑐𝑐𝑖𝑖𝑖𝑖 
= 1 if production of product 𝑝𝑝 is 
possible in location 𝑖𝑖 ∈ 𝑆𝑆   

 
2.4. Decision variables 

𝑥𝑥𝑖𝑖𝑖𝑖 The amount of product 𝑝𝑝 produced at 
production location 𝑖𝑖 ∈ 𝑆𝑆 𝑐𝑐𝑖𝑖𝑖𝑖𝑟𝑟 The amount of product 𝑝𝑝 needed at 

location 𝑖𝑖 ∈ 𝑆𝑆 to produce product 𝑝𝑝 
𝑧𝑧𝑖𝑖𝑖𝑖 The amount of product 𝑝𝑝 consumed 

at consumer location 𝑖𝑖 ∈ 𝐶𝐶 𝑤𝑤𝑖𝑖𝑖𝑖 The amount of product 𝑝𝑝 wasted at 
location 𝑖𝑖 ∈ 𝑆𝑆 

𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑚𝑚 
The amount of product 𝑝𝑝 transported 
from 𝑖𝑖 to 𝑗𝑗 with transport mode 𝑚𝑚 in 
the final transport stage 

𝑇𝑇𝐸𝐸𝑖𝑖 
 
Total environmental impact for 
indicator 𝑓𝑓 

𝑢𝑢𝑖𝑖𝑖𝑖𝑖𝑖𝑚𝑚 
The amount of product 𝑝𝑝 transported 
between production locations 𝑖𝑖 and 𝑗𝑗 
with transport mode 𝑚𝑚 

𝑇𝑇𝐶𝐶 Total cost 

 
2.5. Model formulation 

TC = ��� � 𝑑𝑑𝑖𝑖𝑑𝑑𝑝𝑝𝑖𝑖𝑖𝑖𝑐𝑐𝑝𝑝𝑚𝑚𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑚𝑚
𝑚𝑚∈𝑀𝑀𝑖𝑖∈𝑃𝑃𝑖𝑖∈𝐶𝐶𝑖𝑖∈𝑆𝑆

+ ��� � 𝑑𝑑𝑖𝑖𝑑𝑑𝑝𝑝𝑖𝑖𝑖𝑖𝑐𝑐𝑝𝑝𝑚𝑚𝑢𝑢𝑖𝑖𝑖𝑖𝑖𝑖𝑚𝑚
𝑚𝑚∈𝑀𝑀𝑖𝑖∈𝑃𝑃𝑖𝑖∈𝐶𝐶𝑖𝑖∈𝑆𝑆

+ ��𝑐𝑐𝑝𝑝𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖
𝑖𝑖∈𝑃𝑃𝑖𝑖∈𝑆𝑆

 (1) 

𝑇𝑇𝐸𝐸𝑖𝑖 = ��� � 𝑑𝑑𝑖𝑖𝑑𝑑𝑝𝑝𝑖𝑖𝑖𝑖𝑟𝑟𝑝𝑝𝑚𝑚𝑖𝑖𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑚𝑚
𝑚𝑚∈𝑀𝑀𝑖𝑖∈𝑃𝑃𝑖𝑖∈𝐶𝐶𝑖𝑖∈𝑆𝑆

+ ��� � 𝑑𝑑𝑖𝑖𝑑𝑑𝑝𝑝𝑖𝑖𝑖𝑖𝑟𝑟𝑝𝑝𝑚𝑚𝑖𝑖𝑢𝑢𝑖𝑖𝑖𝑖𝑖𝑖𝑚𝑚
𝑚𝑚∈𝑀𝑀𝑖𝑖∈𝑃𝑃𝑖𝑖∈𝑆𝑆𝑖𝑖∈𝑆𝑆

+ ��𝑟𝑟𝑝𝑝𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖∈𝑃𝑃

𝑥𝑥𝑖𝑖𝑖𝑖
𝑖𝑖∈𝑆𝑆

 (2) 

𝑀𝑀𝑟𝑟𝑥𝑥 𝑍𝑍 = 𝐸𝐸𝐿𝐿 × ���𝑉𝑉𝑉𝑉𝑖𝑖 × 𝑥𝑥𝑖𝑖𝑖𝑖/𝑐𝑐𝑟𝑟𝑝𝑝𝑖𝑖𝑖𝑖
𝑖𝑖∈𝑃𝑃𝑖𝑖∈𝑆𝑆

� − �𝐸𝐸𝐷𝐷 × ��𝐿𝐿𝐷𝐷𝑖𝑖 × 𝑥𝑥𝑖𝑖𝑖𝑖
𝑖𝑖∈𝑃𝑃𝑖𝑖∈𝑆𝑆

� (3) 

S.t. 
𝛼𝛼 𝐷𝐷𝑘𝑘𝑖𝑖 ≤ �𝑏𝑏𝑖𝑖𝑘𝑘𝑧𝑧𝑖𝑖𝑖𝑖

𝑖𝑖∈𝑃𝑃

 ∀𝑘𝑘 ∈ 𝐾𝐾; 𝑖𝑖 ∈ 𝐶𝐶 (4) 𝑐𝑐𝑖𝑖𝑖𝑖𝑟𝑟 = 𝑐𝑐𝑝𝑝𝑛𝑛𝑐𝑐𝑟𝑟𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 ∀𝑝𝑝 ∈ 𝑃𝑃0; 𝑝𝑝 ∈ 𝑃𝑃; 𝑖𝑖 ∈ 𝑆𝑆 (9) 

𝑑𝑑𝑖𝑖𝑖𝑖 ≤ �𝑟𝑟𝑖𝑖𝑖𝑖𝑧𝑧𝑖𝑖𝑖𝑖
𝑖𝑖∈𝑃𝑃

 ∀𝑛𝑛 ∈ 𝑁𝑁; 𝑖𝑖 ∈ 𝐶𝐶 (5) 
�𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑐𝑐𝑖𝑖𝑖𝑖𝑟𝑟
𝑖𝑖∈𝑃𝑃

= � �𝑢𝑢𝑖𝑖𝑖𝑖𝑟𝑟𝑚𝑚
𝑖𝑖∈𝑆𝑆𝑚𝑚∈𝑀𝑀

 
∀𝑝𝑝 ∈ 𝑃𝑃; 𝑗𝑗 ∈ 𝑆𝑆 (10) 
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𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑘𝑘𝑖𝑖 ≥ �𝑏𝑏𝑖𝑖𝑘𝑘𝑧𝑧𝑖𝑖𝑖𝑖
𝑖𝑖∈𝑃𝑃

 ∀𝑘𝑘 ∈ 𝐾𝐾; 𝑖𝑖 ∈ 𝐶𝐶 (6) 

� �𝑢𝑢𝑖𝑖𝑖𝑖𝑖𝑖𝑚𝑚
𝑖𝑖∈𝑆𝑆𝑚𝑚∈𝑀𝑀

+ � �𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑚𝑚
𝑖𝑖∈𝐶𝐶𝑚𝑚∈𝑀𝑀

+ 𝑤𝑤𝑖𝑖𝑖𝑖 = 𝑥𝑥𝑖𝑖𝑖𝑖 

∀𝑝𝑝 ∈ 𝑃𝑃; 𝑖𝑖 ∈ 𝑆𝑆 (11) 

𝑧𝑧𝑖𝑖𝑖𝑖 ≤� � 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑚𝑚
𝑚𝑚∈𝑀𝑀𝑖𝑖∈𝑆𝑆

 ∀𝑝𝑝 ∈ 𝑃𝑃; 𝑗𝑗 ∈ 𝐶𝐶 (7) 𝑥𝑥𝑖𝑖𝑖𝑖 = 𝑝𝑝𝑟𝑟𝑝𝑝𝑝𝑝𝑖𝑖𝑥𝑥𝑖𝑖𝑝𝑝 ∀𝑝𝑝 ∈ 𝑃𝑃; 𝑞𝑞 ∈ 𝑃𝑃; 𝑖𝑖 ∈ 𝑆𝑆 (12) 

� � 𝑦𝑦𝑖𝑖𝑖𝑖𝑖𝑖𝑚𝑚
𝑚𝑚∈𝑀𝑀𝑖𝑖∈𝐶𝐶

≤ 𝑥𝑥𝑖𝑖𝑖𝑖 ∀𝑝𝑝 ∈ 𝑃𝑃; 𝑖𝑖 ∈ 𝑆𝑆 (8)    

Equation (1) shows the first objective function that minimizes the total transportation and 
production costs for the network design problem. Expression (2) is the second objective 
function that minimizes the total environmental impact (e.g. land use, climate change, fossil fuel 
depletion, etc.). Equation (3) is the third objective function that maximizes the total social 
impacts including variable job opportunities for supply chain network. Variable jobs are those 
jobs that totally rely on the capacity of the facility.  
Constraint set (4) shows the demand determined by 𝛼𝛼, which controls the share of food 
category or  product demand in the proposed model. Constraint (5) imposes the 
nutrient demand. Constraint (6) limits the consumption of product categories 

constrained by portion sizes. Constraint (7) enforces that the quantity of consumed 
products has to be transported to the consumer. Constraint (8) guarantees that the 
amount of products transported to the consumer need to be less or equal to the 

quantity produced. Constraints (9) and (10) ensure that all the required resources 

which needed for production of a product are available at the production 

location. Constraint (11) illustrates that produced products need to be transported to 
where they are needed as resources or consumed and otherwise are classified as 

waste. Constraint (12) calculates the by-product that links the production of a 

product to its by-products. 

 

2.6. LP-metric method 

Since MILP model is a multi-objective, mixed integer Linear programming model whose 
objective functions are completely inconsistent, we used the LP-metrics method which is one of 
the famous Multi-Criteria Decision Making methods for solving multi-objective problems with 
conflicting objectives simultaneously. According to this method, a multi-objective problem is 
solved by considering each objective function separately and then a single objective is 
reformulated which aims to minimize the summation of normalized differences between each 
objective and the optimal values of them. In our proposed model, just you can assume that three 
objective functions are named as Z1, Z2, Z3. Based on LP-metrics method, MILP should be 
solved for each one of these three objectives separately Assume that the optimal values for these 
three problems are Z1

*, Z2
*, Z3

*. Now the LP-metrics objective functions can be formulated as 
follows: 

𝑀𝑀𝑖𝑖𝑛𝑛𝑍𝑍 = 𝑤𝑤1 �
𝑍𝑍1 − 𝑍𝑍1∗

𝑍𝑍1∗
� + 𝑤𝑤2 �

𝑍𝑍2 − 𝑍𝑍2∗

𝑍𝑍2∗
� + 𝑤𝑤2 �

𝑍𝑍3∗ − 𝑍𝑍3
𝑍𝑍3∗

� (13) 

Where 0 ≤ 𝑤𝑤𝑖𝑖 ≤ 1, ∑𝑤𝑤𝑖𝑖 = 1 is the relative weight of components of the objective function 
(25) which given by the decision maker. Using LP-metrics objective function and considering 
MILP model constraints, we have a single objective mixed integer programming model, which 
can be efficiently solved by linear programming solvers. 
 
3. COMPUTATIONAL RESULTS 
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In this section, numerical experiments are conducted to investigate the performance of the 
proposed model. 
 
3.1 Report of results 

In this section results of solving problem in 5 test problem reported and analyzed. It should be 
noted that the necessary data is taken from the similar research in this field. Table 1 shows the 
results of experiments. 
 
T.P |𝑖𝑖| × |𝑐𝑐| × |𝑑𝑑| × |𝑝𝑝| × |𝑚𝑚| × |𝑛𝑛| × |𝑓𝑓| × |𝑘𝑘| F. O. V. S. O. V. T.O.V CPU 

1 |3| × |2| × |1| × |3| × |7| × |5| × |3| × |5| 4.6182 3.6944 5.875 1.8 
2 |3| × |3| × |1| × |1| × |7| × |4| × |3| × |5| 4.5501 3.2674 7.623 4.5 
3 |3| × |3| × |2| × |2| × |5| × |5| × |2| × |5| 5.7526 5.2231 5.742 5.2 
4 |5| × |1| × |2| × |2| × |5| × |3| × |2| × |3| 5.2385 4.2985 6.553 8 
5 |5| × |1| × |2| × |1| × |7| × |3| × |2| × |3| 6.1453 6.7852 8.597 10.5 

Table 1- Results of experiments 

Where in Table 1, T. P denotes the number of test problem, the second column shows the size of 
the problem, F. O. V. is the first objective function value, S. O. V. denotes the second objective 
function value, T.O.V. shows the third objective function value and last column showed 
computational times of solving model. The CPU times of the test problems illustrated in Fig. 2. 
As can be seen in Fig. 2 the CPU time of solving the model increased with increasing in size of 
the problem. 
 

 
                                                               Figure 2. CPU time of the problem 
 
3.2 Sensitivity analysis 
In this section the sensitivity of the first objective function on demand, production cost and 
transportation cost are examined. In table 3. the values of the first objective function in five 
different modes (Base case, -20%, -10%, +10% and +20%) are obtained and the sensitivity 
analysis results are illustrated. According to Fig. 3 with increasing the quantity of demand, the 
value of the first objective function increased. 
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                                                                            Figure 3. Demand 
 
According to Fig. 4 and Fig. 5 with increasing the quantity of production and transportation 
cost, the value of the first objective function increase.  
 

 
                                                               Figure 4. Production Cost 

 
                                                
                                                             Figure 5. Transportation Cost 
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4. CONCLUSIONS 

In this study, we have provided an integrated modelling approach for the food system by 
considering nutritional demand, optimizing both environmental and cost objective functions. 
While this research investigates three phases in the food system such as agricultural production, 
processing and transportation, the findings show that agricultural production is the essential 
contributor in the system. Moreover, the consumption patterns have an effect on the size of the 
system. Plant-base consumption needs less resource input from other supply chains. On the 
other hand, animal systems require more resource input. The findings also illustrate that the 
impact of transportation is of minor importance in these kind of systems. For future research, 
other social aspects for instance fair trade and animal welfare could be considered. In addition to 
this, the model could be extended by using stochastic or robust approaches for uncertainties in 
the data. 
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ABSTRACT 
Recently, a one-parameter extension of the Polak-Rebière-Polyak (PRP) conjugate gradient (CG) method 
has been suggested, having acceptable theoretical features and promising numerical behavior. Here, based 
on an eigenvalue analysis on the method in the sense of avoiding a search direction in the direction of the 
maximum magnification by a symmetric version of the search direction matrix, an adaptive formula for 
computing parameter of the method is proposed. Under standard assumptions, the given formula ensures 
the sufficient descent property and guarantees the global convergence of the method. Numerical 
experiments are done on a set of CUTEr test problems. They show practical effectiveness of the suggested 
formula for the parameter of the method.  
Keywords: Nonlinear programming, Unconstrained optimization, Conjugate gradient method, 
Maximum magnification, Line search. 
 
1. INTRODUCTION  

Generally, an unconstrained optimization problem can be formulated by 
min
𝑥𝑥∈ℝ𝑛𝑛

𝑓𝑓(𝑥𝑥),  
where 𝑓𝑓:ℝ𝑛𝑛 → ℝ is often a smooth nonlinear function whose gradient is denoted by 𝑔𝑔(𝑥𝑥). As 
an efficient class of methods for solving large-scale cases of the problem, in the CG algorithms 
a sequence of iterates is generated from a given starting point 𝑥𝑥0 ∈ ℝ𝑛𝑛 by the rule  

𝑥𝑥𝑘𝑘+1 = 𝑥𝑥𝑘𝑘 + 𝑠𝑠𝑘𝑘 , 𝑠𝑠𝑘𝑘 = 𝛼𝛼𝑘𝑘𝑑𝑑𝑘𝑘 , 𝑘𝑘 ≥ 0,  
in which 𝜶𝜶𝒌𝒌 > 𝟎𝟎 is a step length often determined by some inexact line search techniques along 
the direction 𝒅𝒅𝒌𝒌 calculated by 

𝑑𝑑0 = −𝑔𝑔0, 𝑑𝑑𝑘𝑘+1 = −𝑔𝑔𝑘𝑘+1 + 𝛽𝛽𝑘𝑘𝑑𝑑𝑘𝑘 , 𝑘𝑘 ≥ 0, (1.1) 
 
where 𝑔𝑔𝑘𝑘 = 𝑔𝑔(𝑥𝑥𝑘𝑘) and 𝛽𝛽𝑘𝑘 is a scalar called the CG (update) parameter [1]. Among the various 
classical CG techniques, the PRP method with 

𝛽𝛽𝑘𝑘𝑃𝑃𝑃𝑃𝑃𝑃 =
𝑔𝑔𝑘𝑘+1𝑇𝑇 𝑦𝑦𝑘𝑘
||𝑔𝑔𝑘𝑘||2

,  
 

in which 𝑦𝑦𝑘𝑘 = 𝑔𝑔𝑘𝑘+1 − 𝑔𝑔𝑘𝑘 and ||.|| denotes the ℓ2 norm, is regarded as a practically efficient 
method, especially because of performing automatic restarts when generating inappropriate 
search directions [2].  

In spite of computational merits of the PRP method, the method lacks the descent property even 
for uniformly convex objective functions [2]. So, investigating descent modifications of the 
PRP method has attracted special attentions. For example, Zhang et al. [3] suggested a three-
term extension of 𝛽𝛽𝑘𝑘𝑃𝑃𝑃𝑃𝑃𝑃 with the following search directions: 

𝑑𝑑0 = −𝑔𝑔0, 𝑑𝑑𝑘𝑘+1 = −𝑔𝑔𝑘𝑘+1 + 𝛽𝛽𝑘𝑘𝑃𝑃𝑃𝑃𝑃𝑃𝑑𝑑𝑘𝑘 −
𝑔𝑔𝑘𝑘+1𝑇𝑇 𝑑𝑑𝑘𝑘
||𝑔𝑔𝑘𝑘||2

𝑦𝑦𝑘𝑘 ,    𝑘𝑘 ≥ 0, 
 
(1.2) 
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for which the important sufficient descent condition holds. Also, Andrei [4] suggested a spectral 
PRP method with the following search directions: 

𝑑𝑑0 = −𝑔𝑔0, 𝑑𝑑𝑘𝑘+1 = −
𝑠𝑠𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘

||𝑔𝑔𝑘𝑘||2
𝑔𝑔𝑘𝑘+1 + 𝛽𝛽𝑘𝑘𝑃𝑃𝑃𝑃𝑃𝑃𝑑𝑑𝑘𝑘 −

𝑔𝑔𝑘𝑘+1𝑇𝑇 𝑠𝑠𝑘𝑘
||𝑔𝑔𝑘𝑘||2

𝑦𝑦𝑘𝑘 ,    𝑘𝑘 ≥ 0, 
 
(1.3) 

which in addition to the sufficient descent condition, satisfies the following effective conjugacy 
condition suggested by Dai and Liao [5]: 

𝑑𝑑𝑘𝑘+1𝑇𝑇 𝑦𝑦𝑘𝑘 = −𝑡𝑡𝑔𝑔𝑘𝑘+1𝑇𝑇 𝑠𝑠𝑘𝑘 ,      

with the nonnegative parameter 𝑡𝑡 = ||𝑦𝑦𝑘𝑘||2

||𝑔𝑔𝑘𝑘||2
. Recently, Babaie-Kafaki and Ghanbari [6] proposed 

a class of one-parameter extension of the PRP method based the approach of Dai and Liao [5] as 
follows: 

𝛽𝛽𝑘𝑘𝐸𝐸𝑃𝑃𝑃𝑃𝑃𝑃 = 𝛽𝛽𝑘𝑘𝑃𝑃𝑃𝑃𝑃𝑃 − 𝑡𝑡
𝑔𝑔𝑘𝑘+1𝑇𝑇 𝑑𝑑𝑘𝑘
||𝑔𝑔𝑘𝑘||2

,    (1.4) 

where 𝒕𝒕 is a positive parameter. Then, to find an optimal choice for the parameter 𝒕𝒕, they noted 
that from (1.1) and (1.4) search directions of the EPRP method can be written as  

  𝑑𝑑𝑘𝑘+1 = −𝐻𝐻𝑘𝑘+1𝑔𝑔𝑘𝑘+1,   
where  

𝐻𝐻𝑘𝑘+1 = 𝐼𝐼 −
𝑑𝑑𝑘𝑘𝑦𝑦𝑘𝑘𝑇𝑇

||𝑔𝑔𝑘𝑘||2
+ 𝑡𝑡

𝑑𝑑𝑘𝑘𝑑𝑑𝑘𝑘𝑇𝑇

||𝑔𝑔𝑘𝑘||2
.  

 

Symmetrizing 𝑯𝑯𝒌𝒌+𝟏𝟏 by 

𝑃𝑃𝑘𝑘+1 =
𝐻𝐻𝑘𝑘+1 + 𝐻𝐻𝑘𝑘+1𝑇𝑇

2
= 𝐼𝐼 −

1
2
𝑑𝑑𝑘𝑘𝑦𝑦𝑘𝑘𝑇𝑇 + 𝑦𝑦𝑘𝑘𝑑𝑑𝑘𝑘𝑇𝑇

||𝑔𝑔𝑘𝑘||2
+ 𝑡𝑡

𝑑𝑑𝑘𝑘𝑑𝑑𝑘𝑘𝑇𝑇

||𝑔𝑔𝑘𝑘||2
,  (1.5) 

in light of an eigenvalue analysis the following family of two-parameter choices for 𝒕𝒕 has been 
suggested in [6]: 

𝑡𝑡𝑘𝑘
𝑝𝑝,𝑞𝑞 = 𝑝𝑝

||𝑦𝑦𝑘𝑘||2

||𝑔𝑔𝑘𝑘||2
+ 𝑞𝑞(

1
2

𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘
�|𝑑𝑑𝑘𝑘|� �|𝑔𝑔𝑘𝑘|�

−
�|𝑔𝑔𝑘𝑘|�
�|𝑑𝑑𝑘𝑘|�

)2,  (1.6) 

with 𝒑𝒑 > 𝟏𝟏
𝟒𝟒
 and 𝒒𝒒 ≥ −𝟏𝟏, guaranteeing the descent condition. 

Following the mentioned attempts, here we deal with another choice for parameter of the 
EPRP method based on the concept of the maximum magnification by a matrix. This work is 
organized as follows. In Section 2, after conducting an eigenvalue analysis on the matrix 𝑃𝑃𝑘𝑘+1, 
we introduce our new formula for the parameter 𝑡𝑡 of the EPRP method. Also, we conduct a 
brief global convergence analysis. In Section 3, we make some competitive numerical 
experiments on a set of CUTEr test problems, using the Dolan-Moré performance profile. 
Finally, concluding remarks are given in Section 4. 
 

2. AN ADAPTIVE CHOICE FOR PARAMETER OF THE EXTENDED POLAK-RIBIÈR-POLYAK 
METHOD 

In this section, we carry out a brief eigenvalue analysis on the matrix 𝑃𝑃𝑘𝑘+1 in order to describe 
our approach for computing the parameter 𝑡𝑡 in (1.4). Hereafter, we assume that 𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘 > 0, as 
guaranteed by the Wolfe line search conditions [1].  
Definition 2.1. [7] For an arbitrary matrix 𝐴𝐴 ∈ 𝑅𝑅𝑛𝑛×𝑛𝑛, the scalar 

maxmag(A) = max
𝑥𝑥≠0

||𝐴𝐴𝑥𝑥||
||𝑥𝑥||

, 
 

is called the maximum magnification by 𝐴𝐴. Hence, maxmag(A) = ||𝐴𝐴|| and also, the vector 
𝑥𝑥 ≠ 0 for which �|𝐴𝐴𝑥𝑥|� = �|𝐴𝐴|��|𝑥𝑥|�, is in the direction of the maximum magnification by the 
matrix 𝐴𝐴.  
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Firstly, note that the matrix 𝑃𝑃𝑘𝑘+1 given by (1.5) can be regarded as a symmetric 

approximation of the search direction matrix 𝐻𝐻𝑘𝑘+1. Based on the eigenvalue analysis carried out 
in [6], 𝑃𝑃𝑘𝑘+1 has 𝑛𝑛 − 2 eigenvalues being equal to 1 and two other eigenvalues namely 𝜆𝜆𝑘𝑘+ and 
𝜆𝜆𝑘𝑘−  given by 

𝜆𝜆𝑘𝑘∓ =
1
2
�2 −

𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘
||𝑔𝑔𝑘𝑘||2

+ 𝑡𝑡
||𝑑𝑑𝑘𝑘||2

||𝑔𝑔𝑘𝑘||2
�

∓
1
2
�(𝑡𝑡

||𝑑𝑑𝑘𝑘||2

||𝑔𝑔𝑘𝑘||2
−

𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘
||𝑔𝑔𝑘𝑘||2

)2 +
�|𝑑𝑑𝑘𝑘||2�|𝑦𝑦𝑘𝑘||2 − (𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘)2

||𝑔𝑔𝑘𝑘||4
. 

 

It can be seen that with the choice (1.6) we have 0 < 𝜆𝜆𝑘𝑘− ≤ 1 ≤ 𝜆𝜆𝑘𝑘+, and 
consequently, �|𝑃𝑃𝑘𝑘+1|� = 𝜆𝜆𝑘𝑘+. Also, in light of similar analysis carried out in [8], the eigenvector 
of 𝑃𝑃𝑘𝑘+1 corresponding to 𝜆𝜆𝑘𝑘+, here called 𝑣𝑣1𝑘𝑘, can be written as 𝑣𝑣1𝑘𝑘 = 𝛾𝛾𝑑𝑑𝑘𝑘 + 𝜗𝜗𝑦𝑦𝑘𝑘  in which  

𝛾𝛾 =
2(1 − 𝜆𝜆𝑘𝑘+)||𝑔𝑔𝑘𝑘||2 − (𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘)

||𝑑𝑑𝑘𝑘||2
𝜗𝜗. 

 

So, the vector 𝑣𝑣1𝑘𝑘 as the direction of the maximum magnification by 𝑃𝑃𝑘𝑘+1 is determined.  

As discussed in [8], when the gradient approximately lies in the direction of the maximum 
magnification by the matrix 𝐻𝐻𝑘𝑘+1, then the EPRP method may get into some computational 
errors as well as it may converge hardly. Based on this fact and since 𝑃𝑃𝑘𝑘+1 is a symmetric 
approximation of 𝐻𝐻𝑘𝑘+1, it can be stated that if the gradient 𝑔𝑔𝑘𝑘+1 is far from the direction of the 
maximum magnification by 𝑃𝑃𝑘𝑘+1 as much as possible, the probable errors may be reduced as 
well as the convergence may be acceptably accelerated. Hence, we derive a formula for the 
EPRP parameter by solving the following equation: 

𝑔𝑔𝑘𝑘+1𝑇𝑇 𝑣𝑣1𝑘𝑘 = 0,  
making 𝒗𝒗𝟏𝟏𝒌𝒌 to be orthogonal to 𝒈𝒈𝒌𝒌+𝟏𝟏. In this context, after some algebraic manipulations we get 

𝑡𝑡𝑘𝑘 =
||𝑦𝑦𝑘𝑘||2(𝑔𝑔𝑘𝑘+1𝑇𝑇 𝑑𝑑𝑘𝑘)2 − ||𝑑𝑑𝑘𝑘||2(𝑔𝑔𝑘𝑘+1𝑇𝑇 𝑦𝑦𝑘𝑘)2

2(𝑔𝑔𝑘𝑘+1𝑇𝑇 𝑑𝑑𝑘𝑘)((𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘)(𝑔𝑔𝑘𝑘+1𝑇𝑇 𝑑𝑑𝑘𝑘) − ||𝑑𝑑𝑘𝑘||2(𝑔𝑔𝑘𝑘+1𝑇𝑇 𝑦𝑦𝑘𝑘))
. (2.1) 

Now, for sake of positiveness of the EPRP parameter and to achieve the sufficient descent 
property, we suggest the following modified version of (2.1): 

𝑡𝑡𝑘𝑘∗ =

⎩
⎪
⎨

⎪
⎧max �𝑡𝑡𝑘𝑘 ,

||𝑦𝑦𝑘𝑘||2

||𝑔𝑔𝑘𝑘||2
� ,         if denominator of tkis nonzero,

𝜗𝜗
||𝑦𝑦𝑘𝑘||2

||𝑔𝑔𝑘𝑘||2
,                                                   otherwise,

 (2.2) 

with the parameter 𝜗𝜗 > 1
4
.  

Under standard assumptions and using Theorem 2.1 of [6], it can be seen that the adaptive 
choice 𝑡𝑡 = 𝑡𝑡𝑘𝑘∗  given by (2.2) can guarantee global convergence of the EPRP method in the sense 
that lim𝑘𝑘→∞ |�𝑔𝑔𝑘𝑘�| = 0. 

 
3.  NUMERICAL EXPERIMENTS 

Here, we investigate computational efficiency of the EPRP method in which 𝒕𝒕 is computed by 
(1.6) with (𝒑𝒑,𝒒𝒒) = (𝟏𝟏,𝟎𝟎) and (2.2) with 𝝑𝝑 = 𝟎𝟎.𝟐𝟐𝟐𝟐; here the corresponding methods are 
respectively called EPRP1 and EPRP2, in contrast to the two other modified versions of the 
PRP method proposed in [3, 4] with the search directions (1.2) and (1.3), here respectively 
called ZZL and MPRP. We have implemented all the algorithms on a set of 45 test functions of 
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the CUTEr library [9] with 𝒏𝒏 ≥ 𝟓𝟓𝟎𝟎, applying MATLAB 7.7.0.471 (R2008b) installed on a 
computer Intel(R) Core(TM)2 Duo CPU 2.3 GHz with 8 GB of RAM and the Centos 6.2 server 
Linux operation system. 
In the line search procedure, the strong Wolfe conditions have been employed using Algorithm 
3.5 of [1] with the parameter choices given in [8]. The algorithms were stopped by reaching a 
maximum of 10000 iterations or achieving a solution with �|𝑔𝑔𝑘𝑘|� < 10−6(1 + |𝑓𝑓(𝑥𝑥𝑘𝑘)|). 
Efficiency of the algorithms were compared applying the performance profile proposed by 
Dolan and Moré [10] on the CPU time and the total number of function and gradient 
evaluations, following the notations of [8]. Results are shown by Figures 1 and 2.  
As the figures show, EPRP is preferable to the other methods. Especially, the results show that 
the choice (2.2) for the EPRP parameter is practically effective.   

 

 
Figure 1. Total number of function and gradient evaluations performance profile 

 

 
Figure 2. CPU time performance profile 

 
 
4. CONCLUSIONS  

Based on the concept of maximum magnification, we have conducted an eigenvalue analysis to 
suggest an optimal choice for parameter of the recently proposed EPRP method. The suggested 
formula guarantees sufficient descent property as well as global convergence of the method. 
Effect of the proposed formula has been numerically investigated in contrast to several other 
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modifications made on the classical PRP method. Results showed effectiveness of the suggested 
choice for the EPRP parameter.  
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ABSTRACT 
Precise, well-defined and deterministic data are the underpinning of conventional data envelopment 
analysis (DEA) models. However, a plethora of real-world applications includes uncertainty to some 
extent. Robust optimisation (RO) approaches have been used far and wide to cope with uncertain data in 
practical and engineering optimisation problems along with capturing more robust solutions against data 
fluctuations. In the existing literature, uncertain data are assumed to be independent. This paper adopts a 
RO approach under polyhedral uncertainty sets to develop a new robust DEA model which takes the 
correlation between the input and output data. As a consequence, it is envisaged that the price of 
robustness of DEA models decreases when there are significant correlations between the uncertain data.  
Keywords: Data envelopment analysis, Robust optimisation, Correlated polyhedral uncertainty set. 
 

1. INTRODUCTION 

Data envelopment analysis (DEA) is a linear programming (LP) approach for measuring the 
relative performance of decision-making units (DMUs) with multiple inputs and multiple 
outputs. DEA is known as a non-parametric methodology which does not require any prior 
assumption of the functional form of the input-output relationship. Charnes et al. [1] was the 
first study introducing a DEA model, called CCR model, to evaluate DMUs under constant 
returns to scale (CRS). Banker et al. [2] generalised the CCR’s idea to variable returns to scale 
(VRS). In traditional DEA models, input and output data are assumed to be known precisely 
while the uncertainty is an underpinned and inescapable feature of many real-world 
applications. There are various approaches in the DEA literature to combat the data uncertainty. 
We limit our focus on robust optimisation approaches and robust DEA models in turn. The 
robust optimisation (RO) approaches have been proposed to handle parameter uncertainty in 
classical mathematical programming problems. The RO approach aims to produce the robust 
solutions that are immunised the problem against the data uncertainties. The modelling of RO in 
DEA mainly follows three main approaches in the literature: the scenario-based approach [3], 
ellipsoidal uncertainty set approach [4], and polyhedral uncertainty set approach [5]. Due to the 
fact that Bertsimas and Sim [5]’s approach preserves the class of problems, it has been widely 
used in practice. To consider situations where uncertain parameters are correlated by several 
unknown sources, Jalilvand-nejad et al. [6] introduced a new polyhedral uncertainty in which its 
domain depends on the values of correlation matrix. Given the related literature, there are 
several studies on robust DEA (see e.g., [7], [8], [9], [10]). To the best of our knowledge, there 
is no study in DEA that considers the correlated uncertainty sets in input and output data using 
RO approaches. This lack motivates us to develop a robust DEA model based upon polyhedral 
uncertainty sets introduced in [6]. 
The rest of the paper organised as follows: Section 2 reviews basic DEA models. Section 3 
presents polyhedral uncertainty sets and its correlated case. Section 4 includes the mathematical 
details of the robust DEA model. In section 5 a numerical example is investigated to 
demonstrate the capabilities of robust DEA models and the last section concludes the paper.  
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2. BASIC DEA MODELS  

Assume that DMUj (𝑗𝑗 = 1, … ,𝑛𝑛) uses 𝑚𝑚 inputs 𝑥𝑥1𝑗𝑗 , … , 𝑥𝑥𝑚𝑚𝑗𝑗 for producing 𝑠𝑠 output 
𝑦𝑦(𝑚𝑚+1)𝑗𝑗 , … ,𝑦𝑦(𝑚𝑚+𝑠𝑠)𝑗𝑗. Let (𝑤𝑤1𝑗𝑗 , … ,𝑤𝑤𝑚𝑚𝑗𝑗 ,𝑤𝑤(𝑚𝑚+1)𝑗𝑗 , … ,𝑤𝑤(𝑚𝑚+𝑠𝑠)𝑗𝑗) be the corresponding inputs and 
outputs weights. The CCR model is formulated as follows: 
 

max ∑ 𝑤𝑤𝑖𝑖𝑦𝑦𝑖𝑖𝑖𝑖𝑚𝑚+𝑠𝑠
𝑖𝑖=𝑚𝑚+1    

 
(1) 

s. t.    ∑ 𝑤𝑤𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑚𝑚
𝑖𝑖=1 = 1, 

         ∑ 𝑤𝑤𝑖𝑖𝑦𝑦𝑖𝑖𝑗𝑗𝑚𝑚+𝑠𝑠
𝑖𝑖=𝑚𝑚+1 − ∑ 𝑤𝑤𝑖𝑖𝑥𝑥𝑖𝑖𝑗𝑗𝑚𝑚

𝑖𝑖=1 ≤ 0,   𝑗𝑗 = 1, … ,𝑛𝑛  

         𝑤𝑤𝑖𝑖 ≥ 0,      𝑖𝑖 = 1, … ,𝑚𝑚 + 𝑠𝑠, 
As discussed in [9] and [10], the appropriate DEA model for the RO analysis is the following 
model: 

max  𝑧𝑧   
 
 
 

(2) 

s. t.   𝑧𝑧 − ∑ 𝑤𝑤𝑖𝑖𝑦𝑦�𝑖𝑖𝑖𝑖𝑚𝑚+𝑠𝑠
𝑖𝑖=𝑚𝑚+1 ≤ 0 

        ∑ 𝑤𝑤𝑖𝑖𝑥𝑥�𝑖𝑖𝑖𝑖𝑚𝑚
𝑖𝑖=1 ≤ 1,  

        ∑ 𝑤𝑤𝑖𝑖𝑦𝑦�𝑖𝑖𝑗𝑗𝑚𝑚+𝑠𝑠
𝑖𝑖=𝑚𝑚+1 − ∑ 𝑤𝑤𝑖𝑖𝑥𝑥�𝑖𝑖𝑗𝑗𝑚𝑚

𝑖𝑖=1 ≤ 0,   𝑗𝑗 = 1, … ,𝑛𝑛  

        𝑤𝑤𝑖𝑖 ≥ 0,       𝑖𝑖 = 1, … ,𝑚𝑚 + 𝑠𝑠  
where 𝑥𝑥�𝑖𝑖𝑗𝑗 and 𝑦𝑦�𝑖𝑖𝑗𝑗 denotes the true values of the uncertain input and output data, respectively. 

3. PRELIMINARIES 

This section reviews the polyhedral uncertainty sets and correlated polyhedral uncertainty 
defined in [5, 6], respectively, and the robust counterpart of model (2) presented in [9, 10].  

3.1. Uncorrelated and correlated polyhedral uncertainty set 

Assume that the true values of the uncertain input and output data are expressed as 𝑥𝑥�𝑖𝑖𝑗𝑗 = 𝑥𝑥𝑖𝑖𝑗𝑗 +
𝜉𝜉𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥𝑥𝑥�𝑖𝑖𝑗𝑗 , 𝑖𝑖 = 1, … ,𝑚𝑚, 𝑗𝑗 = 1, … ,𝑛𝑛 and 𝑦𝑦�𝑖𝑖𝑗𝑗 = 𝑦𝑦𝑖𝑖𝑗𝑗 + 𝜉𝜉𝑖𝑖𝑗𝑗

𝑥𝑥𝑥𝑥𝑦𝑦�𝑖𝑖𝑗𝑗 , 𝑖𝑖 = 𝑚𝑚 + 1, … ,𝑚𝑚 + 𝑠𝑠, 𝑗𝑗 = 1, … ,𝑛𝑛 where 
the independent random variable 𝜉𝜉𝑖𝑖𝑗𝑗

𝑥𝑥𝑥𝑥 𝑖𝑖 = 1, … ,𝑚𝑚 + 𝑠𝑠  take values in the interval [-1, 1] and the 
maximum deviations are defined as 𝑥𝑥�𝑖𝑖𝑗𝑗 = 𝜀𝜀𝑥𝑥𝑖𝑖𝑗𝑗 and 𝑦𝑦�𝑖𝑖𝑗𝑗 = 𝜀𝜀𝑦𝑦�𝑖𝑖𝑗𝑗. Note that 𝜀𝜀 is the percentage of 
perturbation specifying the amount of deviation from the uncertain inputs and outputs data from 
their true values. For each input 𝑥𝑥𝑖𝑖𝑗𝑗 and output  𝑦𝑦𝑖𝑖𝑗𝑗, 𝑖𝑖 ∈ 𝐼𝐼𝑗𝑗, the true values are modelled as the 
variables 𝑥𝑥�𝑖𝑖𝑗𝑗 and 𝑦𝑦�𝑖𝑖𝑗𝑗 taking values in symmetric interval [𝑥𝑥𝑖𝑖𝑗𝑗 − 𝑥𝑥�𝑖𝑖𝑗𝑗 , 𝑥𝑥𝑖𝑖𝑗𝑗 + 𝑥𝑥�𝑖𝑖𝑗𝑗] and [𝑦𝑦𝑖𝑖𝑗𝑗 − 𝑦𝑦�𝑖𝑖𝑗𝑗 ,
𝑦𝑦𝑖𝑖𝑗𝑗 + 𝑦𝑦�𝑖𝑖𝑗𝑗], respectively, where 𝐼𝐼𝑗𝑗 represents the set of inputs and outputs of DMUs that are 
subject to uncertainty. Note that the total (scaled) deviations 𝜉𝜉𝑖𝑖𝑗𝑗

𝑥𝑥𝑥𝑥 = �𝑥𝑥�𝑖𝑖𝑗𝑗 − 𝑥𝑥𝑖𝑖𝑗𝑗� 𝑥𝑥�𝑖𝑖𝑗𝑗�  or �=
�𝑦𝑦�𝑖𝑖𝑗𝑗 − 𝑦𝑦𝑖𝑖𝑗𝑗� 𝑦𝑦�𝑖𝑖𝑗𝑗� � which are symmetrically bounded in the interval [-1, 1] and assume that values 
between 0 and 𝑚𝑚 + 𝑠𝑠 are restricted to the budget of uncertainty parameter 𝛤𝛤𝑗𝑗

𝑥𝑥𝑥𝑥�∈ �0, �𝐼𝐼𝑗𝑗���. 
Given 𝐼𝐼 = {1, … ,𝑚𝑚 + 𝑠𝑠}, �𝐼𝐼𝑗𝑗� = 𝑚𝑚 + 𝑠𝑠 and 𝛤𝛤𝑗𝑗

𝑥𝑥𝑥𝑥 can vary between 0 and 𝑚𝑚 + 𝑠𝑠. Moreover, 

∑ �𝜉𝜉𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥� ≤ 𝛤𝛤𝑗𝑗

𝑥𝑥𝑥𝑥
𝑖𝑖∈𝐼𝐼𝑗𝑗  and, resultantly, we have 

 
𝒰𝒰𝛤𝛤𝑗𝑗 = �𝑥𝑥�𝑖𝑖𝑗𝑗 = 𝑥𝑥𝑖𝑖𝑗𝑗 + 𝜉𝜉𝑖𝑖𝑗𝑗

𝑥𝑥𝑥𝑥𝑥𝑥�𝑖𝑖𝑗𝑗 ,𝑦𝑦�𝑖𝑖𝑗𝑗   =  𝑦𝑦𝑖𝑖𝑗𝑗 + 𝜉𝜉𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥𝑦𝑦�𝑖𝑖𝑗𝑗� ∑ �𝜉𝜉𝑖𝑖𝑗𝑗

𝑥𝑥𝑥𝑥�𝑚𝑚+𝑠𝑠
𝑖𝑖=1 ≤ 𝛤𝛤𝑗𝑗

𝑥𝑥𝑥𝑥, ∀𝑗𝑗�   (3) 

 
Notably, the level of 𝛤𝛤𝑗𝑗

𝑥𝑥𝑥𝑥 shows the robustness level associated with each perturbation in the 
constraints of the model. Alongside the aforesaid notations, the following correlated polyhedral 
uncertainty sets are used to construct the robust formulation [6]:  
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𝒰𝒰�𝛤𝛤𝑗𝑗

= �𝑥𝑥�𝑖𝑖𝑗𝑗 , 𝑦𝑦�𝑖𝑖𝑗𝑗� �𝜉𝜉𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥� + � ��1 − �

𝑛𝑛 − 𝛤𝛤𝑗𝑗
𝑥𝑥𝑥𝑥

𝑛𝑛 − 1
�  |𝜌𝜌𝑖𝑖𝑖𝑖𝑗𝑗|� �𝜉𝜉𝑖𝑖𝑗𝑗

𝑥𝑥𝑥𝑥��
𝑚𝑚+𝑠𝑠

𝑖𝑖=1
𝑖𝑖≠𝑖𝑖

≤ 𝛤𝛤𝑗𝑗
𝑥𝑥𝑥𝑥, 𝑖𝑖 = 1, … ,𝑚𝑚 + 𝑠𝑠, ∀𝑗𝑗� 

 
(4) 

where 𝜌𝜌𝑖𝑖𝑖𝑖𝑗𝑗 denotes the correlation between inputs/outputs which takes value in the range of [-1, 
1]. 

3.2. Robust DEA under polyhedral uncertainty sets  

Considering model (2) and the uncertain inputs  𝑥𝑥�𝑖𝑖𝑗𝑗 and uncertain outputs 𝑦𝑦�𝑖𝑖𝑗𝑗, the following 
model can be formulated: 

max 𝑧𝑧       
 
 

(5) 

s. t.    𝑧𝑧 − ∑ 𝑤𝑤𝑖𝑖𝑚𝑚+𝑠𝑠
𝑖𝑖=𝑚𝑚+1 𝑦𝑦𝑖𝑖𝑖𝑖 + max𝒰𝒰𝛤𝛤𝑜𝑜�∑ 𝑤𝑤𝑖𝑖𝜉𝜉𝑖𝑖𝑖𝑖

𝑥𝑥𝑥𝑥𝑦𝑦�𝑖𝑖𝑖𝑖𝑚𝑚+𝑠𝑠
𝑖𝑖=𝑚𝑚+1 �  ≤ 0, 

         ∑ 𝑤𝑤𝑖𝑖𝑚𝑚
𝑖𝑖=1 𝑥𝑥𝑖𝑖𝑖𝑖 + max𝒰𝒰𝛤𝛤𝑜𝑜�∑ 𝑤𝑤𝑖𝑖𝜉𝜉𝑖𝑖𝑖𝑖

𝑥𝑥𝑥𝑥𝑥𝑥�𝑖𝑖𝑖𝑖𝑚𝑚
𝑖𝑖=1 � ≤ 1, 

         ∑ 𝑤𝑤𝑖𝑖𝑦𝑦𝑖𝑖𝑗𝑗𝑚𝑚+𝑠𝑠
𝑖𝑖=𝑚𝑚+1 − ∑ 𝑤𝑤𝑖𝑖𝑥𝑥𝑖𝑖𝑗𝑗𝑚𝑚

𝑖𝑖=1 + max𝒰𝒰𝛤𝛤𝑗𝑗{∑ 𝑤𝑤𝑖𝑖𝜉𝜉𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥𝑥𝑥�𝑖𝑖𝑗𝑗𝑚𝑚

𝑖𝑖=1 + ∑ 𝑤𝑤𝑖𝑖𝜉𝜉𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥𝑦𝑦�𝑖𝑖𝑗𝑗𝑚𝑚+𝑠𝑠

𝑖𝑖=𝑚𝑚+1 } ≤ 0 
          𝑤𝑤𝑖𝑖 ≥ 0,   𝑖𝑖 = 1, … ,𝑚𝑚 + 𝑠𝑠  

where 𝒰𝒰𝛤𝛤𝑗𝑗 is defined in (3). Following [9] and [10], the robust counterpart of model (2) can be 
obtained as follows: 

max  𝑧𝑧   
 
 
 

(6) 

s. t.    𝑧𝑧 − ∑ 𝑤𝑤𝑖𝑖𝑚𝑚+𝑠𝑠
𝑖𝑖=𝑚𝑚+1 𝑦𝑦𝑖𝑖𝑖𝑖 + 𝛤𝛤𝑖𝑖

𝑥𝑥𝑝𝑝𝑖𝑖
𝑥𝑥𝑥𝑥 + ∑ 𝑞𝑞𝑖𝑖𝑖𝑖

𝑥𝑥𝑥𝑥𝑚𝑚+𝑠𝑠
𝑖𝑖=𝑚𝑚+1 ≤ 0, 

         ∑ 𝑤𝑤𝑖𝑖𝑚𝑚
𝑖𝑖=1 𝑥𝑥𝑖𝑖𝑖𝑖 + 𝛤𝛤𝑖𝑖𝑥𝑥𝑝𝑝𝑖𝑖

𝑥𝑥𝑥𝑥 + ∑ 𝑞𝑞𝑖𝑖𝑖𝑖
𝑥𝑥𝑥𝑥𝑚𝑚

𝑖𝑖=1 ≤  1,  
         ∑ 𝑤𝑤𝑖𝑖𝑦𝑦𝑖𝑖𝑗𝑗𝑚𝑚+𝑠𝑠

𝑖𝑖=𝑚𝑚+1 − ∑ 𝑤𝑤𝑖𝑖𝑥𝑥𝑖𝑖𝑗𝑗𝑚𝑚
𝑖𝑖=1 + 𝛤𝛤𝑗𝑗

𝑥𝑥𝑥𝑥𝑝𝑝𝑗𝑗
𝑥𝑥𝑥𝑥 + ∑ 𝑞𝑞𝑖𝑖𝑗𝑗

𝑥𝑥𝑥𝑥𝑚𝑚+𝑠𝑠
𝑖𝑖=1 ≤ 0,   𝑗𝑗 = 1, … ,𝑛𝑛 

         𝑝𝑝𝑗𝑗
𝑥𝑥𝑥𝑥 + 𝑞𝑞𝑖𝑖𝑗𝑗

𝑥𝑥𝑥𝑥 ≥ 𝑥𝑥�𝑖𝑖𝑗𝑗  𝑤𝑤𝑖𝑖 ,    𝑖𝑖 = 1, … ,𝑚𝑚, 𝑗𝑗 = 1, … ,𝑛𝑛 
         𝑝𝑝𝑗𝑗

𝑥𝑥𝑥𝑥 + 𝑞𝑞𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥 ≥ 𝑦𝑦�𝑟𝑟𝑗𝑗  𝑤𝑤𝑖𝑖 ,   𝑖𝑖 = 𝑚𝑚 + 1, … ,𝑚𝑚 + 𝑠𝑠, 𝑗𝑗 = 1, … ,𝑛𝑛 

         𝑝𝑝𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥,𝑞𝑞𝑖𝑖𝑗𝑗𝑥𝑥 ,𝑤𝑤𝑖𝑖 ≥ 0, 𝑖𝑖 = 1, . , , ,𝑚𝑚 + 𝑠𝑠, 𝑗𝑗 = 1, … ,𝑛𝑛 

 

4. Developed robust correlated DEA 

In the view of model (2) and the aim of robust optimisation which is maximising the objective 
function value with respect to the worst case of perturbations under the selected uncertainty set, 
we arrive at the following non-linear model: 

max  𝑧𝑧   
 
 

(7) 

s. t.    𝑧𝑧 − ∑ 𝑤𝑤𝑖𝑖𝑚𝑚+𝑠𝑠
𝑖𝑖=𝑚𝑚+1 𝑦𝑦𝑖𝑖𝑖𝑖 + max 𝒰𝒰�𝛤𝛤𝑜𝑜

�∑ 𝑤𝑤𝑖𝑖𝜉𝜉𝑖𝑖𝑖𝑖
𝑥𝑥𝑥𝑥𝑦𝑦�𝑖𝑖𝑖𝑖𝑚𝑚+𝑠𝑠

𝑖𝑖=𝑚𝑚+1 �  ≤ 0, 

         ∑ 𝑤𝑤𝑖𝑖𝑚𝑚
𝑖𝑖=1 𝑥𝑥𝑖𝑖𝑖𝑖 + max𝒰𝒰�𝛤𝛤𝑜𝑜�∑ 𝑤𝑤𝑖𝑖𝜉𝜉𝑖𝑖𝑖𝑖

𝑥𝑥𝑥𝑥𝑥𝑥�𝑖𝑖𝑖𝑖𝑚𝑚
𝑖𝑖=1 � ≤ 1,  

         ∑ 𝑤𝑤𝑖𝑖𝑦𝑦𝑖𝑖𝑗𝑗𝑚𝑚+𝑠𝑠
𝑖𝑖=𝑚𝑚+1 − ∑ 𝑤𝑤𝑖𝑖𝑥𝑥𝑖𝑖𝑗𝑗𝑚𝑚

𝑖𝑖=1 + max𝒰𝒰�𝛤𝛤𝑗𝑗{∑ 𝑤𝑤𝑖𝑖𝜉𝜉𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥𝑥𝑥�𝑖𝑖𝑗𝑗𝑚𝑚

𝑖𝑖=1 + ∑ 𝑤𝑤𝑖𝑖𝜉𝜉𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥𝑦𝑦�𝑖𝑖𝑗𝑗𝑚𝑚+𝑠𝑠

𝑖𝑖=𝑚𝑚+1 } ≤ 0  

         𝑤𝑤𝑖𝑖 ≥ 0,   𝑖𝑖 = 1, … ,𝑚𝑚 + 𝑠𝑠 
where 𝒰𝒰�𝛤𝛤𝑗𝑗 ,∀𝑗𝑗 is presented in (4). In model (7), the protection function of the 𝑗𝑗th constraint is 
defined as 𝛽𝛽𝑗𝑗(𝑤𝑤∗,𝛤𝛤𝑗𝑗

𝑥𝑥𝑥𝑥) = max𝒰𝒰�𝛤𝛤𝑗𝑗{∑ 𝑤𝑤𝑖𝑖𝜉𝜉𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥𝑥𝑥�𝑖𝑖𝑗𝑗𝑚𝑚

𝑖𝑖=1 + ∑ 𝑤𝑤𝑖𝑖𝜉𝜉𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥𝑦𝑦�𝑖𝑖𝑗𝑗𝑚𝑚+𝑠𝑠

𝑖𝑖=𝑚𝑚+1 } that can be formulated as the 
following LP problem: 

max  ∑ |𝑤𝑤𝑖𝑖|𝜉𝜉𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥𝑥𝑥�𝑖𝑖𝑗𝑗𝑚𝑚

𝑖𝑖=1 + ∑ |𝑤𝑤𝑖𝑖|𝜉𝜉𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥𝑦𝑦�𝑖𝑖𝑗𝑗𝑚𝑚+𝑠𝑠

𝑖𝑖=𝑚𝑚+1    

Gall
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s. t.    𝜉𝜉𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥 + ∑ [(1 − (

𝑛𝑛−𝛤𝛤𝑗𝑗
𝑥𝑥𝑥𝑥

𝑛𝑛−1
) |𝜌𝜌𝑖𝑖𝑖𝑖𝑗𝑗|)𝜉𝜉𝑖𝑖𝑗𝑗

𝑥𝑥𝑥𝑥]𝑚𝑚+𝑠𝑠
𝑖𝑖=1
𝑖𝑖≠𝑖𝑖

≤ 𝛤𝛤𝑗𝑗
𝑥𝑥𝑥𝑥       𝑖𝑖 = 1, … ,𝑚𝑚 + 𝑠𝑠 

 
(8) 

         0 ≤ 𝜁𝜁𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥 ≤ 1,                   ∀𝑖𝑖, 𝑗𝑗  

 

The dual problem of (8) and the non-linear model (7) enable us to reach the following model: 

max  𝑧𝑧   
 
 
 
 

(9) 

s. t.    𝑧𝑧 − ∑ 𝑤𝑤𝑖𝑖𝑚𝑚+𝑠𝑠
𝑖𝑖=𝑚𝑚+1 𝑦𝑦𝑟𝑟𝑖𝑖 + 𝛤𝛤𝑖𝑖

𝑥𝑥 ∑ 𝑝𝑝𝑖𝑖𝑖𝑖
𝑥𝑥𝑥𝑥𝑚𝑚+𝑠𝑠

𝑖𝑖=𝑚𝑚+1 + ∑ 𝑞𝑞𝑖𝑖𝑖𝑖
𝑥𝑥𝑥𝑥𝑚𝑚+𝑠𝑠

𝑖𝑖=𝑚𝑚+1 ≤ 0, 
         ∑ 𝑤𝑤𝑖𝑖𝑚𝑚

𝑖𝑖=1 𝑥𝑥𝑖𝑖𝑖𝑖 + 𝛤𝛤𝑖𝑖𝑥𝑥 ∑ 𝑝𝑝𝑖𝑖𝑖𝑖
𝑥𝑥𝑥𝑥𝑚𝑚

𝑖𝑖=1 + ∑ 𝑞𝑞𝑖𝑖𝑖𝑖
𝑥𝑥𝑥𝑥𝑚𝑚

𝑖𝑖=1 ≤  1,  
         ∑ 𝑤𝑤𝑖𝑖𝑦𝑦𝑖𝑖𝑗𝑗𝑚𝑚+𝑠𝑠

𝑖𝑖=𝑚𝑚+1 − ∑ 𝑤𝑤𝑖𝑖𝑥𝑥𝑖𝑖𝑗𝑗 + ∑ 𝛤𝛤𝑗𝑗
𝑥𝑥𝑥𝑥𝑝𝑝𝑖𝑖𝑗𝑗

𝑥𝑥𝑥𝑥𝑚𝑚+𝑠𝑠
𝑖𝑖=1

𝑚𝑚
𝑖𝑖=1 + ∑ 𝑞𝑞𝑖𝑖𝑗𝑗

𝑥𝑥𝑥𝑥𝑚𝑚+𝑠𝑠
𝑖𝑖=1 ≤ 0,   𝑗𝑗 = 1, … ,𝑛𝑛,  

         𝑝𝑝𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥 + ∑ (1 − (

𝑛𝑛−𝛤𝛤𝑗𝑗
𝑥𝑥𝑥𝑥

𝑛𝑛−1
)|𝜌𝜌𝑖𝑖𝑖𝑖𝑗𝑗|)𝑚𝑚+𝑠𝑠

𝑖𝑖=1
𝑖𝑖≠𝑖𝑖

 𝑝𝑝𝑖𝑖𝑖𝑖
𝑥𝑥𝑥𝑥 + 𝑞𝑞𝑖𝑖𝑗𝑗

𝑥𝑥𝑥𝑥 ≥ 𝑥𝑥�𝑖𝑖𝑗𝑗  𝑤𝑤𝑖𝑖 ,        𝑖𝑖 = 1, … ,𝑚𝑚,   𝑗𝑗 = 1, … ,𝑛𝑛, 

         𝑝𝑝𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥 + ∑ (1 − (

𝑛𝑛−𝛤𝛤𝑗𝑗
𝑥𝑥𝑥𝑥

𝑛𝑛−1
)|𝜌𝜌𝑖𝑖𝑖𝑖𝑗𝑗|)𝑚𝑚+𝑠𝑠

𝑖𝑖=1
𝑖𝑖≠𝑖𝑖

 𝑝𝑝𝑖𝑖𝑖𝑖
𝑥𝑥𝑥𝑥 + 𝑞𝑞𝑖𝑖𝑗𝑗

𝑥𝑥𝑥𝑥 ≥ 𝑦𝑦�𝑖𝑖𝑗𝑗  𝑤𝑤𝑖𝑖 ,       𝑖𝑖 = 𝑚𝑚 + 1, … ,𝑚𝑚 + 𝑠𝑠, ∀𝑗𝑗 

         𝑞𝑞𝑖𝑖𝑗𝑗
𝑥𝑥𝑥𝑥,𝑝𝑝𝑖𝑖𝑗𝑗

𝑥𝑥𝑥𝑥, 𝑤𝑤𝑖𝑖 ≥ 0            𝑖𝑖 = 1, … ,𝑚𝑚 + 𝑠𝑠, 𝑗𝑗 = 1, … ,𝑛𝑛.  
 

In the above model, if 𝜌𝜌𝑖𝑖𝑖𝑖𝑗𝑗 = 0 (for all 𝑖𝑖, 𝑗𝑗 and 𝑘𝑘 ≠ 𝑗𝑗), then it is equivalent to the uncorrelated 

robust DEA model (6). Noticeably, the coefficient (1 − (
𝑛𝑛−𝛤𝛤𝑗𝑗

𝑥𝑥𝑥𝑥

𝑛𝑛−1
)|𝜌𝜌𝑖𝑖𝑖𝑖𝑗𝑗|) in model (9) controls the 

amount of data perturbations when the data perturb jointly. Therefore, the rise in |𝜌𝜌𝑖𝑖𝑖𝑖𝑗𝑗| leads in 
the increase in the amount of perturbations.  

5. Numerical example 

We here present a small example to demonstrate the capabilities of the proposed model (9). The 
data set is taken from [9] in which there are 17 DMUs and each DMU uses four inputs to 
produce three outputs. The second column of Table 1 shows the efficiency scores obtained from 
the CCR model (1). The columns 3-6 of Table 1 demonstrate the obtained results of robust CCR 
(R-CCR) model (6) and robust correlated CCR (RC-CCR) model (9) for 𝜌𝜌 ∈ {0.5, 0.75, 0.95}. 
Note that it is assumed that there is 5% perturbation in all input and output data. 
 
Table 1. Comparing robust DEA models and their price of robustness 

DMUs  CCR  R-CCR (%) RC-CCR (%) RC-CCR (%) RC-CCR (%) 
   𝜌𝜌 = 0.5 𝜌𝜌 = 0.75 𝜌𝜌 = 0.95 

DMU1  1  0.9250 (7.50) 0.9451 (5.49) 0.9510 (4.90) 0.9548 (4.52) 
DMU2  1  0.8594 (14.06) 0.8847 (11.53) 0.8948 (10.52) 0.9019 (9.81) 
DMU3  1  0.9048 (9.52) 0.9255 (7.45) 0.9328 (6.72) 0.9377 (6.23) 
DMU4  1  0.9048 (9.52) 0.9255 (7.45) 0.9328 (6.72) 0.9377 (6.23) 
DMU5  1  0.9048 (9.52) 0.9255 (7.45) 0.9328 (6.72) 0.9377 (6.23) 
DMU6  1  0.9250 (7.50) 0.9451 (5.49) 0.9510 (4.90) 0.9548 (4.52) 
DMU7  1  0.9035 (9.65) 0.9255 (7.45) 0.9328 (6.72) 0.9377 (6.23) 
DMU8  1  0.8520 (14.80) 0.8768 (12.32) 0.8870 (11.30) 0.8940 (10.60) 
DMU9  1  0.8900 (11.00) 0.9069 (9.31) 0.9135 (8.65) 0.9196 (8.04) 
DMU10  0.9403  0.7890 (16.09) 0.8151 (13.31) 0.8259 (12.17) 0.8334 (11.37) 
DMU11  0.9346  0.7760 (16.97) 0.8000 (14.40) 0.8106 (13.27) 0.8180 (12.48) 
DMU12  0.8290  0.7108 (14.26) 0.7299 (11.95) 0.7367 (11.13) 0.7413 (10.58) 
DMU13  0.7997  0.6659 (16.73) 0.6861 (14.21) 0.6950 (13.09) 0.7012 (12.32) 
DMU14  0.7733  0.6623 (14.35) 0.6804 (12.01) 0.6878 (11.06) 0.6930 (10.38) 
DMU15  0.7627  0.6319 (17.15) 0.6490 (14.91) 0.6574 (13.81) 0.6633 (13.03) 
DMU16  0.7435  0.6125 (17.62) 0.6288 (15.43) 0.6369 (14.34) 0.6426 (13.57) 
DMU17  0.6873  0.6005 (12.62) 0.6181 (10.07) 0.6245 (9.14) 0.6289 (8.50) 
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It should be noted that the results are provided under the full protection level, i.e., 𝛤𝛤𝑗𝑗
𝑥𝑥𝑥𝑥 = 7 

where the level of protection can vary between 0 and 7. Let 𝛤𝛤𝑗𝑗
𝑥𝑥𝑥𝑥 = 𝛤𝛤𝑖𝑖𝑥𝑥 + 𝛤𝛤𝑖𝑖

𝑥𝑥 in models (6) and 
(9) to analyse the efficiency and ranking of DMUs. Furthermore, we define three scenarios of 
correlation values (weak, moderate and strong correlation) to study the effect of different levels 
of correlations between uncertain input and output data on the performance evaluation of 
DMUs. To this end, for each constraint the random data associated with inputs and outputs are 
generated in such way that the correlation between inputs and outputs is changed to around 0.5, 
0.75 and 0.95 for weak, moderate and strong correlation, respectively. 

Table 1 shows that the efficiency scores are uplifted when the correlation between inputs and 
outputs increases. One of the most important concepts in robust optimization is calculating the 
price of robustness to control the trade-off  between conservatism level against the uncertainty 
and the objective function value [5]. In this study, the price of robustness of efficiency scores 
are calculated as: (ECCR − ER) ECCR⁄  where ECCR and ER are the efficiency scores of the 
deterministic and robust CCR models, respectively. The price of robustness of model (6) and as 
well as model (9) for different level of correlations are presented as numbers in the parentheses 
in Table 1. Resultantly, the price of robustness from the robust model is decreased when the 
correlations between uncertain inputs and outputs are on the rise.  

6. COCLUSION 

In this paper, a new robust DEA model is developed for situations whereby the correlation 
between uncertain data exists in the problem. This model contributes to the related literature 
because it is of interest to decision-makers to decrease the price of robustness against the data 
uncertainty. Most importantly, the current study considers polyhedral uncertainty sets and the 
correlated case to propose a robust correlated DEA model. It can be concluded that the presence 
of significant correlations between the uncertain data results in efficiency measures that are 
more robust against uncertainty. 

6.  REFERENCES  
[1] A. Charnes, W.W. Cooper, E. Rhodes, Measuring the efficiency of decision making units, Eur. J. 

Oper. Res. 2 (1978) 429–444. doi:10.1016/0377-2217(78)90138-8. 
[2] R.D. Banker, A. Charnes, W.W. Cooper, Some models for estimating technical and scale 

inefficiencies in data envelopment analysis, Manage. Sci. 30 (1984) 1078–1092. 
doi:10.1287/mnsc.30.9.1078. 

[3] J.M. Mulvey, R.J. Vanderbei, S.A. Zenios, Robust optimization of large-scale systems, Oper. 
Res. 43 (1995) 264–281. doi:10.1287/opre.43.2.264. 

[4] A. Ben-Tal, A. Nemirovski, Robust solutions of linear programming problems contaminated with 
uncertain data, Math. Program. 88 (2000) 411–424. doi:10.1007/PL00011380. 

[5] D. Bertsimas, M. Sim, The Price of Robustness, Oper. Res. 52 (2004) 35–53. 
doi:10.1287/opre.1030.0065. 

[6] A. Jalilvand-nejad, R. Shafaei, H. Shahriari, Robust optimization under correlated polyhedral 
uncertainty set, Comput. Ind. Eng. 92 (2016) 82–94. doi:10.1016/j.cie.2015.12.006. 

[7] S.J. Sadjadi, H. Omrani, Data envelopment analysis with uncertain data: An application for 
Iranian electricity distribution companies, Energy Policy. 36 (2008) 4247–4254. 
doi:10.1016/j.enpol.2008.08.004. 

[8] A.H. Shokouhi, A. Hatami-Marbini, M. Tavana, S. Saati, A robust optimization approach for 
imprecise data envelopment analysis, Comput. Ind. Eng. 59 (2010) 387–397. 
doi:10.1016/j.cie.2010.05.011. 

[9] A. Arabmaldar, J. Jablonsky, F. Hosseinzadeh Saljooghi, A new robust DEA model and super-
efficiency measure, Optimization. 66 (2017) 723–736. doi:10.1080/02331934.2017.1295047. 

[10] M. Toloo, E.K. Mensah, Robust optimization with nonnegative decision variables: A DEA 
approach, Comput. Ind. Eng. 127 (2019) 313–325. doi:10.1016/J.CIE.2018.10.006. 

 

Gall
ey

 Proo
f



 

 

Modeling and Simulation of Urban Traffic Network Using 
Enterprise Dynamics (Case study: the Sabzeh Meydan 

intersection in Qazvin city)  
 

Masoud Arjmand1*, Majid Ebrahimzadeh2, Salman Barzegar 3   
1Department of Industrial Engineering, Faculty of Mechanical and Industrial Engineering, Islamic Azad 
University, Qazvin, Iran; (m.arjmand.ie@qiau.ac.ir) 

2Department of Industrial Engineering, Faculty of Mechanical and Industrial Engineering, Islamic Azad 
University, Qazvin, Iran; (m.ebrahimzadeh@qiua.ac.ir)  

3Department of Industrial Engineering, Faculty of Mechanical and Industrial Engineering, Islamic Azad 
University, Qazvin, Iran;  (salman_ine@yahoo.com)  

 
ABSTRACT 
The traffic problem is one of the greatest problems in today's life. Traffic imposes plenty of costs to 
people, and hence the need to provide solutions to improve it is necessary. In this paper, the traffic 
problem of one of the busiest passages in Qazvin city, namely Sabzeh Meydan intersection, has been 
investigated. After introducing the problem definition, the raw data collected from the environment will 
be explained. Using the data collected, a simulation model of the intersection is created in ED software. 
Lastly, two scenarios are designed to improve traffic conditions and reduce waiting time. To compare 
scenarios, both scenarios are modeled via ED. The results proved both scenarios are efficient. Given that 
the first scenario is costless and immediately applicable, it could be a better option in the short term; 
however, in the long term, the second scenario could be a positive alternative.  
Keywords: Traffic management, Simulation, Urban traffic, Timing lights, Enterprise Dynamics. 
 
1. INTRODUCTION  

People have created various systems of production and service to meet their demands. These 
systems have grown and developed over time, and in turn, have created a variety of problems 
[1]. The complexities of these systems have made the decision-making and control process very 
difficult for those who are responsible. Therefore, different systems, methods, and techniques 
have been developed to solve the problems and ultimately help the authorities to identify and 
improve the performance and decision making depending on the type of system and the problem 
involved. Simulation is one of the ways to understand the current state and improve the 
performance of systems. Simulation is the science of building a model of a process or system to 
evaluate and test strategies. In fact, simulation is a way of knowing the results of proposed ideas 
before they are implemented [2].  
Researchers employed the simulation tool on a variety of topics. Mahdavi and Mousavi have 
provided a new solution to reduce the congestion of the convenience store chain queue with the 
ARENA software[3]. The purpose of this study is to analyze the queue system and provide a 
solution to the crowd congestion in the convenience store. Nuno et al. provide improved 
hospital workflow through the application of the principles of pure thinking and simulation by 
ARENA Software [4]. Rimo and Tin have proposed a simulation study of capacity utilization to 
predict future capacity for production system stability with ARNA software [5]. Sadjadi et al. 
designed a five-tier supply chain system to minimize costs and improve service levels [6]. 
Ebrahimzadeh and Arjmand provided ED software to simulate and optimize the Karaj oil 
storage system [7]. Lastly, scenarios to reduce the waiting time of tankers were presented and 
evaluated by a multi-criteria decision-making method called TOPSIS. 
One of the constant challenges of humans in all ages in today’s modern cities is the issue of 
transportation. Transportation has become an integral part of human life and has always been 
considered one of the most critical issues for governments in all countries. In today's modern 
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world, the issue of transportation has become of great importance. Increasing the number of 
vehicles in addition to the constraints of urban spaces has created significant problems for urban 
mobility. In this regard, the researchers have fulfilled different studies. Hossinlo et al. analyzed 
the traffic in the city [8]. To do so, they investigated traffic on Tehran's Shahid Dastgheib Street 
using Corsim simulation software. The purpose of this study was to reduce waiting time at peak 
traffic. Salimifard and Ansari modeled and simulated urban traffic using the Petri Rainbow 
software [9]. Their goal was to reduce traffic by adjusting the traffic lights time. Moayadfar and 
Faizi designed and developed a simulation approach to improve the access network model in 
Sanandaj city [10]. Their goal was to reduce the traffic on Liberty Square in the city. Hejazi 
introduced various scenarios to simulate traffic flow in Kian Pars and Kian Abad neighborhoods 
of Ahvaz city using a simulation method [11]. He used AIMSUN software to simulate. 
In this paper, the vehicles crossing the Qazvin freeway intersection is examined. Having 
Collected data on the vehicles entering each street, leading to this intersection and calculate 
their distribution, we provided the model via ED software. To improve traffic, metrics are 
defined and two alternative scenarios will be presented. Finally, the results of the scenario 
simulation model are presented, taking into account the criteria presented.  The general structure 
of the article is as follows: Section 2 and 3 introduce the problem definition and assumptions, 
respectively. In the next section, the model will be implemented in ED software. In section 5, 
the model validation is considered. Afterward, improvement scenarios are presented and 
compared. Lastly, the conclusion section is considered.   
 
2. PROBLEM DEFINITION  

The considered location is the intersection of Imam Khomeini with Sabzeh Meydan streets in 
Qazvin city called Sabzeh Meydan intersection, which has heavy traffic due to being located in 
the city center. The traffic has caused many problems for citizens as they waste much time in 
traffic every day. For this reason, the authorities have made many efforts to enhance this 
problem, most notably by adding Bus Rapid Transit (BRT) lines. Despite a large amount of 
money spent on this operation,  the traffic problem has remained. The directions of this 
intersection are as shown in the Figure. 1. 
 
3. PROBLEM ASSUMPTIONS  

In this section, the assumptions of the problem are presented: 
• According to the figure above, routes 3 and 4 are two-way, and routes 1 and 2 are one-

way. Route 1 has six lines. According to the observations, the average percentage of 
movement from each line to each route is shown in Table 1. 

• The width of 1 and 2 streets is 18 meters, while the widths of 3 and 4 streets are 20 meters. 
• The average speed of vehicle departures (m/s) on lanes 1, 3, and 4 is 8, 7, and 7, 

respectively. 
• In this system, the entity is cars. 
• The feature of this system is speed and destination. 
• The activity is a specified length of time in which the car moves. 
• An event is an instantaneous event that can change the state of the system that enters or 

leaves the street in the desired system. 
• System state refers to the set of variables required to describe the system at any given time 

for the study. In this system, the number of cars in queue and the number of lines of the 
street are the states of the system. 

Based on the data collected, the vehicle entry rate and their stop rate at the intersection are 
shown in Table 2. 
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Figure 1. An overview of the system 

 
 

Table 1. Entry rates for different routes 
Line/Route 2 3 4 

a(1) - 100% - 
b(1) - 100% - 
c(1) 97% 3% - 
d(1) 90% 5% 5% 
e(1) 91% - 9% 
f(1) 86% - 14% 
a(4) 13% 87% - 
b(4) 9% 91% - 

 
Table 2. Schedule traffic lights  

Route Vehicles’ Arrival Time 
Distribution Function 

Traffic Light Scheduling 
Red Light Green Light 

1 Lognormal (1.44,0.93) 21 24 
3 Weibul(80.77,0.8) 30 10 
4 Lognormal(6.41,6.04) 30 10 

 
 
4. MODELING  THE PROBLEM VIA ED  

An overview of the system model status in ED software is shown in Figure 2. “Source” atoms 
are used to enter cars. Also, the distribution of the arrivals in each of the routes is based on the 
data collected at the inter-arrival time of each “source” atom. At the “Queue” atom, the cars 
enter and exit with the First Input First Output (FIFO) policy. “Time Schedule Availability” 
atoms are also employed to control the movement of cars as traffic lights. This atom is always 
connected to an “Availability Control” atom, and the “Availability Control” atom's output 
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channels are connected to the central channel of the atoms we intend to schedule. In this output 
model, this atom is attached to the central channel of the Node atom. 
 

 
 

Figure 2.  Schematic model in ED software environment 
 
5. MODEL VALIDATION  

To validate the simulated model with the real one and determine its validity for future decisions, 
we test the model. The validation process of a model has two purposes: 
1. Create a model whose behavior is so close to the actual system's performance.  
2. Promote the validity of the model to an acceptable level for managers and other decision-

makers. 
For the verification of the present simulation model and its compatibility with the mental model, 
the outputs have been examined and evaluated to fit our mental model. There are various ways 
to validate the mental model of each system, from consulting with experts and practitioners to 
performing a paired t-test. To complete the validation efforts, we compared the data throughout 
3 hours at different K = 10 days and at congestion times, with the output from the model using 
paired t-test on the same days. Given the normality of the data, we now use the paired t-test to 
validate the model. The results are demonstrated in Table 3. Remark that the paired t-test is used 
due to the fact that the data follows a normal distribution. The hypothesis test is as follows: 

𝐻𝐻0 = E(Z) = E(W) or 𝐻𝐻0:μd = 0 (1) 

Where Z represents the actual system output over 3 hours, and W is the forecasted output level 
in obtained by the simulation model. In this test, the level of significance is assumed to be equal 
to 0.05 (α=0.05). 
The numerical value of the statistics is obtained according to Table 3  

𝑡𝑡0 =
�̅�𝑑 − μd
Sd

√K�
=

−28.5
√1047714

√10
�

= −0.088 
(2) 
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Table 3. Model Output   

Input data (j) System Output (Zj) System Output (Wj) Difference (dj) �𝑑𝑑𝑗𝑗 − �̅�𝑑�2 
1 9867 9323 544 2168256.25 
2 8482 9362 -880 2352.25 
3 8576 9222 -646 79806.25 
4 10026 9175 851 773520.3 
5 9638 9277 361 1662810.25 
6 8435 9238 -803 15750.25 
7 10215 9138 1032 3843560.25 
8 8996 9245 -249 461720.25 
9 9561 9288 273 1443602.25 

10 8557 9325 -768 25760.25 
   �̅�𝑑 = −28.5 𝑆𝑆𝑑𝑑2 = 1047714 

 
The critical value obtained 𝑡𝑡α 2;K−1⁄ = t0.025;9 is equal to 2.26. Since |𝑡𝑡0| = 0.088 < t0.025;9 =
2.26, H0 is not rejected. In other words, there is no different output between the system response 
and model predictions. This means that the simulated model is valid. 
 
6. EVALUATION OF THE PROPOSED SCENARIOS  

 In this paper, two different scenarios are considered to reduce queue waiting time. 
1. Optimization of traffic lights scheduling 
2. Construction an overpass from Route 1 to Route 2. 

Both scenarios have been modeled and their results are illustrated in Figure 3. In order to 
measure the results, five criteria are employed. Remark that the lower represent better 
performance in all criteria. According to Figure 3, both scenarios have improved traffic and 
reduce the waiting time regarding all metrics. Accordingly, the first alternative reveals that the 
timing of the traffic lights has improved and there is a significant improvement in all the 
criteria. Moreover, the second scenario also improves considering all criteria. Nevertheless, it 
should be mentioned that this scenario takes time and cost, while the first scenario can be done 
immediately and without any cost. However, the decision on this issue is up to the authorities. 
 

 
Figure 3. Compare the results of the scenarios 
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7. CONCLUSIONS  

One of the biggest problems in today’s modern cities is traffic. In this paper, the traffic problem 
of one of the passages of Qazvin city, called Sabzeh Meydan intersection,  is investigated. To 
simulate the model, ED software is employed. In order to reduce the traffic time, two scenarios 
are recommended. In the first scenario, the schedule traffic lights are altered in a way to 
diminish the waiting time, and the second scenario is to construct an overpass from Route 1 to 
Route 2. The results revealed that both scenarios are useful; however, since the first scenario 
does not impose any cost, it looks more practical in the short term. However, the second 
scenario may have positive effects on urban traffic in the long run. 
For future research, we propose to consider more realistic events like accident, Pedestrian 
crossing, blockage, and U-turn to make the model more practical. Furthermore, it is also 
recommended to consider a bigger model to have better insight and have a chance to suggest 
more scenarios to enhance the traffic situation.  
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ABSTRACT 
As known, outliers and multicollinearity in the data set are among the important difficulties in regression 
models which badly affect the least-squares estimators. Here, we suggest a nonlinear mixed-integer 
programming model to simultaneously control inappropriate effects of the mentioned problems. The 
model can be effectively solved by popular metaheuristic algorithms. To shed light on importance of our 
optimization approach, we make some numerical experiments on a classic real data set.  

Keywords: Condition number, Linear regression, Penalty method, Metaheuristic algorithm, Nonlinear 
mixed-integer programming.  

1. INTRODUCTION  
As an effective statistical tool, multiple regression is widely and increasingly used in 
econometrics, engineering, social sciences and so on. Generally, in a multiple regression model, 
the relationship between several independent (predicted) variables with a dependent (criterion) 
variable is investigated. The model is formulated by 

(1) ,y X β ε= +  
where 𝑦𝑦 = (𝑦𝑦1, … ,𝑦𝑦𝑛𝑛)𝑇𝑇 ∈ ℝ𝑛𝑛 is a vector of predictor variable, 𝑋𝑋 = (𝑥𝑥1, … , 𝑥𝑥𝑛𝑛)𝑇𝑇 ∈ ℝ𝑛𝑛×𝑝𝑝 is a 

matrix of observations on the explanatory variables, ( )1,...,
T

pβ β β=  is a vector of unknown 

regression coefficients and ( )1,...,
T

nε ε ε=  is a vector of error terms with ( ) 0E ε =  and 

( ) 2T
nE Iεε σ= , where nI  is the unit matrix of order n  and 2σ  is an unknown parameter. The 

ordinary least-squares estimator (OLSE) of β  is given by 

(2) ( ) ( )1ˆ arg min ,TTS X y y X y X
β

β β β−= = − −  

where TS X X= .  

Some difficulties often appear in the regression analysis, such as collinearity between 
explanatory variables and outliers existence in the data set. Generally, in the regression 
modeling an outlier is an observation point that fails to track the linear pattern of the data. 
Outliers corrupt the OLSE; this fact motivated the researchers to investigate robust estimation 
[1]. As another problem in regression analysis, one may encounter with multicollinearity in the 
data set that is defined as the existence of nearly linear dependency among columns of the 
design matrix X [2]. In this situation, the matrix TS X X=  has one or more small eigenvalues 
which causes the OLSE to perform poorly [3]. 

One effective approach to detect the outliers in a data set is the least trimmed squares (LTS) [1] 
in which the sum of smallest h -squared residuals is minimized rather than the complete sum of 
squares. Here, h  is a prespecified threshold value. Now, if { }0,1iz ∈

 
be the indicator 

demonstrating whether the ith observation is good or not, then the model can be formulated by 
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(3) 
( ) ( ) ( )

{ }

,
min , ,

. . ,
0,1 , 1, 2,..., ,

T

z
T

i

f z y X Z y X

s t z e h
z i n

β
β β β= − −

=
∈ =

 

where Z  is a diagonal matrix with the diagonal elements ( )1 2, ,..., T
nz z z z= , and 𝑦𝑦 =

𝑒𝑒 = (1, … ,1)𝑇𝑇 ∈ ℝ𝑛𝑛. 

As known, condition number is an important factor to check existence of the multicollinearity 
[4]. Based on this fact, Roozbeh et al. [3] developed an extension of the optimization model (3) 
to simultaneously control presence of the outliers and the multicollinearity in the data set; that is 

(3) 
( ) ( ) ( ) ( )

{ }

,
min , ,

. . ,
0,1 , 1, 2,..., ,

T T

z
T

i

f z y X Z y X X ZX

s t z e h
z i n

β
β β β mκ= − − +

=
∈ =

 

in which ( ).κ  stands for the spectral condition number and 0m >  is the penalty parameter. 
Here, the corresponding estimator is called the modified LTS counter multicollinearity 
(MLTSCM) estimator. In the model (3), the additional term ( ) 0TX ZXmκ >  has been 

embedded as a penalty for generating inappropriate values for 1 2, ,..., nz z z . 

Here, we deal with a modified version of the regression model (3). This work is organized as 
follows. In section 2, we introduce a penalized regression method. The method is then combined 
with the LTS method to combat the sparsity of the model in Section 3. In Section 4, we deal 
with our approximate version of the mixed-integer nonlinear programming model (3) using a 
simple estimation of the spectral condition number. In Section 5, we provide some numerical 
experiments to show effectiveness of our model and present concluding remarks.  

2. LEAST ABSOLUTE SHRINKAGE AND SELECTION OPERATOR METHODOLOGY 

Penalized regression can perform variable selection and prediction in a "Big Data" environment 
more effectively and efficiently in contrast to the other methods. Initially proposed by 
Tibshirani [5], the LASSO (least absolute shrinkage and selection operator) is based on 
minimizing mean squared error, which is based on balancing the opposing factors of bias and 
variance to build the most predictive model. LASSO regression is a simple technique to reduce 
model complexity and prevent over-fitting which may result from simple linear regression. 
Ordinary least squares regression chooses the coefficients by minimizing the residual sum of 
squares (RSS), which is the difference between the observed and the estimated values, as 
follows: 

min
𝛽𝛽
𝑅𝑅𝑅𝑅𝑅𝑅 = min

𝛽𝛽
{(𝑦𝑦 − 𝑦𝑦�)𝑇𝑇(𝑦𝑦 − 𝑦𝑦�)} = min

𝛽𝛽
��(𝑦𝑦𝑖𝑖 −�𝑥𝑥𝑖𝑖𝑖𝑖𝛽𝛽𝑖𝑖

𝑝𝑝

𝑖𝑖=1

)
𝑛𝑛

𝑖𝑖=1

�, 

LASSO is an extension of OLS which adds a penalty to the RSS equal to the sum of the 
absolute values of the non-intercept beta coefficients multiplied by parameter λ that slows or 
accelerates the penalty. That is, if λ is less than 1, then it slows the penalty while if it is more 
than 1, it accelerates the penalty. Therefore, the following optimization problem should be 
solved: 
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min
𝛽𝛽
��(𝑦𝑦𝑖𝑖 −�𝑥𝑥𝑖𝑖𝑖𝑖𝛽𝛽𝑖𝑖

𝑝𝑝

𝑖𝑖=1

)
𝑛𝑛

𝑖𝑖=1

� + 𝜆𝜆��𝛽𝛽𝑖𝑖�.
𝑝𝑝

𝑖𝑖=1

 

 
Figure 2 shows the constraint area of the LASSO method for  p = 2. The elliptical contours of 
this function are shown by the full curves in Figure 2. They are centered at the OLS estimator. 
The constraint region is the rotated square. The LASSO solution is the first place that the 
contours touch the square, and this will sometimes occur at a corner, corresponding to a zero 
coefficient. The LASSO is frequently used in practice since the L1 penalty allows us to shrink 
some coefficients to exactly zero, that is, to produce sparse model estimates that are highly 
interpretable. 

 
 
 
 
 
 
 

 
 

 
 

Figure 1: Constraint region of LASSO. 

Increasing λ will increase bias and decrease variance.  Likewise, decreasing λ  reduces bias and 
increases variance. A big part of the building, the best models in LASSO deals with the bias-
variance tradeoff. Bias refers to how correct (or incorrect) the model is. A very simple model 
that makes a lot of mistakes is said to have a high bias. A very complicated model that does well 
on its training data is said to have a low bias. There are several ways to choose the optimal λ, 
such as AIC, BIC, Cp  and so on. For this purpose, one of the most popular methods is the cross-
validation (CV) method.   

3. SPARSE LEAST TRIMMED SQUARES METHOD  

As discussed, LASSO offers interpretable models but is not robust with respect to the outliers. 
The breakdown point of the LASSO is 1

n
 , that is, only one single outlier can make the LASSO 

estimator completely unreliable. Therefore, robust alternatives are needed. In this situation, 
Alfons et al. [6] suggested the sparse LTS estimator as follows: 
 
min
𝛽𝛽,𝑧𝑧

{𝜙𝜙(𝛽𝛽, 𝑧𝑧)} = min
𝛽𝛽,𝑧𝑧

{(𝑦𝑦 − 𝑋𝑋𝛽𝛽)𝑇𝑇(𝑦𝑦 − 𝑋𝑋𝛽𝛽) + ℎ𝜆𝜆𝜆𝜆(𝛽𝛽)}, 

𝑠𝑠. 𝑡𝑡.      𝑧𝑧𝑇𝑇𝑒𝑒 = ℎ, 
𝑧𝑧𝑖𝑖 ∈ {0,1},       𝑖𝑖 = 1, … ,𝑛𝑛, 
 
where λ is a penalty parameter. They show that the breakdown point of this estimator is n−h+1

n
. 
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4. A PENALIZED MIXED-INTEGER NONLINEAR PROGRAMMING MODEL IN LINEAR 
REGRESSION  

Let n nA ×∈� be an arbitrary nonsingular matrix and let 1 2, ,..., na a a denote its columns. For any 
i  and j , it can be seen that  

(4) ( ) ,i p
p

j p

a
A

a
κ ≥  

where ( ) 1
p p p

A A Aκ −=  (See Theorem 2.2.25 of [4].). Hence, we can write 

(5) ( )
{ }
{ } ( )

def
1,2,...,

1,2,...,

max
.

min

i pi n
p p

j pj n

a
A A

a
κ =

=

≥ = Ψ  

Now, based on the above inequality, we can suggest the computationally low cost 
approximation ( ) ( )p pA Aκ ≈ Ψ  and then, propose the following approximation of the model 
(3): 

(6) 
( ) ( ) ( ) ( )

{ }

,
min , ,

. . ,
0,1 , 1, 2,..., .

T T
pz

T

i

f z y X Z y X X ZX

s t z e h
z i n

β
β β β m= − − + Ψ

=
∈ =

 

Here, the corresponding estimator is called the approximate LTS counter multicollinearity 
(ALTSCM) estimator.  

As seen, the given optimization model illustrates an NP-hard mixed-integer nonlinear 
programming problem for which the classical methods are not practically efficient. As known, 
metaheuristic algorithms have attracted special attention in developing efficiently robust 
computational procedures for solving a vast variety of such problems. Among them there is the 
simulated annealing (SA) algorithm [7]. SA is a local search algorithm capable of escaping from 
local optima by use of random hill-climbing moves in the search process. It is very efficient in 
practice and well-developed in theory. Motivated by these, here we use the SA algorithm to 
approximately compute MLTSCM and ALTSCM. 

5. Numerical Experiments  

To illustrate the usefulness of the suggested strategies for high-dimensional data, we consider 
the data set about riboflavin vitamin B2 production in Bacillus subtilis, which can be found in R 
package “hdi” [8]. Riboflavin is one of the B vitamins, which are all water soluble. Riboflavin is 
naturally present in some foods, added to some food products, and available as a dietary 
supplement. This vitamin is an essential component of two major coenzymes, flavin 
mononucleotide (FMN; also known as riboflavin-5'-phosphate) and flavin adenine dinucleotide 
(FAD). These coenzymes play major roles in energy production; cellular function, growth, and 
development; and metabolism of fats, drugs, and steroids. The conversion of the amino acid 
tryptophan to niacin (sometimes referred to as vitamin B3) requires FAD. Similarly, the 
conversion of vitamin B6 to the coenzyme pyridoxal 5-phosphate needs FMN. In addition, 
riboflavin helps maintain normal levels of homocysteine, an amino acid in the blood. More than  
90%  of dietary riboflavin is in the form of FAD or FMN; the remaining  10%  is comprised of 
the free form and glycosides or esters. 
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There is a single real valued response variable which is the logarithm of the riboflavin 
production rate. Furthermore, there are  p = 4088 explanatory variables measuring the 
logarithm of the expression level of 4088 genes. There is one rather homogeneous data set from  
n = 7 samples that were hybridized repeatedly during a fed batch fermentation process where 
different engineered strains and strains grown under different fermentation conditions were 
analyzed. There is one rather homogeneous data set from  n = 71 samples that were hybridized 
repeatedly during a fed batch fermentation process where different engineered strains and 
strains grown under different fermentation conditions were analyzed. In Figure 2, the 10-fold 
cross-validation and the coefficients estimation diagrams for different values of the penalty 
parameter are depicted. The LASSO method selects 53 variables. Now, we estimate the 
parameters using the sparse LTS method. Plots identifying outliers are shown in Figure 3. This 
method select 34 variables.Figure 2: The LASSO plots. 

 
We report the results of the three methods listed in Table 1. In Table 1 we have 𝑅𝑅𝑅𝑅𝑅𝑅 =
(𝑦𝑦 − 𝑦𝑦�)𝑇𝑇(𝑦𝑦 − 𝑦𝑦�) and 𝑅𝑅2 = 𝑛𝑛�∑ 𝑥𝑥𝑖𝑖𝑦𝑦𝑖𝑖

𝑛𝑛
𝑖𝑖=1 �−(∑ 𝑥𝑥𝑖𝑖)(∑ 𝑦𝑦𝑖𝑖)

𝑛𝑛
𝑖𝑖=1

𝑛𝑛
𝑖𝑖=1

��𝑛𝑛∑ 𝑥𝑥𝑖𝑖
2𝑛𝑛

𝑖𝑖=1 −�∑ 𝑥𝑥𝑖𝑖𝑛𝑛
𝑖𝑖=1 �2��𝑛𝑛∑ 𝑦𝑦𝑖𝑖

2𝑛𝑛
𝑖𝑖=1 −�∑ 𝑦𝑦𝑖𝑖𝑛𝑛

𝑖𝑖=1 �2�
. It is clear that the Penalized 

Mixed-Integer method performs better. 
 

Table 1- Results of the proposed methods 
Method 𝑅𝑅𝑅𝑅𝑅𝑅 𝑅𝑅2 
LASSO 594.0313 0.9893 

Sparse LTS 25.6582 0.6519 
Penalized Mixed-Integer 0.1487 0.9958 
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Figure 3: Outlier detection plots. 
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ABSTRACT 
Important issues in a pipeline system are energy efficiency, reliability and throughput flexibility. 
Practically conventional pumps are not capable of operating at the highest attainable efficiency for long 
running time. This deficiency has prevented a pipeline system to operate close to its predefined program. 
A possible remedy is to take into account uncertainty due to pumps operations. In this paper, a stochastic 
two-stage mixed integer programming (MILP) model is developed for the multiproduct pipelines 
scheduling under flow rate uncertainty. The problem arises in a number of settings, and the real-world 
applicability discussed and demonstrated. The stochastic MILP model involves many discrete variables 
that make it intractable for real-life cases. As a solution method, the sample average approximation is 
combined with a decomposition algorithm. The modeling and solving approach is evaluated in some case 
studies including a real-life problem from NIOPTC.  

Keywords: Pipeline scheduling; Uncertain flow rate; Two-stage stochastic; Disruption; Sample average 
approximation. 
 

1. INTRODUCTION  

Pipelines are the most effective and reliable means for transporting refined petroleum products 
from major sources to distant distribution centers (DC). Approximately 17.95 million barrels of 
oil products are imported and exported every day around the world [1], most of which are 
transported to different cities through pipelines. Hence, the scheduling and planning of 
transportation operation of oil products through pipelines are becoming more important. The 
uncertainty causes disruptions to an operational plan and difficulties to the smooth execution of 
a perfect plan, and even causes it to fall apart [2]. The uncertainty of certain parameters such as 
flow rate due to unexpected events such as pumps failure has the most effect on pipeline 
operation. In [3], it is reported that the flow rate may suddenly decrease in 17% of cases; this 
demonstrates the impotence of including uncertainty into models. As early started by Hane and 
Ratliff [4], they proposed the discrete model for the problem of sequencing commodities in a 
single pipeline. Later on, Rejowski and Pinto [5] developed a discrete time MILP model for a 
real case pipeline. In their scheduling models, they focused on the convenience of irregular 
operations such that working during peak electricity periods could be avoided. Relvas et al. [6] 
developed a mathematical formulation to account for pipeline scheduling and inventory 
management at the distribution centers. Later, they considered a special settling period for each 
product [7] and [8]. Mirhassani and Ghorbanalizadeh [9] proposed a MILP formulation for tree-
structured pipeline problems and supposed that pipeline segments could be divided into two 
types, common and private. The main contributions of this paper are: (1) proposing a new 
scenario-based two-stage MILP model for scheduling pipeline under flow rate uncertainty and 
enhancing its capability for dealing with more realistic conditions; (2) introducing an 
accelerated sample average approximation method to overcome the computational challenges 
inherent in efficiently solving these stochastic problems. 
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2. PROBLEM STATEMENT 

The challenge is to specify when and how much of each product should be injected into the 
pipeline to satisfy daily demands with minimum delay while observing many operational 
restrictions. In the present study, we consider the flow rate to be reduced deeply due to 
disruptions at different periods. Disruption scenarios are defined based on three important 
sources of data: start and end time of disruption and the level of flow rate reduction. By the 
scenario �start������s, end�����s, vbd�����s�, we mean flow rate changes from normal vbn����� to reduced 
one,vbd�����s, during interval time [start������s, end�����s]. 
 
3. MATHEMATICAL FORMULATION  

Nomenclatures 
 Sets  

Set of batches 𝑖𝑖, 𝑗𝑗 ∈ 𝐼𝐼 
Set of scheduled days 𝑘𝑘 ∈ 𝐾𝐾 
Set of refined petroleum products  𝑝𝑝, 𝑞𝑞 ∈ 𝑃𝑃 
Set of scenarios 𝑠𝑠 ∈ Ş 
Indicated by over lined symbols Parameters 
Minimum batch volume of the product 𝑝𝑝 (vu) 𝑏𝑏𝑏𝑏���𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 
Maximum batch volume of the product 𝑝𝑝 (vu) 𝑏𝑏𝑏𝑏���𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 
Cost of one unit backorder of the product 𝑝𝑝 at the day 𝑘𝑘  𝑐𝑐�̅�𝑝,𝑘𝑘 
Cost of interface between each consecutive batch 𝑐𝑐�̅�𝑝 
Cost of transportation of product into pipeline 𝑐𝑐𝑐𝑐�  
Total demand of the product 𝑝𝑝 to be satisfied by DC at the day 𝑘𝑘 (vu) 𝐷𝐷𝐷𝐷𝐷𝐷������𝑝𝑝,𝑘𝑘 
End of time horizon (h) ℎ�𝑚𝑚𝑚𝑚𝑚𝑚 
Minimum storage capacity of the product 𝑝𝑝 (vu) 𝐼𝐼𝐼𝐼𝑏𝑏�����𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 
Maximum storage capacity of the product 𝑝𝑝 (vu) 𝐼𝐼𝐼𝐼𝑏𝑏�����𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 
Initial inventory level of the product 𝑝𝑝 𝐼𝐼𝐼𝐼𝑏𝑏�����𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚𝑖𝑖 
Initial volume of the product 𝑝𝑝 inside the pipeline (vu) 𝐼𝐼𝐼𝐼𝑏𝑏�����𝑝𝑝

𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝 
Big constant 𝑀𝑀�  
Minimum number of batches to be sent during scheduling horizon 𝑁𝑁𝑁𝑁���� 
Probability of the scenario 𝑠𝑠 �̅�𝑝𝑠𝑠 
The volume moved inside the pipeline since the beginning of time horizon until 
immediately before the start of the scenario 𝑠𝑠 , which is obtained by 𝑄𝑄𝑏𝑏����𝑠𝑠 =
𝑏𝑏𝑏𝑏𝐼𝐼�����. 𝑠𝑠𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐�������𝑠𝑠 

𝑄𝑄𝑏𝑏����𝑠𝑠 

The volume moved inside the pipeline since the beginning of time horizon until 
immediately after the end of the scenario 𝑠𝑠 , which is obtained by 𝑄𝑄𝑠𝑠����𝑠𝑠 = 𝑄𝑄𝑏𝑏����𝑠𝑠 +
(𝐷𝐷𝐼𝐼𝑒𝑒�����𝑠𝑠 − 𝑠𝑠𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐�������𝑠𝑠)𝑏𝑏𝑏𝑏𝑒𝑒�����𝑠𝑠 

𝑄𝑄𝑠𝑠����𝑠𝑠 

It is the matrix of allowed sequences between the consecutive products 𝑝𝑝 and 𝑞𝑞 inside 
the pipeline. If 𝑆𝑆𝐷𝐷𝑞𝑞�����𝑝𝑝,𝑞𝑞 = 1, 𝑝𝑝 can be sent after 𝑞𝑞, otherwise it is forbidden.  

𝑆𝑆𝐷𝐷𝑞𝑞�����𝑝𝑝,𝑞𝑞 

Start/end time of the scenario 𝑠𝑠 𝑠𝑠𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐�������𝑠𝑠/𝐷𝐷𝐼𝐼𝑒𝑒�����𝑠𝑠 
Normal flow rate (vu/day)  𝑏𝑏𝑏𝑏𝐼𝐼����� 
Disruption flow rate under the scenario 𝑠𝑠 (vu/day) 𝑏𝑏𝑏𝑏𝑒𝑒�����𝑠𝑠 

Continuous variables 
Shortage of the product 𝑝𝑝 at the day 𝑘𝑘 under the scenario 𝑠𝑠 (vu) 𝑆𝑆ℎ𝑝𝑝,𝑘𝑘

𝑠𝑠  
The portion of volume of the batch 𝑖𝑖 that is unloaded during interval time 
[𝑠𝑠𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐�������𝑠𝑠, 𝐷𝐷𝐼𝐼𝑒𝑒�����𝑠𝑠] at the scenario 𝑠𝑠 (vu) 

𝐷𝐷𝑚𝑚𝑠𝑠 

Inventory of the product 𝑝𝑝 available for satisfied demand of the product 𝑝𝑝 at the day 𝑘𝑘 
under the scenario 𝑠𝑠 (vu) 

𝐼𝐼𝐼𝐼𝑏𝑏𝑝𝑝,𝑘𝑘
𝑠𝑠  
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Length of discharging time of the batch 𝑖𝑖 under the scenario 𝑠𝑠 𝐿𝐿𝑚𝑚𝑠𝑠 
Receiving time of the batch 𝑖𝑖 under normal flow rate (days) 𝑁𝑁𝑁𝑁𝑚𝑚 
Length of discharging time of the batch 𝑖𝑖 under normal flow rate (days) 𝑁𝑁𝐿𝐿𝑚𝑚 
Volume size of the batch 𝑖𝑖 including the product 𝑝𝑝 (vu) 𝑄𝑄𝑚𝑚,𝑝𝑝 
Position of the batch 𝑖𝑖 at start of the scenario 𝑠𝑠 (vu) 𝑆𝑆𝑚𝑚+

𝑠𝑠/𝑆𝑆𝑚𝑚−
𝑠𝑠 

Position of the batch 𝑖𝑖 at end of the scenario 𝑠𝑠 (vu) 𝑆𝑆𝑆𝑆𝑚𝑚+
𝑠𝑠/𝑆𝑆𝑆𝑆𝑚𝑚−

𝑠𝑠 
Receiving time of the batch 𝑖𝑖 at DC under the scenario 𝑠𝑠 (days) 𝑁𝑁𝑚𝑚𝑠𝑠 
Volume of the product 𝑝𝑝 in the batch 𝑖𝑖 completely discharged from the pipeline 
between days 𝑘𝑘 − 1 and 𝑘𝑘 under the scenario 𝑠𝑠 (vu) 

𝑊𝑊𝑚𝑚,𝑝𝑝,𝑘𝑘
𝑠𝑠  

The time difference between normal and disruption receiving time of the batch 𝑖𝑖 under 
the scenario 𝑠𝑠 (days) 

∆𝑁𝑁𝑚𝑚𝑠𝑠 

The length difference of discharging time of the batch 𝑖𝑖 under the scenario 𝑠𝑠 (days)  ∆𝐿𝐿𝑚𝑚𝑠𝑠 
Binary Variables 

indicating that the batch 𝑖𝑖 is received between days 𝑘𝑘 − 1 and 𝑘𝑘 under the scenario 𝑠𝑠 𝑠𝑠𝑚𝑚,𝑘𝑘𝑠𝑠  
indicating that the batch 𝑖𝑖 contains the product 𝑝𝑝 𝑥𝑥𝑚𝑚,𝑝𝑝 
indicating that the batch 𝑖𝑖 is received after the start of the scenario 𝑠𝑠 (𝑠𝑠𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐�������𝑠𝑠) 𝑦𝑦𝑚𝑚𝑠𝑠 
indicating that the batch 𝑖𝑖 is received after the end of the scenario 𝑠𝑠 (𝐷𝐷𝐼𝐼𝑒𝑒�����𝑠𝑠) 𝑧𝑧𝑚𝑚𝑠𝑠 

 
In the following, the constraints of the two-stage model are classified. 
�𝑥𝑥𝑚𝑚,𝑝𝑝
𝑝𝑝

≤ 1,                                 ∀𝑖𝑖 (1) 

�𝑥𝑥𝑚𝑚,𝑝𝑝
𝑝𝑝

≤�𝑥𝑥𝑚𝑚−1,𝑝𝑝
𝑝𝑝

,                  ∀𝑖𝑖 > 1 (2) 

𝑥𝑥𝑚𝑚,𝑝𝑝 + 𝑥𝑥𝑚𝑚−1,𝑞𝑞 ≤ 1,                       ∀𝑖𝑖 > 1,𝑝𝑝, 𝑞𝑞, 𝑆𝑆𝐷𝐷𝑞𝑞�����𝑝𝑝,𝑞𝑞=0 (3) 
𝑏𝑏𝑏𝑏���𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚. 𝑥𝑥𝑚𝑚,𝑝𝑝 ≤ 𝑄𝑄𝑚𝑚,𝑝𝑝 ≤ 𝑏𝑏𝑏𝑏���𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚. 𝑥𝑥𝑚𝑚,𝑝𝑝,              ∀𝑖𝑖,𝑝𝑝 (4) 

𝐼𝐼𝐼𝐼𝑏𝑏𝑝𝑝,𝑘𝑘
𝑠𝑠 = 𝐼𝐼𝐼𝐼𝑏𝑏𝑝𝑝,𝑘𝑘−1

𝑠𝑠 + �𝑊𝑊𝑚𝑚,𝑝𝑝,𝑘𝑘
𝑠𝑠

𝑚𝑚

+ 𝑆𝑆ℎ𝑝𝑝,𝑘𝑘
𝑠𝑠 − 𝑆𝑆ℎ𝑝𝑝,𝑘𝑘−1

𝑠𝑠  − 𝐷𝐷𝐷𝐷𝐷𝐷������𝑝𝑝,𝑘𝑘     ∀𝑝𝑝, 𝑠𝑠, 𝑘𝑘 

𝐼𝐼𝐼𝐼𝑏𝑏𝑝𝑝,0
𝑠𝑠 = 𝐼𝐼𝐼𝐼𝑏𝑏𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑚𝑚𝑚𝑚𝑖𝑖 , 𝑆𝑆ℎ𝑝𝑝,0

𝑠𝑠 = 0 

(5) 

𝐼𝐼𝐼𝐼𝑏𝑏�����𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚 ≤ 𝐼𝐼𝐼𝐼𝑏𝑏𝑝𝑝,𝑘𝑘
𝑠𝑠 ≤ 𝐼𝐼𝐼𝐼𝑏𝑏�����𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚,               ∀𝑖𝑖,𝑝𝑝, 𝑠𝑠 (6) 

𝑊𝑊𝑚𝑚,𝑝𝑝,𝑘𝑘
𝑠𝑠 ≤ 𝑄𝑄𝑚𝑚,𝑝𝑝,                                               ∀𝑖𝑖,𝑝𝑝, 𝑠𝑠, 𝑘𝑘 (7) 

𝑊𝑊𝑚𝑚,𝑝𝑝,𝑘𝑘
𝑠𝑠 ≤ 𝑀𝑀� . 𝑠𝑠𝑚𝑚,𝑘𝑘𝑠𝑠 ,                                           ∀𝑖𝑖,𝑝𝑝, 𝑠𝑠, 𝑘𝑘                 (8) 

𝑄𝑄𝑚𝑚,𝑝𝑝 ≤ 𝑊𝑊𝑚𝑚,𝑝𝑝,𝑘𝑘
𝑠𝑠 + 𝑀𝑀�(1 − 𝑠𝑠𝑚𝑚,𝑘𝑘𝑠𝑠 ),                     ∀𝑖𝑖,𝑝𝑝, 𝑠𝑠, 𝑘𝑘 (9) 

�(𝑘𝑘 − 1)
𝑘𝑘

𝑠𝑠𝑚𝑚,𝑘𝑘𝑠𝑠 ≤ 𝑁𝑁𝑚𝑚𝑠𝑠 ≤�𝑘𝑘
𝑘𝑘

𝑠𝑠𝑚𝑚,𝑘𝑘𝑠𝑠 + (1 + ℎ�𝑚𝑚𝑚𝑚𝑚𝑚)(1 −�𝑠𝑠𝑚𝑚,𝑘𝑘𝑠𝑠

𝑘𝑘

),             ∀𝑖𝑖 > 1, 𝑠𝑠 (10) 

𝑁𝑁𝐿𝐿𝑚𝑚 =
∑ 𝑄𝑄𝑚𝑚,𝑝𝑝𝑝𝑝

𝑏𝑏𝑏𝑏𝐼𝐼����� ,                                             ∀𝑖𝑖 
(11) 

𝑁𝑁𝑁𝑁𝑚𝑚 = �𝑁𝑁𝐿𝐿𝑗𝑗

𝑚𝑚

𝑗𝑗=1

,                                             ∀𝑖𝑖 
(12) 

𝑁𝑁𝑚𝑚𝑠𝑠 = 𝑁𝑁𝑁𝑁𝑚𝑚 + ∆𝑁𝑁𝑚𝑚𝑠𝑠,                                          ∀𝑖𝑖, 𝑠𝑠 (13a) 

𝑁𝑁𝑚𝑚𝑠𝑠 =
1
𝑏𝑏𝑏𝑏𝐼𝐼�������𝑄𝑄�𝑗𝑗,𝑝𝑝

𝑝𝑝

𝑚𝑚

𝑗𝑗=1

+
1
𝑏𝑏𝑏𝑏𝐼𝐼������𝐷𝐷�𝑗𝑗𝑠𝑠

𝑚𝑚

𝑗𝑗=1

,         ∀𝑖𝑖, 𝑠𝑠 
                   (13b) 

∆𝑁𝑁𝑚𝑚𝑠𝑠 = ∆𝑁𝑁𝑚𝑚−1𝑠𝑠 + ∆𝐿𝐿𝑚𝑚𝑠𝑠,                                      ∀𝑖𝑖 > 1, 𝑠𝑠 (14) 
∆𝑁𝑁0𝑠𝑠 = 0,                                                           ∀𝑠𝑠       

∆𝐿𝐿𝑚𝑚𝑠𝑠 =
𝐷𝐷𝑚𝑚𝑠𝑠

𝑏𝑏𝑏𝑏𝐼𝐼����� ,                                                      ∀𝑖𝑖, 𝑠𝑠 
(15) 

𝑄𝑄𝑏𝑏����𝑠𝑠 −� � 𝑄𝑄𝑗𝑗,𝑝𝑝
𝑝𝑝

𝑚𝑚

𝑗𝑗=1
= 𝑆𝑆𝑚𝑚+

𝑠𝑠 − 𝑆𝑆𝑚𝑚−
𝑠𝑠 ,              ∀𝑖𝑖, 𝑠𝑠 

(16) 

Gall
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𝑄𝑄𝑠𝑠����𝑠𝑠 −� � 𝑄𝑄𝑗𝑗,𝑝𝑝
𝑝𝑝

𝑚𝑚

𝑗𝑗=1
= 𝑆𝑆𝑆𝑆𝑚𝑚+

𝑠𝑠 − 𝑆𝑆𝑆𝑆𝑚𝑚−
𝑠𝑠 ,         ∀𝑖𝑖, 𝑠𝑠 

(17) 

𝑆𝑆𝑚𝑚−
𝑠𝑠 ≤ 𝑀𝑀�𝑦𝑦𝑚𝑚𝑠𝑠,                                                           ∀𝑖𝑖, 𝑠𝑠 (18) 

𝑆𝑆𝑚𝑚+
𝑠𝑠 ≤ 𝑀𝑀�(1 − 𝑦𝑦𝑚𝑚𝑠𝑠),                                               ∀𝑖𝑖, 𝑠𝑠 (19) 

𝑆𝑆𝑆𝑆𝑚𝑚−
𝑠𝑠 ≤ 𝑀𝑀�𝑧𝑧𝑚𝑚𝑠𝑠,                                                         ∀𝑖𝑖, 𝑠𝑠 (20) 

𝑆𝑆𝑆𝑆𝑚𝑚+
𝑠𝑠 ≤ 𝑀𝑀�(1 − 𝑧𝑧𝑚𝑚𝑠𝑠),                                             ∀𝑖𝑖, 𝑠𝑠 (21) 

−𝑀𝑀�𝑦𝑦𝑚𝑚𝑠𝑠 ≤ 𝐷𝐷𝑚𝑚𝑠𝑠 ≤ 𝑀𝑀�𝑦𝑦𝑚𝑚𝑠𝑠,                                          ∀𝑖𝑖, 𝑠𝑠 (22) 

−𝑀𝑀�(1 − 𝑦𝑦𝑚𝑚𝑠𝑠 + 𝑦𝑦𝑚𝑚−1𝑠𝑠 + 𝑧𝑧𝑚𝑚𝑠𝑠) ≤ 𝐷𝐷𝑚𝑚𝑠𝑠 − 𝑆𝑆𝑚𝑚−
𝑠𝑠 ≤ 𝑀𝑀�(1 − 𝑦𝑦𝑚𝑚𝑠𝑠 + 𝑦𝑦𝑚𝑚−1𝑠𝑠 + 𝑧𝑧𝑚𝑚𝑠𝑠),                ∀𝑖𝑖 > 1, 𝑠𝑠 (23) 

−𝑀𝑀�(2 − 𝑦𝑦𝑚𝑚𝑠𝑠 − 𝑦𝑦𝑚𝑚−1𝑠𝑠 + 𝑧𝑧𝑚𝑚𝑠𝑠) ≤ 𝐷𝐷𝑚𝑚𝑠𝑠 −�𝑄𝑄𝑚𝑚,𝑝𝑝
𝑝𝑝

≤ 𝑀𝑀�(2 − 𝑦𝑦𝑚𝑚𝑠𝑠 − 𝑦𝑦𝑚𝑚−1𝑠𝑠 + 𝑧𝑧𝑚𝑚𝑠𝑠), ∀𝑖𝑖 > 1, 𝑠𝑠 (24) 

−𝑀𝑀�(1 − 𝑧𝑧𝑚𝑚𝑠𝑠 + 𝑧𝑧𝑚𝑚−1𝑠𝑠 ) ≤ 𝐷𝐷𝑚𝑚𝑠𝑠 −�𝑄𝑄𝑚𝑚,𝑝𝑝
𝑝𝑝

+ 𝑆𝑆𝑆𝑆𝑚𝑚−
𝑠𝑠 ≤ 𝑀𝑀�(1 − 𝑧𝑧𝑚𝑚𝑠𝑠 + 𝑧𝑧𝑚𝑚−1𝑠𝑠 ),               ∀𝑖𝑖 > 1, 𝑠𝑠 (25) 

−𝑀𝑀�(2 − 𝑧𝑧𝑚𝑚𝑠𝑠 − 𝑧𝑧𝑚𝑚−1𝑠𝑠 ) ≤ 𝐷𝐷𝑚𝑚𝑠𝑠 ≤ 𝑀𝑀�(2 − 𝑧𝑧𝑚𝑚𝑠𝑠 − 𝑧𝑧𝑚𝑚−1𝑠𝑠 ),                                                 ∀𝑖𝑖 > 1, 𝑠𝑠 (26) 

𝑦𝑦𝑚𝑚−1𝑠𝑠 ≤ 𝑦𝑦𝑚𝑚𝑠𝑠,                   ∀𝑖𝑖 > 1, 𝑠𝑠 (27) 
𝑧𝑧𝑚𝑚−1𝑠𝑠 ≤ 𝑧𝑧𝑚𝑚𝑠𝑠,                    ∀𝑖𝑖 > 1, 𝑠𝑠 (28) 
𝑧𝑧𝑚𝑚𝑠𝑠 ≤ 𝑦𝑦𝑚𝑚𝑠𝑠,                       ∀𝑖𝑖, 𝑠𝑠 (29) 
𝑠𝑠𝑚𝑚,𝑘𝑘𝑠𝑠 ≤ 1 − 𝑦𝑦𝑚𝑚𝑠𝑠,              ∀𝑖𝑖, 𝑠𝑠, 𝑘𝑘 < 𝑠𝑠𝑐𝑐𝑠𝑠𝑠𝑠𝑐𝑐�������𝑠𝑠 (30) 
𝑠𝑠𝑚𝑚,𝑘𝑘𝑠𝑠 ≤ 1 − 𝑧𝑧𝑚𝑚𝑠𝑠,              ∀𝑖𝑖, 𝑠𝑠, 𝑘𝑘 < 𝐷𝐷𝐼𝐼𝑒𝑒�����𝑠𝑠 (31) 
 ∑ 𝑠𝑠𝑚𝑚,𝑘𝑘𝑠𝑠𝑘𝑘 ≤ 1,                 ∀𝑖𝑖, 𝑠𝑠 (32) 

�𝑠𝑠𝑚𝑚,𝑘𝑘𝑠𝑠

𝑘𝑘

= �𝑥𝑥𝑚𝑚,𝑝𝑝
𝑝𝑝

,     ∀𝑖𝑖, 𝑠𝑠 (33) 

𝑠𝑠𝑚𝑚,𝑘𝑘𝑠𝑠 ≤�𝑥𝑥𝑚𝑚,𝑝𝑝
𝑝𝑝

,            ∀𝑖𝑖, 𝑠𝑠, 𝑘𝑘 (34) 

 𝑦𝑦𝑚𝑚𝑠𝑠 ≤ ∑ 𝑥𝑥𝑚𝑚,𝑝𝑝𝑝𝑝 ,              ∀𝑖𝑖, 𝑠𝑠 (35) 

𝑧𝑧𝑚𝑚𝑠𝑠 ≤�𝑥𝑥𝑚𝑚,𝑝𝑝
𝑝𝑝

,              ∀𝑖𝑖, 𝑠𝑠 (36) 

min�(𝑐𝑐�̅�𝑝
𝑚𝑚,𝑝𝑝

𝑥𝑥𝑚𝑚,𝑝𝑝 + 𝑐𝑐𝑐𝑐�𝑄𝑄𝑚𝑚,𝑝𝑝) + ��̅�𝑝𝑠𝑠�𝑐𝑐�̅�𝑝,𝑘𝑘
𝑝𝑝,𝑘𝑘𝑠𝑠

𝑆𝑆ℎ𝑝𝑝,𝑘𝑘
𝑠𝑠  (37) 

4. SOLUTION STRATEGY 

The SAA scheme for traditional stochastic programs: 
 
Step1: Lower bound estimation 
Generate 𝑀𝑀 independent and identical distributed (iid) samples of size 𝑁𝑁, i.e., (𝑠𝑠𝐷𝐷𝑝𝑝1, … , 𝑠𝑠𝐷𝐷𝑝𝑝𝑀𝑀).  
For all the samples 𝑠𝑠𝐷𝐷𝑝𝑝𝑚𝑚,𝐷𝐷 = 1, … ,𝑀𝑀, solve the corresponding SAA problem as mentioned below:  

𝑧𝑧̅𝑠𝑠𝑚𝑚𝑝𝑝𝑚𝑚 = 𝐷𝐷𝑖𝑖𝐼𝐼 
1
𝑁𝑁
�𝐹𝐹𝑠𝑠𝑚𝑚𝑝𝑝𝑚𝑚�𝑥𝑥𝑚𝑚,𝑝𝑝,𝑄𝑄𝑚𝑚,𝑝𝑝, 𝑆𝑆ℎ𝑝𝑝,𝑘𝑘

𝑠𝑠  �
𝑁𝑁

𝑠𝑠=1

 
(38) 

                  𝑠𝑠. 𝑐𝑐 (1) − (36) constraints  
where 𝐹𝐹𝑠𝑠𝑚𝑚𝑝𝑝𝑚𝑚�𝑥𝑥𝑚𝑚,𝑝𝑝,𝑄𝑄𝑚𝑚,𝑝𝑝, 𝑆𝑆ℎ𝑝𝑝,𝑘𝑘

𝑠𝑠  � = ∑ (𝑐𝑐�̅�𝑝𝑚𝑚,𝑝𝑝 𝑥𝑥𝑚𝑚,𝑝𝑝 + 𝑐𝑐𝑐𝑐�𝑄𝑄𝑚𝑚,𝑝𝑝) + ∑ 𝑐𝑐�̅�𝑝,𝑘𝑘𝑝𝑝,𝑘𝑘 𝑆𝑆ℎ𝑝𝑝,𝑘𝑘
𝑠𝑠  and 𝑠𝑠 ∈ 𝑠𝑠𝐷𝐷𝑝𝑝𝑚𝑚. 

In addition, let 𝑧𝑧̅𝑠𝑠𝑚𝑚𝑝𝑝𝑚𝑚 be the corresponding optimal objective. Then one statistical lower bound and 
its sample variance can be estimated as follows: 

𝑧𝑧̅𝑖𝑖𝑙𝑙𝑙𝑙𝑝𝑝𝑙𝑙 =
1
𝑀𝑀
� 𝑧𝑧̅𝑠𝑠𝑚𝑚𝑝𝑝𝑚𝑚  
𝑀𝑀

𝑚𝑚=1

 
(39) 

𝑏𝑏𝑠𝑠𝑠𝑠�����𝑖𝑖𝑙𝑙𝑙𝑙𝑝𝑝𝑙𝑙 =
1

(𝑀𝑀 − 1)𝑀𝑀
� (𝑧𝑧̅𝑠𝑠𝑚𝑚𝑝𝑝𝑚𝑚 − 𝑧𝑧̅𝑖𝑖𝑙𝑙𝑙𝑙𝑝𝑝𝑙𝑙)2
𝑀𝑀

𝑚𝑚=1

 
(40) 
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Step 2: Upper bound estimation 
Choose the best computed solution 𝑥𝑥�𝑚𝑚,𝑝𝑝and 𝑄𝑄�𝑚𝑚,𝑝𝑝 of the first stage variables, i.e. solution with 
minimum �̂�𝑧𝑠𝑠𝑚𝑚𝑝𝑝𝑚𝑚 . Generate an iid sample 𝑠𝑠𝐷𝐷𝑝𝑝𝑈𝑈 with sufficient large size 𝑈𝑈 to obtain 𝑥𝑥�𝑠𝑠𝑚𝑚𝑝𝑝 and 𝑄𝑄�𝑚𝑚,𝑝𝑝

𝑠𝑠𝑚𝑚𝑝𝑝. 
The statistical upper bound can be computed as: 

𝑧𝑧̅𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑙𝑙 = 𝐷𝐷𝑖𝑖𝐼𝐼
1
𝑈𝑈
�𝐹𝐹𝑠𝑠𝑚𝑚𝑝𝑝𝑈𝑈�𝑥𝑥�𝑚𝑚,𝑝𝑝,𝑄𝑄�𝑚𝑚,𝑝𝑝, 𝑆𝑆ℎ𝑝𝑝,𝑘𝑘

𝑠𝑠  �
𝑈𝑈

𝑠𝑠=1

 
(41) 

              𝑠𝑠. 𝑐𝑐 (1) − (36) constraints  
and the corresponding variance can be estimated as follows: 

𝑏𝑏𝑠𝑠𝑠𝑠�����𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑙𝑙 =
1

(𝑈𝑈 − 1)𝑈𝑈
�(𝐹𝐹𝑠𝑠𝑚𝑚𝑝𝑝𝑈𝑈�𝑥𝑥�𝑚𝑚,𝑝𝑝,𝑄𝑄�𝑚𝑚,𝑝𝑝, 𝑆𝑆ℎ𝑝𝑝,𝑘𝑘

𝑠𝑠  � − 𝑧𝑧̅𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑙𝑙)2
𝑈𝑈

𝑠𝑠=1

 
(42) 

 

 
Step 3: Optimality gap estimation 
Compute the optimality gap corresponding to the solution �̅�𝑥 using the lower and upper bounds and the 
objective function value obtained from Steps 1 and 2, respectively: 

gap = 𝑧𝑧̅𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑙𝑙 − 𝑧𝑧̅𝑖𝑖𝑙𝑙𝑙𝑙𝑝𝑝𝑙𝑙 (43) 
The estimated variance of the above gap is then given by 
𝑏𝑏𝑠𝑠𝑠𝑠�����𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑙𝑙 = 𝑏𝑏𝑠𝑠𝑠𝑠�����𝑢𝑢𝑝𝑝𝑝𝑝𝑝𝑝𝑙𝑙 + 𝑏𝑏𝑠𝑠𝑠𝑠�����𝑖𝑖𝑙𝑙𝑙𝑙𝑝𝑝𝑙𝑙 (44) 

 

 
5. COMPUTATIONAL RESULT 

We apply the proposed formulation for three case studies: CS1, CS2, and CS3 with time horizons of 
10, 20, and 30 days, respectively. All the three test problems solved in this section are case studies 
based on the real world NIOPTC scenario. It involves the transportation of five different oil products 
from refinery to the depot (Rey–Esfahan). The pipeline capacity is 59,000 volumetric units [11]. In 
this section, the result of the case studies CS1, CS2 and CS3 represents the execution of the SAA 
method. We choose to solve all the case studies using M = 10 SAA problems. For the SAA 
problems, we use sample sizes of N = {50,200,500, 800,1000}. The CPU-time is increasing in the 
number of scenarios per SAA problem. Moreover, the growth of the computational process increases 
substantially with the size of the problem.  Table 1 gives solution values and optimality gaps, as 
previously observed. Our computational results indicate that the proposed method is successful in 
solving problems with up to 1000 scenarios to within a maximum estimated 4% of optimality. The 
value of upper and lower bound for CS1 is shown in Figure  for each iteration.  
 

Table 1: The result of the SAA method for the three case studies 
 SAA Method 
Prob. Time (sec) Objective value Relative gap (%) 
CS1 2341 111459 3.81 
CS2 2892 155732 3.78 
CS3 3781 332145 3.96 

 
As a result, we are able to find provably near-optimal solutions to these difficult stochastic 
programs using only a moderate amount of computation time. Integrating this scheme within the 
SAA method allows us to solve problems with a huge sample scenario.  
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Figure 1: Upper and lower bound of the objective function in the SAA method for CS1 

 
6. CONCLUSIONS  

In this paper, we have addressed the straightforward multiproduct scheduling problem. Our 
main goal was to yield a new formulation and new solution approach to obtain an optimal 
solution in a reasonable time. The two-stage stochastic MILP model developed takes into 
account the inventory management, integrates it into the final solution and represents the real 
world synergies between the tank farm product needs and pipeline operation. We developed a 
practical solution method to solve two-stage stochastic programming pipeline problems. 
Considering the computational challenges inherent in solving the two-stage stochastic program 
using the standard sample average approximation, an accelerated stochastic solution method is 
developed to solve the two-stage stochastic program. Finally, a real-world case study for three 
time horizons is tackled using the proposed algorithm and the optimal detailed schedule is found 
at very low CPU time. 
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Choosing the Technology in Closed-Loop Build-to-Order 
Supply Chain 

 
Malihe Ebrahimi 

Department of Industrial Engineering, Albourz Campus, University of Tehran, (maliheebrahimi@ut.ac.ir) 

ABSTRACT 
Besides the customization, environmental concerns are attracting attention. In this study a closed-loop 
supply chain in the build-to-order environment is proposed. Build-to-order is a customization system 
which is without final product inventory. Choosing technology is the other issue considering in this paper. 
The main benefit of considering the closed-loop model in the build-to-order environment is that the 
returned products can be disassembled into components which reused. The new mixed integer problem is 
solved by CPLEX. At last sensitivity analysis is used to examine some parameters.  

Keywords : Closed-loop supply chain, Build-to-order, Technology. 
 

1. INTRODUCTION  

Today’s, companies try to be successful in the competitive environment. They have take part to 
supply chain to improve their business processes and enhance customer satisfaction. So build to 
order (BTO) is the good strategy  to satisfy customers. BTO is a production system which 
production activities or assembling start by orders reception, before receiving the orders from 
customers, none of production activities is done [1]. Conventional supply chain focusing to 
forward logistics (the convention of raw material into final products) but because of the return 
products have many benefits for government and environment and manufacturers, companies 
are paying attention to both of forward logistic and reverse logistic (remanufacturing the return 
products) which was named closed-loop supply chain (CLSC) [2]. An efficient CLSC reduce 
the supply chain cost which environmental is main issue in these systems [3]. Supply chain 
network design [4], capacity constraint [5], 𝐶𝐶𝐶𝐶2 emission control [6], return quality levels [7] 
product design [8], social considerations [9,10,11] are the issues which considered in CLSC 
literature but BTO systems did not investigated in CLSC literature. 
This paper propose a new mixed-integer programming (MIP) model to optimize the supply 
chain total cost under BTO environment. Product’s shortage and choosing technology are new 
issues in CLSC which is studied in this paper. 
 
2. LITERATURE REVIEW  

Nowadays, CLSC is getting more attention. Some researches investigated the conceptual 
framework of CLSC. Such as four cases was considered in order to investigate business 
practices in CLSC [12]. A conceptual framework was presented which investigate major 
menace and chances for organization engaged in CLSC operation [13].  
In the field of governmental policies, three different product donation and product recovery 
were studied which addressed their effects on the supply chain management [11]. Guo et al. [14] 
studied government subsidy in CLSC. They proposed the optimal subsidy policy and operation 
model by studding the quality level and factors effecting on it. Hassanpour et al. [9] formulated 
a bi-level problem which supply chain designer was follower and government was leader. Three 
channel structure for selling remanufacture and new products was considered which optimized 
government subsidy level and price [15]. Zhao et al. [16] investigated three different 
remanufacturing modes such that studying service, pricing and recycling decisions. Vahdani and 
Ahmadzadeh [17] proposed a nonlinear model which investigated facility location, inventory 
control and pricing in communications  and information technology in CLSC. Atabaki et al. 
[18] addressed allocation, location and price-sensitive demand.  
Some conceptual framework studies in regard of BTO systems is about supplier [19-23] . 
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Lalmazloumian et al. [1] proposed a BTO robust optimization model which cost and demand 
uncertain. Ebrahimi et al [24] addressed a bi-objective BTO supply chain problem to optimize 
the customer’s utility and total profit that demand was depended on the customer’s utility. Also, 
Ebrahimi et al. [25] proposed a scenario-based problem under BTO environment which 
outsourcing and return policy were considered.  
According to CLSC literature, none of them were under BTO environment. To the best of our 
knowledge, we presented a new CLSC under BTO environment. Choosing technology is the 
other issue which considered in this study.  
 
3. PROBLEM DEFINITION  

In this study, new products is manufacture in the production center. Then final products will be 
send to customers directly, because of the our BTO model. Returned products from customer is 
gathered in separation center firstly. Then all of the returned products will be disassemble into 
components or modals. The disassembled components which has enough quality, will be 
transferred to plant (production center). The choosing technology are considered. The distances 
are deterministic but there are several vehicles which each of them has it’s cost. 
3.1. Mathematical model  

min𝑍𝑍1 = ��������𝐶𝐶𝐶𝐶𝑟𝑟,𝑠𝑠,𝑡𝑡

𝑆𝑆

𝑠𝑠

.
𝑀𝑀

𝑚𝑚

𝑅𝑅

𝑟𝑟

𝑁𝑁

𝑛𝑛

𝑃𝑃

𝑝𝑝

𝐶𝐶

𝑐𝑐

𝑉𝑉

𝑣𝑣

𝑇𝑇

𝑡𝑡

𝑄𝑄𝑄𝑄𝐶𝐶𝑟𝑟,𝑠𝑠,𝑚𝑚,𝑣𝑣,𝑡𝑡 + 𝐶𝐶𝐶𝐶𝐶𝐶𝑠𝑠,𝑚𝑚,𝑣𝑣,𝑡𝑡 . 𝐿𝐿𝐶𝐶𝑠𝑠,𝑚𝑚.𝑋𝑋𝑄𝑄𝐶𝐶𝑟𝑟,𝑠𝑠,𝑚𝑚,𝑣𝑣,𝑡𝑡

+ 𝐻𝐻𝐶𝐶𝑟𝑟,𝑚𝑚,𝑡𝑡 .𝑁𝑁𝑁𝑁𝐶𝐶𝑟𝑟,𝑚𝑚,𝑡𝑡 + 𝐶𝐶𝐶𝐶𝑛𝑛,𝑚𝑚,𝑜𝑜,𝑡𝑡 .𝑄𝑄𝐶𝐶𝑛𝑛,𝑚𝑚,𝑜𝑜,𝑡𝑡 
+𝐻𝐻𝐶𝐶𝑛𝑛,𝑚𝑚,𝑡𝑡 .𝑁𝑁𝑁𝑁𝐶𝐶𝑛𝑛,𝑚𝑚,𝑡𝑡 + 𝐶𝐶𝐶𝐶𝑚𝑚,𝑝𝑝,𝑡𝑡 .𝑄𝑄𝑄𝑄𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑣𝑣,𝑡𝑡 + 𝐶𝐶𝐶𝐶𝐶𝐶𝑚𝑚,𝑐𝑐,𝑣𝑣,𝑡𝑡 . 𝐿𝐿𝐶𝐶𝑚𝑚,𝑐𝑐 .𝑋𝑋𝑄𝑄𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑣𝑣,𝑡𝑡 + 𝐶𝐶𝐶𝐶𝑑𝑑,𝑝𝑝,𝑡𝑡 .𝑄𝑄𝐶𝐶𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑑𝑑,𝑣𝑣,𝑡𝑡

+ 𝐻𝐻𝐶𝐶𝑝𝑝,𝑑𝑑,𝑡𝑡 .𝑁𝑁𝑁𝑁𝐶𝐶𝑝𝑝,𝑑𝑑,𝑡𝑡 + 𝐶𝐶𝐶𝐶𝐶𝐶𝑐𝑐,𝑑𝑑,𝑣𝑣,𝑡𝑡 . 𝐿𝐿𝐶𝐶𝑐𝑐,𝑑𝑑 .𝑋𝑋𝑄𝑄𝐶𝐶𝑝𝑝,𝑐𝑐,𝑑𝑑,𝑣𝑣,𝑡𝑡 
+𝐶𝐶𝐶𝐶𝐶𝐶𝑑𝑑,𝑚𝑚,𝑣𝑣,𝑡𝑡 . 𝐿𝐿𝐶𝐶𝐶𝐶𝑑𝑑,𝑚𝑚.𝑋𝑋𝑄𝑄𝐶𝐶𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑑𝑑,𝑣𝑣,𝑡𝑡 + 𝑒𝑒𝑜𝑜,𝑚𝑚,𝑡𝑡 .𝑋𝑋𝐶𝐶𝑛𝑛,𝑚𝑚,𝑜𝑜,𝑡𝑡 + 𝐶𝐶𝐶𝐶𝑝𝑝,𝑚𝑚,𝑡𝑡 .𝐵𝐵𝑝𝑝,𝑚𝑚,𝑡𝑡 
 

(1) 

The total cost of supply chain is minimized by objective function. Where  𝐶𝐶𝐶𝐶𝑟𝑟,𝑠𝑠,𝑡𝑡 is cost of raw 
material r from supplier s in t period, 𝐶𝐶𝐶𝐶𝐶𝐶𝑠𝑠,𝑚𝑚,𝑣𝑣,𝑡𝑡 is transportation cost of vehicle v from supplier s to 
manufacturer m,  𝐻𝐻𝐶𝐶𝑟𝑟,𝑚𝑚,𝑡𝑡 is inventory cost of raw material r,  𝐶𝐶𝐶𝐶𝑛𝑛,𝑚𝑚,𝑜𝑜,𝑡𝑡 cost of producing component n by 
technology o, 𝐻𝐻𝐶𝐶𝑛𝑛,𝑚𝑚,𝑡𝑡 is inventory cost of component, 𝐶𝐶𝐶𝐶𝑚𝑚,𝑝𝑝,𝑡𝑡is cost of producing product p, 𝐶𝐶𝐶𝐶𝐶𝐶𝑚𝑚,𝑐𝑐,𝑣𝑣,𝑡𝑡 is 
transportation cost of  vehicle v from manufacturer m to customer c, 𝐶𝐶𝐶𝐶𝑑𝑑,𝑝𝑝,𝑡𝑡is cost of disassembling or 
separating of the return product p in  separation center d, 𝐻𝐻𝐶𝐶𝑝𝑝,𝑑𝑑,𝑡𝑡 is Inventory cost of product p, 𝐶𝐶𝐶𝐶𝐶𝐶𝑐𝑐,𝑑𝑑,𝑣𝑣,𝑡𝑡 
is transportation cost of vehicle v from customer c to separation center d, 𝐶𝐶𝐶𝐶𝐶𝐶𝑑𝑑,𝑚𝑚,𝑣𝑣,𝑡𝑡 is Transportation cost 
of vehicle v from separation center d to manufacturer m, 𝑒𝑒𝑜𝑜,𝑚𝑚,𝑡𝑡 is Cost of technology o for manufacturer 
m, 𝐶𝐶𝐶𝐶𝑝𝑝,𝑚𝑚,𝑡𝑡 is Shortage cost of product p, 𝑄𝑄𝑄𝑄𝐶𝐶𝑟𝑟,𝑠𝑠,𝑚𝑚,𝑣𝑣,𝑡𝑡 is Quantity of raw material r transferred from supplier 
s to manufacturer m by vehicle v in t period, 𝐿𝐿𝐶𝐶𝑠𝑠,𝑚𝑚 is Distance between supplier s and manufacturer m, 
𝑋𝑋𝑄𝑄𝐶𝐶𝑟𝑟,𝑠𝑠,𝑚𝑚,𝑣𝑣,𝑡𝑡 is 1 if raw material r  transferred from supplier s to manufacturer m by vehicle v in t period, 
𝑁𝑁𝑁𝑁𝐶𝐶𝑟𝑟,𝑚𝑚,𝑡𝑡is Inventory of raw material, 𝑄𝑄𝐶𝐶𝑛𝑛,𝑚𝑚,𝑜𝑜,𝑡𝑡 is Quantity of component n fabricated by technology o, 
𝑁𝑁𝑁𝑁𝐶𝐶𝑛𝑛,𝑚𝑚,𝑡𝑡 is Inventory of component, 𝑄𝑄𝑄𝑄𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑣𝑣,𝑡𝑡 is Quantity of product p transferred from manufacturer m 
to customer c by vehicle v, 𝐿𝐿𝐶𝐶𝑚𝑚,𝑐𝑐 is Distance between manufacturer m and customer , 𝑋𝑋𝑄𝑄𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑣𝑣,𝑡𝑡 is 1 if 
product p transferred from manufacturer m to customer c by vehicle v in t period, 𝑄𝑄𝐶𝐶𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑑𝑑,𝑣𝑣,𝑡𝑡is Quantity 
of  returned product p from customer c disassembled in separation center d, transferred to manufacturer, 
𝑁𝑁𝑁𝑁𝐶𝐶𝑝𝑝,𝑑𝑑,𝑡𝑡 is Inventory of returned product,  𝐿𝐿𝐶𝐶𝑐𝑐,𝑑𝑑 is Distance between, 𝑋𝑋𝑄𝑄𝐶𝐶𝑝𝑝,𝑐𝑐,𝑑𝑑,𝑣𝑣,𝑡𝑡 is 1 if returned product p 
from customer c disassembled in separation center d transferred to manufacturer m by vehicle v in t 
period, 𝐿𝐿𝐶𝐶𝐶𝐶𝑑𝑑,𝑚𝑚is Distance between, 𝑋𝑋𝑄𝑄𝐶𝐶𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑑𝑑,𝑣𝑣,𝑡𝑡 is 1 if returned product p from customer c 
disassembled in separation center d, transferred to manufacturer m by vehicle v in t period, 𝑋𝑋𝐶𝐶𝑛𝑛,𝑚𝑚,𝑜𝑜,𝑡𝑡 is 1 
if component n produced in manufacturer m by technology o in t period, 𝐵𝐵𝑝𝑝,𝑚𝑚,𝑡𝑡is Shortage of product p in 
manufacturer m in t period. 
𝐷𝐷𝐶𝐶𝑝𝑝,𝑐𝑐,𝑡𝑡 ≤��𝑄𝑄𝑄𝑄𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑣𝑣,𝑡𝑡

𝑣𝑣𝑚𝑚

 (2) 

The relation between demand and amount of productions is stated in Eq. (2) where 𝐷𝐷𝐶𝐶𝑝𝑝,𝑐𝑐,𝑡𝑡 is 
demand of product p for customer c in t period. 
𝐵𝐵𝑝𝑝,𝑚𝑚,𝑡𝑡 ≤ �1 − 𝑆𝑆𝑆𝑆𝑄𝑄𝑝𝑝,𝑐𝑐�.𝐷𝐷𝐶𝐶𝑝𝑝,𝑐𝑐,𝑡𝑡 (3) 
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The Eq. (3) is stated amount of permissible backordered products. 𝑆𝑆𝑆𝑆𝑄𝑄𝑝𝑝,𝑐𝑐is minimal allowable 
demand fulfillment rate of product p for customer c. 
��𝑄𝑄𝑄𝑄𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑣𝑣,𝑡𝑡

𝑣𝑣𝑚𝑚

+ 𝐵𝐵𝑝𝑝,𝑚𝑚,𝑡𝑡 = 𝐷𝐷𝐶𝐶𝑝𝑝,𝑐𝑐,𝑡𝑡 + 𝐵𝐵𝑝𝑝,𝑚𝑚,𝑡𝑡−1 (4) 

The relationship between the volume of products delivered to each customer and demand of 
each customers and the amount of backordered products is shown in equation (4). 
��𝑅𝑅𝐶𝐶𝑐𝑐,𝑝𝑝,𝑑𝑑,𝑣𝑣,𝑡𝑡

𝑣𝑣𝑑𝑑

> 𝑅𝑅𝑅𝑅.𝐷𝐷𝐶𝐶𝑝𝑝,𝑐𝑐,𝑡𝑡 
(5) 

��𝑅𝑅𝐶𝐶𝑐𝑐,𝑝𝑝,𝑑𝑑,𝑣𝑣,𝑡𝑡
𝑣𝑣𝑑𝑑

≤ 𝐷𝐷𝐶𝐶𝑝𝑝,𝑐𝑐,𝑡𝑡 
(6) 

The equations (5,6) are shown the restriction of the quantity of returned product. Where 
𝑅𝑅𝐶𝐶𝑐𝑐,𝑝𝑝,𝑑𝑑,𝑣𝑣,𝑡𝑡 is quantity of product p returned from customer c to separation center. 𝑅𝑅𝑅𝑅 is Average rate of 
return product. 
𝑁𝑁𝑁𝑁𝐶𝐶𝑟𝑟,𝑚𝑚,𝑡𝑡 = 𝑁𝑁𝑁𝑁𝐶𝐶𝑟𝑟,𝑚𝑚,𝑡𝑡−1 + ��𝑄𝑄𝑄𝑄𝐶𝐶𝑟𝑟,𝑠𝑠,𝑚𝑚,𝑣𝑣,𝑡𝑡

𝑣𝑣

−��𝛾𝛾𝑛𝑛,𝑟𝑟 .
𝑜𝑜𝑛𝑛𝑠𝑠

𝑄𝑄𝐶𝐶𝑛𝑛,𝑚𝑚,𝑜𝑜,𝑡𝑡 
(7) 

𝑁𝑁𝑁𝑁𝐶𝐶𝑛𝑛,𝑚𝑚,𝑡𝑡 = 𝑁𝑁𝑁𝑁𝐶𝐶𝑛𝑛,𝑚𝑚,𝑡𝑡 + �𝑄𝑄𝐶𝐶𝑛𝑛,𝑚𝑚,𝑜𝑜,𝑡𝑡 −�𝜇𝜇𝑝𝑝,𝑛𝑛
𝑝𝑝

.��𝑄𝑄𝑄𝑄𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑣𝑣,𝑡𝑡
𝑣𝑣𝑐𝑐𝑜𝑜

 (8) 

𝑁𝑁𝑁𝑁𝐶𝐶𝑝𝑝,𝑑𝑑,𝑡𝑡+1 = 𝑁𝑁𝑁𝑁𝐶𝐶𝑝𝑝,𝑑𝑑,𝑡𝑡 + ��𝑅𝑅𝐶𝐶𝑐𝑐,𝑝𝑝,𝑑𝑑,𝑣𝑣,𝑡𝑡
𝑣𝑣𝑐𝑐

−���𝑄𝑄𝐶𝐶𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑑𝑑,𝑣𝑣,𝑡𝑡
𝑣𝑣𝑚𝑚𝑐𝑐

 (9) 

The equation (7, 8 and 9) respectively state the inventory balance of raw materials and 
components and returned product where 𝛾𝛾𝑛𝑛,𝑟𝑟 is amount of raw material r required in component n, 
𝜇𝜇𝑝𝑝,𝑛𝑛 is amount of component n required in product p. 

��𝑄𝑄𝑄𝑄𝐶𝐶𝑟𝑟,𝑠𝑠,𝑚𝑚,𝑣𝑣,𝑡𝑡 ≤
𝑣𝑣𝑚𝑚

𝑀𝑀𝐶𝐶𝐶𝐶𝑟𝑟,𝑠𝑠,𝑡𝑡 
(10) 

��𝑄𝑄𝐶𝐶𝑛𝑛,𝑚𝑚,𝑜𝑜,𝑡𝑡 .
𝑜𝑜𝑛𝑛

𝑇𝑇𝐶𝐶𝑛𝑛,𝑚𝑚,𝑜𝑜 ≤ 𝑀𝑀𝐶𝐶𝐶𝐶𝑚𝑚,𝑡𝑡 
(11) 

���𝑄𝑄𝑄𝑄𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑣𝑣,𝑡𝑡 .
𝑣𝑣𝑐𝑐𝑝𝑝

𝑇𝑇𝐶𝐶𝑝𝑝,𝑚𝑚 ≤ 𝑀𝑀𝐶𝐶𝐶𝐶𝑚𝑚,𝑡𝑡 
(12) 

����𝑄𝑄𝐶𝐶𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑑𝑑,𝑣𝑣,𝑡𝑡
𝑑𝑑𝑣𝑣𝑚𝑚𝑐𝑐

.𝑇𝑇𝐶𝐶𝑝𝑝,𝑑𝑑 < 𝑀𝑀𝐶𝐶𝐶𝐶𝑑𝑑,𝑡𝑡 
(13) 

Equation (10, 11, 12 and 13) respectively mention maximum capacity for supplying raw 
materials, fabricating component, producing final products and separating of returned 
product. 𝑀𝑀𝐶𝐶𝐶𝐶𝑟𝑟,𝑠𝑠,𝑡𝑡 is Maximum capacity of supplier s for providing raw material r in t period, 𝑀𝑀𝐶𝐶𝐶𝐶𝑚𝑚,𝑡𝑡 is 
Maximum capacity of manufacturer m for fabricating component, 𝑀𝑀𝐶𝐶𝐶𝐶𝑚𝑚,𝑡𝑡 is Maximum capacity of 
manufacturer m for producing products, 𝑀𝑀𝐶𝐶𝐶𝐶𝑑𝑑,𝑡𝑡 is Maximum capacity of separation center, 𝑇𝑇𝐶𝐶𝑛𝑛,𝑚𝑚,𝑜𝑜 is 
required time for producing each component n in manufacturer, 𝑇𝑇𝐶𝐶𝑝𝑝,𝑚𝑚 is Required time for producing 
each product p in manufacturer, 𝑇𝑇𝐶𝐶𝑝𝑝,𝑑𝑑 is Required time for disassembling or separating of the return 
product. 
�𝑄𝑄𝑄𝑄𝐶𝐶𝑟𝑟,𝑠𝑠,𝑚𝑚,𝑣𝑣,𝑡𝑡 .
𝑟𝑟

𝑔𝑔𝐶𝐶𝑟𝑟 ≤ 𝑊𝑊𝑒𝑒𝑁𝑁𝑣𝑣 (14) 

�𝑄𝑄𝑄𝑄𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑣𝑣,𝑡𝑡 .
𝑝𝑝

𝑔𝑔𝐶𝐶𝑛𝑛 ≤ 𝑊𝑊𝑒𝑒𝑁𝑁𝑣𝑣 (15) 

�𝑅𝑅𝐶𝐶𝑐𝑐,𝑝𝑝,𝑑𝑑,𝑣𝑣,𝑡𝑡 .𝑔𝑔𝐶𝐶𝑝𝑝
𝑝𝑝

≤ 𝑊𝑊𝑒𝑒𝑁𝑁𝑣𝑣 (16) 

The maximum capacity of vehicles to transfer raw materials, final products and returned 
products are stated respectively in equation (14, 15 and 16). 𝑔𝑔𝐶𝐶𝑟𝑟 , 𝑔𝑔𝐶𝐶𝑛𝑛 and 𝑔𝑔𝐶𝐶𝑝𝑝are respectively 
Weight of each raw material r ,  Weight of each component n and Weight of each product p. 
���𝑄𝑄𝐶𝐶𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑑𝑑,𝑣𝑣,𝑡𝑡

𝑛𝑛𝑝𝑝𝑐𝑐

. (1 − 𝑅𝑅𝑆𝑆). 𝜇𝜇𝑝𝑝,𝑛𝑛.𝑔𝑔𝐶𝐶𝑛𝑛 < 𝑊𝑊𝑒𝑒𝑁𝑁𝑣𝑣 (17) 

Transferring of component n which gathered after disassembling is mentioned in equation (17). 
𝑄𝑄𝑄𝑄𝐶𝐶𝑟𝑟,𝑠𝑠,𝑚𝑚,𝑣𝑣,𝑡𝑡 ≤ 𝑀𝑀𝐶𝐶𝑁𝑁𝑔𝑔 .𝑋𝑋𝑄𝑄𝐶𝐶𝑟𝑟,𝑠𝑠,𝑚𝑚,𝑣𝑣,𝑡𝑡 (18) 
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 There is raw material r provided from supplier s if and only if the raw material r transferred 
from supplier s (Eq. 18).  
𝑄𝑄𝑄𝑄𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑣𝑣,𝑡𝑡 ≤ 𝑀𝑀𝐶𝐶𝑁𝑁𝑔𝑔.𝑋𝑋𝑄𝑄𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑣𝑣,𝑡𝑡 (19) 
 Also, there is final product p in customer c if and only if the product p sent to customer c (Eq. 
19). 
𝑄𝑄𝐶𝐶𝑛𝑛,𝑚𝑚,𝑜𝑜,𝑡𝑡 ≤ 𝑀𝑀𝐶𝐶𝑁𝑁𝑔𝑔.𝑋𝑋𝐶𝐶𝑛𝑛,𝑚𝑚,𝑜𝑜,𝑡𝑡 (20) 
 There is quantity of component n (expect of inventory) if and only if the component n 
fabricated in manufacturer m by technology o (Eq. 20).  
𝑅𝑅𝐶𝐶𝑐𝑐,𝑝𝑝,𝑑𝑑,𝑣𝑣,𝑡𝑡 < 𝑀𝑀.𝑋𝑋𝑄𝑄𝐶𝐶𝑝𝑝,𝑐𝑐,𝑑𝑑,𝑣𝑣,𝑡𝑡 (21) 
 Equation (21) stated that there is quantity of returned product p if and only if product p returned 
from customer c to separation center d by vehicle v in t period.  
𝑄𝑄𝐶𝐶𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑑𝑑,𝑣𝑣,𝑡𝑡 < 𝑀𝑀.𝑋𝑋𝑄𝑄𝐶𝐶𝐶𝐶𝑝𝑝,𝑚𝑚,𝑐𝑐,𝑑𝑑,𝑣𝑣,𝑡𝑡 (22) 
 Equation (22) stated that returned product p from customer c disassembled in separation center 
d, if and only if transferred to manufacturer m by vehicle v in t period. 
𝑁𝑁𝑁𝑁𝐶𝐶𝑛𝑛,𝑚𝑚,𝑡𝑡 ≤ 𝑀𝑀𝐶𝐶𝑁𝑁𝑛𝑛,𝑚𝑚,𝑡𝑡 (23) 
𝑁𝑁𝑁𝑁𝐶𝐶𝑟𝑟,𝑚𝑚,𝑡𝑡 ≤ 𝑀𝑀𝐶𝐶𝑁𝑁𝑟𝑟,𝑚𝑚,𝑡𝑡 (24) 
𝑁𝑁𝑁𝑁𝐶𝐶𝑝𝑝,𝑑𝑑,𝑡𝑡 < 𝑀𝑀𝐶𝐶𝑁𝑁𝑝𝑝,𝑑𝑑,𝑡𝑡 (25) 
 The maximum inventory capacity of raw materials and components and returned product are 
determined in equation (23, 24 and 25).  
�𝑋𝑋𝐶𝐶𝑛𝑛,𝑚𝑚,𝑜𝑜,𝑡𝑡
𝑜𝑜

≤ 1 (26) 

 The component n should be fabricated only one technology (Eq. 26). 
 
4. ESTATISTICS AND DATA ANALYSIS  

The new model is solved by CPLEX software. Different size of problem is examined to test the 
validity. 8 problem samples are proposed in different size in table 1. 
By increasing the size of the problem, the objective function is increased. Also, CPU time is 
grown, especially in last size of problem the growth of the function and CPU time are very 
much. 

Table 1. Different size problem 
Size of problem 
𝐶𝐶,𝐶𝐶,𝐶𝐶, 𝐶𝐶,𝐶𝐶, 𝑐𝑐,𝐶𝐶, 𝑜𝑜, 𝐶𝐶, 𝑄𝑄 

The objective function CPU time 

2,2,1,1,2,2,1,1,1,1 176181.851 0.291 
3,3,2,2,2,2,1,2,2,1 2643464.005 0.438 
4,3,2,3,2,2,2,2,2,1 8714608.771 0.749 
5,4,2,3,2,3,2,2,2,1 34954370 2.371 
6,4,2,3,2,5,2,2,2,1 477256600 3.859 
6,4,3,3,3,5,2,3,3,1 1279167000 16.41.05 

Table 2 illustrates the sensitivity analysis of the final productʼs demand for 3,3,2,2,2,2,1,2,2,1 
size of problem. The objective function is grown by enhancing the demand of the final product. 
Also, the objective function is lowered by decreasing the demand of the final product. It is 
reasonable that the CPU time not having especial different. 
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Table2. Sensitivity analysis of the Demand of final product 

Demand of product The objective function CPU time 
𝑫𝑫𝑫𝑫𝑫𝑫,𝒄𝒄,𝒕𝒕 − 𝟎𝟎.𝟒𝟒 ∗ 𝑫𝑫𝑫𝑫𝑫𝑫,𝒄𝒄,𝒕𝒕 2324690.436 0.311 
𝑫𝑫𝑫𝑫𝑫𝑫,𝒄𝒄,𝒕𝒕 − 𝟎𝟎.𝟐𝟐 ∗ 𝑫𝑫𝑫𝑫𝑫𝑫,𝒄𝒄,𝒕𝒕 3078453.585 0.437 

𝑫𝑫𝑫𝑫𝑫𝑫,𝒄𝒄,𝒕𝒕 2643464.005 0.438 
𝑫𝑫𝑫𝑫𝑫𝑫,𝒄𝒄,𝒕𝒕 + 𝟎𝟎.𝟐𝟐 ∗ 𝑫𝑫𝑫𝑫𝑫𝑫,𝒄𝒄,𝒕𝒕 8313728.928 0.548 
𝑫𝑫𝑫𝑫𝑫𝑫,𝒄𝒄,𝒕𝒕 + 𝟎𝟎.𝟒𝟒 ∗ 𝑫𝑫𝑫𝑫𝑫𝑫,𝒄𝒄,𝒕𝒕 13409230 0.434 

The sensitivity analysis of the cost of final product production or assembling is shown in Table 
3. It is completely reasonable that the objective function is increased by increasing the cost and 
decreased by lowering the cost. The CPU time does not changed by increasing or decreasing the 
cost of final product production. 

 
Table2. Sensitivity analysis of the the cost of final product production or assembling 

Demand of product The objective function CPU time 
𝑪𝑪𝑫𝑫𝒎𝒎,𝑫𝑫,𝒕𝒕 − 𝟎𝟎.𝟒𝟒 ∗ 𝑪𝑪𝑫𝑫𝒎𝒎,𝑫𝑫,𝒕𝒕 3245806.284 0.527 
𝑪𝑪𝑫𝑫𝒎𝒎,𝑫𝑫,𝒕𝒕 − 𝟎𝟎.𝟐𝟐 ∗ 𝑪𝑪𝑫𝑫𝒎𝒎,𝑫𝑫,𝒕𝒕 3557862.026 0.333 

𝑪𝑪𝑫𝑫𝒎𝒎,𝑫𝑫,𝒕𝒕 2643464.005 0.438 
𝑪𝑪𝑫𝑫𝒎𝒎,𝑫𝑫,𝒕𝒕 + 𝟎𝟎.𝟐𝟐 ∗ 𝑪𝑪𝑫𝑫𝒎𝒎,𝑫𝑫,𝒕𝒕 4181973.512 0.381 
𝑪𝑪𝑫𝑫𝒎𝒎,𝑫𝑫,𝒕𝒕 + 𝟎𝟎.𝟒𝟒 ∗ 𝑪𝑪𝑫𝑫𝒎𝒎,𝑫𝑫,𝒕𝒕 4494029.255 0.680 

5. CONCLUSIONS  
In this study, a new mixed integer linear programming CLSC problem in BTO environment was 
presented. The chosen technology was considered. The new model try to minimize the total cost 
of supply chain. There were not inventory of final product because of the BTO problem. Also, 
since the model is in BTO environment, the component achieve from disassembling the 
returned product could be transferred to the plants to remanufacture. The proposed model solved 
by CPLEX software and sensitivity analysis was applied to examine the effect of some 
parameters. The extension of this methahuristic algorithm or exact method such as benders 
decomposition algorithm to solve large scale problems.  
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ABSTRACT 
Nowadays, uncertain environment of business provides variant risk for industrial companies 
which results in lower performances. In addition, under different risk factors, firms and supply 
chains are struggling with limitations for developing markets and achieving higher profits. In 
particular in domain of risk analysis there are different risk measures to model market risk 
factors. Herein, motivated by Value at Risk (VaR) and Conditional Value at Risk (C-VaR) measures, 
we study a typical supply chain based on the classic newsvendor problem under VaR and C-
VaR preferences. At first, we analysis centralized supply chain with a retailer and a supplier. 
Thus it can be seen that different risk preferences provide different optimal ordering decisions. 
Then we analysis supply chain coordination under these risk preferences. The results show that 
for a risk-averse retailer the efficiency of supply chain is decreased with respect to higher 
wholesale prices. Moreover, the efficiency is dramatically declined under VaR and C-VaR 
preferences.  
Keywords: Risk modeling, Supply chain coordination, Risk aversion, Value at Risk (VaR), Conditional 
Value at Risk (C-VaR). 
 

1. INTRODUCTION AND LITERATURE REVIEW  

Newsvendor problem is a classical framework in stochastic inventory management which has 
been frequently used to analyze the behavior of firms under demand uncertainty. In this setting, 
a risk-neutral decision maker faces random demand for a perishable product decides how much 
of it to stock for a single selling period [1]. In our age risks are one of the indivisible 
components of industries and businesses which effect on their performance. In this situation risk 
management and its analysis should be considered as efficient tools to measure and control the 
risks of single firms or supply chains. In this paper we use two main kinds of risk measures to 
consider market risks in supply chains. We assume a supply chain with risk neutral supplier and 
risk averse retailer. 
In this section, we summarize shortly the related literature. Ozler et al. considered a multi-
product newsvendor problem [2] with VaR measure. They presented a mathematical 
programing approach to solve the problem and an approximation method that is based on 
approximating the total profit from the sales of multi-product. Ref. [3] analyzed the effect of 
modeling risks by C-VaR criteria in a supply chain. In this paper minimizing the C-VaR is 
considered. They analyzed a supply chain with a supplier and a retailer in single period 
newsvendor problem. Chiu and Choi studied the classic newsvendor problem [4] with VaR 
preference. They investigated joint optimization pricing and stocking decisions. They also 
explored differences between the optimal decisions under VaR model and the classic 
newsvendor model. 
Wu et al. worked on a risk-averse newsvendor model [5]. They studied this problem under C-
VaR and determined optimal quantity and pricing decisions. They showed that order quantity, 
sales price and expected profit is decreasing in the degree of risk aversion.  Li et al. studied a 

Gall
ey

 Proo
f



 

 
 

dual channel supply chain consisting a risk neutral supplier and a risk averse retailer under C-
VaR preference [6]. They wanted insuring that all of supply chain members earn a win-win 
outcome. They used an improved risk sharing contract to coordinate the supply chain. Fan et al. 
studied on C-VaR minimization and channel coordination [7]. They considered option contract 
application in a buyer-led supply chain. They also considered that both supply chain members 
are risk-averse. They showed that increasing of option price and exercise price caused benefits 
for the supplier and loss for the buyer.  
Regarding the literature, analysis of effects of risk preferences on channel efficiency has been 
paid attention rarely. Thus, in this paper we attempt to provide such analysis to compare the 
effects of different risk preferences on supply chain ordering and efficiency. In the next sections 
we present the models and numerical study. It should be pointed out that the proof of 
propositions is omitted because of page imitations where it can be accessible through 
communicating with authors. 
 
2. TWO ECHELON SUPPLY CHAIN WITH RISK CONSIDERATION 

In this paper we consider a supply chain with one supplier and one retailer. Table 1 shows the 
notations of the model. 

Table 1. Notations of the model 
Notation  Notation  

β  Confidence level Cs Supplier's manufacturing cost per unit 

α  Value at Risk (VaR) Cr Retailer's cost per unit 

πr Retailer profit  S Salvage value per unit 

πs Supplier profit  w Wholesale price 

Π Supply chain profit p Selling price 

Π0 Centralized Supply chain profit 
target value q Order quantity 

π0 Retailer profit target value 0q  Order quantity in centralized supply chain 

𝛆𝛆 Random part of demand *iq  
Order quantity in decentralized supply chain 

,i r s= for retailer and supplier 
 
In this model we consider basic wholesale price contract between supply chain partners. The 
profit of the supply chain partners are as follows consideringT wq= : 

The supply chain profit then is written as  
min{ , } ( )s r p q S q Cqp p ε ε +Π = + = + − −  (3)  

Therefore, we can obtain optimal solution of the classic newsvendor problem from [8]. It is 
assumed that s rC C C= +  as the total cost for producing and delivering the product for end 
customers. 

0 1 p Cq F
p S

−  −
=  − 

 (1)  

 
2.1. Centralized Supply chain under VaR preference 

The centralized supply chain model under VaR preference is written as follows [2]:  

( ) min{ , } ( )r rq p q S q C q Tp ε ε += + − − −  (1)  

( )s sq C q Tp = − +  (2)  
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[ ( , )]
:

{ }

Max E q x
Subject to
p α

Π

Π ≤ Π ≤

 (2)  

Proposition 1 shows the optimal ordering decision of centralized supply chain under VaR 
preference.  

Proposition 1.The optimal solution of supply chain, (6) is developed as follows [2]: 
1

0 0( )( )
VaR

F p Sq
C S

α p− − −
=

−
 (3)  

 
2.2. Centralized Supply chain under C-VaR preference 

Herein, we model the centralized supply chain profit under C-Var preference. First, we define 
the supply chain loss function as follows [3]: 

( , ) ( )( ) ( )( )L q x C S q x p C x q+ += − − + − −  (4)  

Thus, instead of maximizing the profit function we can minimize the loss function. In addition, 
C-VaR is a upper bound for VaR [9]. It means that when we use C-VaR constraint it should 
include VaR constraint in itself. We define VaR in following relation from [3]. 

inf{ | { ( , ) } }p L q dα α α β= ≤ ≥  (5)  
Thus, the risk factor of the model based on C-VaR is rewritten as follows: 

( , )

1( ) [ ( , ) | ( , ) ] ( , ) ( )
1 L q x

C VaR x E L q x L q x L q x f x dx
α

α
β ≥

− = ≥ =
− ∫   (6)  

where ( )f x is the density function of 𝜀𝜀 and 𝛼𝛼 and is defines as VaR level by [9]: 
1( , ) [[ ( , ) ] ]

1
F x E L q xα α α

β
+= + −

−
  (7)  

Accordingly, the loss minimization model for centralized supply chain is equal to minimization 
of ( , )F x α [3] as follows:  

1( , ) [[ ( , ) ] ]
1

Min F x E L q xα α α
β

+= + −
−

  (8)  

Proposition 2. The joint optimal solutions 0 0( , )C VaR C VaRq α− − for a centralized chain under C-Var 
is written as follows:  

0 1

0 1

(1 )

( ) (1 )

U
C VaR

O U

U O U U
C VaR

O U O U

Cq F
C C

C C C CF
C C C C

β

βα

−
−

−
−

  −
=  +  


   + − = −    + +   

  (9)  

 
Where OC C S= − and UC p C= − . 
 
3. DECENTRALIZED SUPPLY CHAIN ANALYSIS  

In decentralized supply chain model with wholesale price contract, we attempt to calculate the 
optimal solutions of both supply chain partners. In addition, similar to the centralized model it is 
known that the optimal ordering decision for the retailer is as follows:  
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* 1r r
classic

p C wq F
p S

−  − −
=  − 

 (10)  

Here, it is assumed that only retailer considers risk preferences. Thus, the optimal ordering 
decisions for the retailer under different risk preferences of VaR and C-VaR are developed in 
Proposition 3.  
 
Proposition 3. The optimal retailer's ordering decision under VaR and C-VaR risk preferences 
is written as follows:  
 

1
* 0( )( )r r
VaR

r

F p Sq
C w S
α p− − −

=
+ −

 (11)  

* 1

* 1

(1 )

( ) (1 )

r U
C VaR

O U

r U O U U
C VaR

O U O U

Cq F
C C

C C C CF
C C C C

β

βα

−
−

−
−

  ′ −
=  ′ ′+  


   ′ ′ ′ ′+ − = −    ′ ′ ′ ′+ +   

 (12)  

Where O rC C w S′ = + − and U rC p C w′ = − − . 
 
4. ANALYZING CHANNEL EFFICIENCY UNDER RISK PREFERENCES: NUMERICAL STUDY 

For numerical study, the uniform probability function is considered. Thus, the density function, 
( )f x , is as follows: 

1 0
( )

0 .

x L
Lf x

o w

 ≤ ≤= 



  (13)  

Therefore, the cumulative distribution function, ( )F x , and its inverse, 1(.)F −  become: 

0
( )

0 .

x x L
LF x

o w

 ≤ ≤= 



  (14)  

1
0 1

( )
0 .

Ly y
F y

o w
−

≤ ≤= 


  (15)  

We set 𝑤𝑤 between 50 and 250. The selling price 𝑝𝑝 = 300 and Cr=30 and Cs=40. In addition 
𝑠𝑠 = 20 as the salvage value for any unsold inventory. In this example we assume 𝐿𝐿 = 100 and 

0p =23000. At first, we analysis centralized supply chain with our numerical study. We earned 
optimal order quantities in each model. For centralized supply chain, the optimal order quantity 
is 82 and the profit function is 18893. In addition, for decentralized supply chain under VaR 
preference the optimal order quantity is 72 and the profit of 16550 is earned where these 
decision under C-VaR preference are respectively, 4 and 995. 
For decentralized supply chain, the optimal ordering quantity under different risk preferences 
are summarized in Table 2. The results show that by increasing wholesale price, the retailer 
optimal order quantity is decreasing in all models. 
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Table 2: Optimal order quantities of decentralized supply chain 

W *r
classicq  *r

VaRq  *r
C VaRq −  

*

*

r
VaR

r
classic

q
q  

*

*

r
C VaR

r
classic

q
q

−  

50 79 60 4 0/76 0/05 
100 63 33 3 0/54 0/05 
150 44 23 2 0/53 0/05 
200 26 17 1 0/69 0/05 
250 7 14 0 1/94 0/05 

 
The profit of each model in decentralized supply chain is calculated in Table 3. In addition, we 
calculated supply chain efficiency in the models under VaR and C-VaR preferences. Table 3 
shows that by increasing 𝑤𝑤 the supply chain’s efficiency is decreasing for both risk models. 
 

Table 3: The profit of each model in decentralized supply chain 
W classicΠ  VaRΠ  C VaR−Π  classicEf  VaREf  C VaREf −  
50 17886 13800 18071 0/96 0/83 0/96 
100 12285 7527 13964 0/74 0/45 0/74 
150 7618 5175 9857 0/52 0/31 0/52 
200 4493 3943 5750 0/30 0/24 0/30 
250 3051 3185 1643 0/09 0/19 0/09 

 
 

 
Figure 1. Optimal order quantities for the retailer (supply chain) with respect to w Gall
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Figure 2. Analysis between cetralized and decentralized supply chain profit for different risk prefrences 

 
The results of changing the retailer optimal order quantity and the channel efficiency are 
depicted in Fig. 2 and 3. In Fig 2., the horizontal lines show the centralized supply chain profits 
for classic, VaR and C-VaR models and dashed lines are for decentralized ones. 

 
5. CONCLUSIONS 

Considering different risk preferences provides different optimal decisions and profits for firms 
and supply chains. In this paper we assume a supply chain with a risk-neutral supplier and a 
risk-averse retailer. Thus, the optimal ordering decisions of the retailer is analyzed under 
different risk preferences of risk-neutral, VaR and C-VaR preferences.  
In addition, for analyzing the effect of risk modeling on supply chain efficiency, we analyzed 
centralized supply chain optimal decisions. Then after finding the optimal decision of 
decentralized supply chain, the level of profit and efficiency is compared for different cases. 
The results show that increasing wholesale price in decentralized supply chain lead to lowering 
the retailer's optimal order quantity. In addition, increasing wholesale prices results in lower 
efficiencies where the C-VaR risk preferences provide lower efficiencies compared to VaR 
models. 
This paper can be developed to joint optimization pricing and inventory problem and using 
other contracts such as risk-sharing, revenue-sharing and option contract. Also, other risk 
measures like entropic value at risk (E-VaR) can be used to measure risks in the supply chain. 
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ABSTRACT 
Multi-criteria decision making (MCDM) is an approach to sort alternatives with respect to criteria. A 
challenging circumstance is to consider the effectiveness of all criteria in decision making. The case is 
more complicated when uncertain condition or imprecise data are included. We aim to develop a new 
method of Superiority and inferiority ranking (SIR) to evaluate alternatives in MCDM. Then, SIR method 
is adapted with uncertain data. To verify the Fuzzy SIR method a supplier selection problem in which the 
fuzzy triangle numbers indicate uncertainty of data is worked out. The numerical results show the 
feasibility of the fuzzy SIR method to find out the best alternative in a decision making problem.  
Keywords : Multi Criteria Decision Making (MCDM), SIR, Fuzzy number. 
 

1. INTRODUCTION    

Decision making often involves the ranking and evaluation of available courses of decision or 
action alternatives based on multiple criteria. Multi-criteria decision making (MCDM) has been 
adopted to be an effective methodology for solving an extensive variety of multi criteria ranking 
and evaluation problems [1]. Solving multi-criteria decision making has been widely applied to 
choose a finite number of alternatives. A survey on the structure and implementation of the 
multi-criteria decision making approached was reviewed by Macharis et al. [2]. 
The superiority and inferiority ranking (SIR) method is a generation of the well-known 
PROMETHEE method, which can be more efficient to express MCDM problems. SIR is 
introduced by Xu [3]. SAW and PROMETHEE are used in this method for final ranking of 
alternatives. Fuzzy sets specifically describe uncertain information in real world; decision 
saturations are usually under uncertain environment and involve multiple individuals who have 
their own points of view on handling decision problems [4]. In order to solve uncertainty of 
MCDM problem, we propose a comprehensive methodology being able to handle a wide range 
of decision problems. Chaie & Liu [4] proposed an intuitionist fuzzy SIR method which 
consider uncertain data via intuitionist fuzzy and applied their new method to supply chain 
management. Also, Li et al. [5] developed a consensus based fuzzy multi-criteria group decision 
making method for research output evaluation.  
Today uncertainty and risk are widely included in modeling. Recent reviews focus on the 
modeling of hazards and risks [6] or on the handling of price and other market risks. To solve 
the MCDM problem with hesitant fuzzy set, required information is prepared to be used for 
developing the E-VIKOR and TOPSIS methods [7]. TOPSIS is one of the major techniques in 
dealing with MCDM problems, and Belief Structure (BS) model and Fuzzy BS model have 
been used successfully for uncertain MCDM with incompleteness, impreciseness or ignorance. 
Another study developed a fuzzy multi-attribute decision making employing TOPSIS with 
vagueness in attribute weights [8]. Fuzzy BS model contains both fuzzy evaluation grades and 
belief degrees; the former can model fuzziness or vagueness and the latter encompasses 
incompleteness or ignorance [9]. Xu et al. [10] worked on fuzzy linguistic preference group 
decision making. The Winner Determination problem (WD) problem is considered as MCDM. 
Preference elicitation for a multi-attribute problem was studied in the basis of an agent-based 
framework [11]. In order to address the imprecision of suppliers or decision makers in 
formulating the preference value of various attributes in MCDM, a fuzzy TOPSIS based 
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methodology along with a mechanism for determination of fuzzy linguistic value of each 
attribute was proposed [12].  
MCDM often involves decision-makers’ (DMs) subjective judgments and preferences such as 
qualitative criteria ratings. It can be difficult to be judged precisely because of the existence of 
uncertainty. Therefore, the imprecision has been characterized by fuzzy number [13]. To make 
decision analysis under fuzzy number, in this study, SIR method will be extended under fuzzy 
number for the first time. 
The rest of the paper is structured as follows. Section 2 provides a definition of basic 
information about SIR. Section 3 provides fuzzy number definition and fuzzy SIR model. 
Section 4 illustrates an example to find out the result of the model and Section 5 concludes the 
paper. 
 
2. SIR METHOD  

Let 𝐴𝐴1,𝐴𝐴2, … ,𝐴𝐴𝑚𝑚 are variable alternatives and 𝑔𝑔1,𝑔𝑔2, … ,𝑔𝑔𝑛𝑛 be 𝑛𝑛 criteria. And 𝑔𝑔𝑗𝑗(𝐴𝐴𝑖𝑖) be the 
criteria values (performance) of the i-th alternative 𝐴𝐴𝑖𝑖 with respect to the j-th criterion 𝑔𝑔𝑗𝑗 
(𝑖𝑖 = 1,2, … ,𝑚𝑚 ; 𝑗𝑗 = 1,2, … ,𝑛𝑛). Decision matrix is configured as: 
 

𝐷𝐷 =  

⎣
⎢
⎢
⎢
⎡ 𝑔𝑔1(𝐴𝐴1) ⋯ 𝑔𝑔𝑗𝑗(𝐴𝐴1)

⋯ ⋯ ⋯
⋯ 𝑔𝑔𝑛𝑛(𝐴𝐴1)
⋯ ⋯

𝑔𝑔1(𝐴𝐴𝑖𝑖) ⋯ 𝑔𝑔𝑗𝑗(𝐴𝐴𝑖𝑖)
⋯ ⋯ ⋯

𝑔𝑔1(𝐴𝐴𝑚𝑚) ⋯ 𝑔𝑔𝑗𝑗(𝐴𝐴𝑚𝑚)

⋯ 𝑔𝑔𝑛𝑛(𝐴𝐴𝑖𝑖)
⋯
⋯

⋯
𝑔𝑔𝑛𝑛(𝐴𝐴𝑚𝑚)⎦

⎥
⎥
⎥
⎤

 (1) 
 

We are comparing the criteria values on each criterion. Given two alternatives 𝐴𝐴 and 𝐴𝐴′ and a 
criterion 𝑔𝑔, according to decision matrix, 𝑔𝑔(𝐴𝐴) and 𝑔𝑔(𝐴𝐴′) are the criteria values of 𝐴𝐴 and 𝐴𝐴′. 
The comparison proceeds as follows: 
If 𝑔𝑔(𝐴𝐴) > 𝑔𝑔(𝐴𝐴′), then one point is assigned to the superiority score of 𝐴𝐴 and to the inferiority 
score of 𝐴𝐴′ respectively on the criterion g. In this comparison, the difference 𝑑𝑑 = 𝑔𝑔(𝐴𝐴) − 𝑔𝑔(𝐴𝐴′) 
is not considered. In order to get the difference into consideration, an appropriate generalized 
criterion function 𝑓𝑓(𝑑𝑑) should be introduced to express the intensity of the preference (denoted 
𝑝𝑝(𝐴𝐴 𝐴𝐴′)) of  𝐴𝐴 over 𝐴𝐴′ on 𝑔𝑔: 
𝑃𝑃(𝐴𝐴,𝐴𝐴′) = 𝑓𝑓(𝑔𝑔(𝐴𝐴) − 𝑔𝑔(𝐴𝐴′)) = 𝑓𝑓(𝑑𝑑), (2) 

where f(d) is a non-decreasing function being called a generalized criterion. Such generalized 
criteria are introduced in Table 1.  

Table 1- Generalized criteria 
quasi-criterion: 

𝑓𝑓(𝑑𝑑) =  �1 𝑑𝑑 > 𝑞𝑞
0 𝑑𝑑 ≤ 𝑞𝑞 

 

Criterion with linear preference: 

𝑓𝑓(𝑑𝑑) =  �

1        𝑑𝑑 > 0
𝑑𝑑
𝑝𝑝
0

0 < 𝑑𝑑 ≤ 𝑝𝑝
 𝑑𝑑 ≤ 0

 

 
The parameters p and q in Table 1 imply preference and indifference thresholds, respectively.  
Clearly, different generalized criterion (with different shape) represents the intensity of 
preference and different attitude towards preference structure. Gaussian criterion has been 
mostly employed by researchers for practical applications followed by the criterion with linear 
preference and indifference area. In both criterion (like the criterion with linear preference), the 
intensity of preference alters gradually from 0 to 1, while in the other three criteria (true-
criterion, quasi-criterion and level criterion), there are some sudden alters of the intensity of 
preference. 
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The above six types of generalized criteria are not comprehensive. Some other shapes can be 
considered to best meet the decision-maker’s preference attitude. 
Let 𝑓𝑓𝑗𝑗 be a generalized criterion adopted by the j-th criterion 𝑔𝑔𝑗𝑗 (𝑗𝑗 = 1,2, … ,𝑛𝑛). For each pair of 
alternatives 𝐴𝐴𝑖𝑖 and 𝐴𝐴𝑘𝑘 let 𝑃𝑃𝑗𝑗(𝐴𝐴𝑖𝑖𝐴𝐴𝑘𝑘) = 𝑓𝑓𝑗𝑗 �𝑔𝑔𝑗𝑗(𝐴𝐴𝑖𝑖) − 𝑔𝑔𝑗𝑗(𝐴𝐴𝑘𝑘)� shows the intensity of preference 
or superiority of 𝐴𝐴𝑖𝑖 over 𝐴𝐴𝑘𝑘 with respect to the 𝑗𝑗-th criterion. It also represents the intensity of 
inferiority of 𝐴𝐴𝑘𝑘 to 𝐴𝐴𝑖𝑖concerning the 𝑗𝑗-th criterion. 
For each alternative 𝐴𝐴𝑖𝑖, we explain its superiority index 𝑆𝑆𝑗𝑗(𝐴𝐴𝑖𝑖) and inferiority index 𝐼𝐼𝑖𝑖(𝐴𝐴𝑖𝑖)with 
respect to the 𝑗𝑗-th criterion by the following equations: 

𝑆𝑆𝑗𝑗(𝐴𝐴𝑖𝑖) =  �𝑃𝑃𝑗𝑗(𝐴𝐴𝑖𝑖 ,𝐴𝐴𝑘𝑘)
𝑚𝑚

𝑘𝑘=1

=  �𝑓𝑓𝑗𝑗 �𝑔𝑔𝑗𝑗(𝐴𝐴𝑖𝑖) − 𝑔𝑔𝑗𝑗(𝐴𝐴𝑘𝑘)�
𝑚𝑚

𝑘𝑘=1

 (3) 
 

and 

𝑆𝑆𝑗𝑗(𝐴𝐴𝑖𝑖) =  �𝑃𝑃𝑗𝑗(𝐴𝐴𝑘𝑘 ,𝐴𝐴𝑖𝑖)
𝑚𝑚

𝑘𝑘=1

=  �𝑓𝑓𝑗𝑗 �𝑔𝑔𝑗𝑗(𝐴𝐴𝑘𝑘) − 𝑔𝑔𝑗𝑗(𝐴𝐴𝑖𝑖)�
𝑚𝑚

𝑘𝑘=1

 (4) 

Since 𝑓𝑓𝑗𝑗(𝑑𝑑) = 0 for 𝑑𝑑 ≤ 0, equations (3) and (4) can be iterated by,  

𝑆𝑆𝑗𝑗(𝐴𝐴𝑖𝑖) =  ��𝑓𝑓𝑗𝑗 �𝑔𝑔𝑗𝑗(𝐴𝐴𝑖𝑖) − 𝑔𝑔𝑗𝑗(𝐴𝐴𝑘𝑘)� �𝑔𝑔𝑗𝑗(𝐴𝐴𝑖𝑖) > 𝑔𝑔𝑗𝑗(𝐴𝐴𝑘𝑘)�
𝑚𝑚

𝑘𝑘=1

 (5) 
 

and 

𝐼𝐼𝑗𝑗(𝐴𝐴𝑖𝑖) = ∑ �𝑓𝑓𝑗𝑗 �𝑔𝑔𝑗𝑗(𝐴𝐴𝑖𝑖) − 𝑔𝑔𝑗𝑗(𝐴𝐴𝑘𝑘)� �𝑔𝑔𝑗𝑗(𝐴𝐴𝑖𝑖) < 𝑔𝑔𝑗𝑗(𝐴𝐴𝑘𝑘)� (6) 
 

Hence, if all 𝑓𝑓𝑗𝑗 in (5) and (6) are true-criteria, then 𝐼𝐼𝑗𝑗(𝐴𝐴𝑖𝑖) and 𝑆𝑆𝑗𝑗(𝐴𝐴𝑖𝑖) are exactly the inferiority 
and the superiority scores respectively. 
Now, the superiority and the inferiority indices constituting the following two types of matrices: 
The Superiority matrix (S-matrix): 

𝑆𝑆 =  

⎣
⎢
⎢
⎢
⎡ 𝑆𝑆1(𝐴𝐴1) ⋯ 𝑆𝑆𝑗𝑗(𝐴𝐴1)

⋯ ⋯ ⋯
⋯ 𝑆𝑆𝑛𝑛(𝐴𝐴1)
⋯ ⋯

𝑆𝑆1(𝐴𝐴𝑖𝑖) ⋯ 𝑆𝑆𝑗𝑗(𝐴𝐴𝑖𝑖)
⋯ ⋯ ⋯

𝑆𝑆1(𝐴𝐴𝑚𝑚) ⋯ 𝑆𝑆𝑗𝑗(𝐴𝐴𝑚𝑚)

⋯ 𝑆𝑆𝑛𝑛(𝐴𝐴𝑖𝑖)
⋯
⋯

⋯
𝑆𝑆𝑛𝑛(𝐴𝐴𝑚𝑚)⎦

⎥
⎥
⎥
⎤

  𝑜𝑜𝑜𝑜   𝑆𝑆 = �𝑆𝑆𝑗𝑗(𝐴𝐴𝑖𝑖)�
𝑚𝑚×𝑛𝑛

 (7) 

 and the Inferiority matrix (I-matrix): 

(8) 
 𝐼𝐼 =  

⎣
⎢
⎢
⎢
⎡ 𝐼𝐼1(𝐴𝐴1) ⋯ 𝐼𝐼𝑗𝑗(𝐴𝐴1)

⋯ ⋯ ⋯
⋯ 𝐼𝐼𝑛𝑛(𝐴𝐴1)
⋯ ⋯

𝐼𝐼1(𝐴𝐴𝑖𝑖) ⋯ 𝐼𝐼𝑗𝑗(𝐴𝐴𝑖𝑖)
⋯ ⋯ ⋯

𝐼𝐼1(𝐴𝐴𝑚𝑚) ⋯ 𝐼𝐼𝑗𝑗(𝐴𝐴𝑚𝑚)

⋯ 𝐼𝐼𝑛𝑛(𝐴𝐴𝑖𝑖)
⋯
⋯

⋯
𝐼𝐼𝑛𝑛(𝐴𝐴𝑚𝑚)⎦

⎥
⎥
⎥
⎤

  𝑜𝑜𝑜𝑜   𝐼𝐼 = �𝐼𝐼𝑗𝑗(𝐴𝐴𝑖𝑖)�
𝑚𝑚×𝑛𝑛

 

We can use the inferiority and superiority indices into two types of global preference indices: 
The inferiority flow (𝐼𝐼-flow) and the superiority flow (𝑆𝑆-flow), which indicate the global 
intensity of inferiority and superiority of each alternative. 
Let 𝑍𝑍 be the aggregation function, then for each alternative 𝐴𝐴𝑖𝑖, its superiority flow 𝜙𝜙>(𝐴𝐴𝑖𝑖) and 
inferiority flow 𝜙𝜙<(𝐴𝐴𝑖𝑖) are defined as: 

𝜙𝜙>(𝐴𝐴𝑖𝑖) = 𝑍𝑍 � 𝑆𝑆1(𝐴𝐴𝑖𝑖), … . 𝑆𝑆𝑗𝑗(𝐴𝐴𝑖𝑖), … , 𝑆𝑆𝑛𝑛(𝐴𝐴𝑛𝑛)�   and  𝜙𝜙<(𝐴𝐴𝑖𝑖) = 𝑍𝑍�𝐼𝐼1(𝐴𝐴𝑖𝑖), … , 𝐼𝐼𝑗𝑗(𝐴𝐴𝑖𝑖), … 𝐼𝐼𝑛𝑛(𝐴𝐴𝑖𝑖)� (9) 
Clearly, the lower the I-flow 𝜙𝜙<(𝐴𝐴𝑖𝑖)  and the higher the S-flow 𝜙𝜙>(𝐴𝐴𝑖𝑖) the better 𝐴𝐴𝑖𝑖 is. 
  
3. FUZZY SIR MODEL  

Let 𝐴𝐴1,𝐴𝐴2, … ,𝐴𝐴𝑚𝑚 are variable alternatives and 𝑔𝑔1,𝑔𝑔2. … ,𝑔𝑔𝑛𝑛 be 𝑛𝑛 criteria. And 𝑔𝑔�𝑗𝑗(𝐴𝐴𝑖𝑖) is the 
criteria value (performance) of the 𝑖𝑖-th alternative 𝐴𝐴𝑖𝑖with respect to the 𝑗𝑗-th criterion 𝑔𝑔𝑗𝑗 
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(𝑖𝑖 = 1,2, … ,𝑚𝑚 ;  𝑗𝑗 = 1,2, … ,𝑛𝑛) to be a fuzzy number. The decision matrix, which consists of 
alternatives and criteria, is defined by: 

𝐷𝐷� =  

⎣
⎢
⎢
⎢
⎡ 𝑔𝑔�1(𝐴𝐴1) ⋯ 𝑔𝑔�𝑗𝑗(𝐴𝐴1)

⋯ ⋯ ⋯
⋯ 𝑔𝑔�𝑛𝑛(𝐴𝐴1)
⋯ ⋯

𝑔𝑔�1(𝐴𝐴𝑖𝑖) ⋯ 𝑔𝑔�𝑗𝑗(𝐴𝐴𝑖𝑖)
⋯ ⋯ ⋯

𝑔𝑔�1(𝐴𝐴𝑚𝑚) ⋯ 𝑔𝑔�𝑗𝑗(𝐴𝐴𝑚𝑚)

⋯ 𝑔𝑔�𝑛𝑛(𝐴𝐴𝑖𝑖)
⋯
⋯

⋯
𝑔𝑔�𝑛𝑛(𝐴𝐴𝑚𝑚)⎦

⎥
⎥
⎥
⎤

 (10) 
 

An appropriate generalized criterion function under fuzzy number should be introduced (see 
Table 2) to express the intensity of the preference of 𝐴𝐴 over 𝐴𝐴′ on 𝑔𝑔: 

𝑃𝑃(𝐴𝐴,𝐴𝐴′) = 𝑓𝑓�𝑔𝑔�(𝐴𝐴) − 𝑔𝑔�(𝐴𝐴′)� = 𝑓𝑓(�̃�𝑑) (11) 
 

Table 2- Fuzzy criteria function 
quasi-criterion: 

𝑓𝑓��̃�𝑑� =  �1 𝑑𝑑 > 𝑞𝑞
0 𝑑𝑑 ≤ 𝑞𝑞 

 

Criterion with linear preference: 

𝑓𝑓��̃�𝑑� =  �

1        𝑑𝑑 > 0
�̃�𝑑
𝑝𝑝
0

0 < 𝑑𝑑 ≤ 𝑝𝑝
 𝑑𝑑 ≤ 0

 

The parameters 𝑝𝑝� and 𝑞𝑞� in the above formulas are fuzzy preference and fuzzy indifference 
thresholds respectively. 

�̃�𝑆𝑗𝑗(𝐴𝐴𝑖𝑖) =  �𝑃𝑃𝑗𝑗(𝐴𝐴𝑖𝑖 ,𝐴𝐴𝑘𝑘)
𝑚𝑚

𝑘𝑘=1

=  �𝑓𝑓𝑗𝑗 �𝑔𝑔�𝑗𝑗(𝐴𝐴𝑖𝑖) − 𝑔𝑔�𝑗𝑗(𝐴𝐴𝑘𝑘)�
𝑚𝑚

𝑘𝑘=1

 (12) 
 

𝐼𝐼𝑗𝑗(𝐴𝐴𝑖𝑖) =  �𝑃𝑃𝑗𝑗(𝐴𝐴𝑘𝑘 ,𝐴𝐴𝑖𝑖)
𝑚𝑚

𝑘𝑘=1

=  �𝑓𝑓𝑗𝑗 �𝑔𝑔�𝑗𝑗(𝐴𝐴𝑘𝑘) − 𝑔𝑔�𝑗𝑗(𝐴𝐴𝑖𝑖)�
𝑚𝑚

𝑘𝑘=1

 (13) 
 

Since 𝑓𝑓𝑗𝑗��̃�𝑑� = 0 for �̃�𝑑 ≤ 0, formulas (12) and (13) can be restated by  

�̃�𝑆𝑗𝑗(𝐴𝐴𝑖𝑖) =  ��𝑓𝑓𝑗𝑗 �𝑔𝑔�𝑗𝑗(𝐴𝐴𝑖𝑖) − 𝑔𝑔�𝑗𝑗(𝐴𝐴𝑘𝑘)� �𝑔𝑔𝑗𝑗(𝐴𝐴𝑖𝑖) > 𝑔𝑔𝑗𝑗(𝐴𝐴𝑘𝑘)�
𝑚𝑚

𝑘𝑘=1

 (14) 

𝐼𝐼𝑗𝑗(𝐴𝐴𝑖𝑖) = ∑ �𝑓𝑓𝑗𝑗 �𝑔𝑔�𝑗𝑗(𝐴𝐴𝑖𝑖) − 𝑔𝑔�𝑗𝑗(𝐴𝐴𝑘𝑘)� �𝑔𝑔𝑗𝑗(𝐴𝐴𝑖𝑖) < 𝑔𝑔𝑗𝑗(𝐴𝐴𝑘𝑘)� (15) 

Therefore, if all 𝑓𝑓𝑗𝑗 in (12) and (13) are true-criteria, then �̃�𝑆𝑗𝑗(𝐴𝐴𝑖𝑖) and 𝐼𝐼𝑗𝑗(𝐴𝐴𝑖𝑖) are exactly the fuzzy 
superiority score and the fuzzy inferiority score, respectively. In addition to compare two 
alternatives with each other in (14) and (15), it should be converted to the crisp number by using 
one of the three deffuzification methods (mean value, area and COA). 

Now, the fuzzy superiority and inferiority indices constitute the following two types of 
matrices: 
The fuzzy Superiority matrix (fuzzy S-matrix): 

 

�̃�𝑆 =  

⎣
⎢
⎢
⎢
⎡ �̃�𝑆1(𝐴𝐴1) ⋯ �̃�𝑆𝑗𝑗(𝐴𝐴1)

⋯ ⋯ ⋯
⋯ �̃�𝑆𝑛𝑛(𝐴𝐴1)
⋯ ⋯

�̃�𝑆1(𝐴𝐴𝑖𝑖) ⋯ �̃�𝑆𝑗𝑗(𝐴𝐴𝑖𝑖)
⋯ ⋯ ⋯

�̃�𝑆1(𝐴𝐴𝑚𝑚) ⋯ �̃�𝑆𝑗𝑗(𝐴𝐴𝑚𝑚)

⋯ �̃�𝑆𝑛𝑛(𝐴𝐴𝑖𝑖)
⋯
⋯

⋯
�̃�𝑆𝑛𝑛(𝐴𝐴𝑚𝑚)⎦

⎥
⎥
⎥
⎤

  𝑜𝑜𝑜𝑜   �̃�𝑆 = ��̃�𝑆𝑗𝑗(𝐴𝐴𝑖𝑖)�
𝑚𝑚×𝑛𝑛

 (16) 
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And the fuzzy Inferiority matrix (fuzzy I-matrix): 

𝐼𝐼 =  

⎣
⎢
⎢
⎢
⎡ 𝐼𝐼1(𝐴𝐴1) ⋯ 𝐼𝐼𝑗𝑗(𝐴𝐴1)

⋯ ⋯ ⋯
⋯ 𝐼𝐼𝑛𝑛(𝐴𝐴1)
⋯ ⋯

𝐼𝐼1(𝐴𝐴𝑖𝑖) ⋯ 𝐼𝐼𝑗𝑗(𝐴𝐴𝑖𝑖)
⋯ ⋯ ⋯

𝐼𝐼1(𝐴𝐴𝑚𝑚) ⋯ 𝐼𝐼𝑗𝑗(𝐴𝐴𝑚𝑚)

⋯ 𝐼𝐼𝑛𝑛(𝐴𝐴𝑖𝑖)
⋯
⋯

⋯
𝐼𝐼𝑛𝑛(𝐴𝐴𝑚𝑚)⎦

⎥
⎥
⎥
⎤

  𝑜𝑜𝑜𝑜   𝐼𝐼 = �𝐼𝐼𝑗𝑗(𝐴𝐴𝑖𝑖)�
𝑚𝑚×𝑛𝑛

 (17) 
 

Let 𝑉𝑉 be the aggregation function, then for each alternative 𝐴𝐴𝑖𝑖its superiority flow 𝜙𝜙�>(𝐴𝐴𝑖𝑖) and 
inferiority flow 𝜙𝜙�<(𝐴𝐴𝑖𝑖)  are defined as: 
𝜙𝜙�>(𝐴𝐴𝑖𝑖) = 𝑉𝑉 � �̃�𝑆1(𝐴𝐴𝑖𝑖), … . �̃�𝑆𝑗𝑗(𝐴𝐴𝑖𝑖), … , �̃�𝑆𝑛𝑛(𝐴𝐴𝑛𝑛)� (18) 

(19) 𝜙𝜙�<(𝐴𝐴𝑖𝑖) = 𝑉𝑉�𝐼𝐼1(𝐴𝐴𝑖𝑖), … , 𝐼𝐼𝑗𝑗(𝐴𝐴𝑖𝑖), … , 𝐼𝐼𝑛𝑛(𝐴𝐴𝑖𝑖)� 
Deffuzify fuzzy superiority flow 𝜙𝜙�>(𝐴𝐴𝑖𝑖) and inferiority flow 𝜙𝜙�<(𝐴𝐴𝑖𝑖)  of each criterion in to 
crisp values. Clearly, the higher the fuzzy S-flow & 𝜙𝜙�>(𝐴𝐴𝑖𝑖)  and the lower the fuzzy I-flow& 
𝜙𝜙�<(𝐴𝐴𝑖𝑖), the better 𝐴𝐴𝑖𝑖 is. 
 
4. NUMERICAL EXAMPLE   

To indicate the validity of the proposed method, a supplier selection problem having triangle 
fuzzy number is illustrated. It is used for supplier selection with fuzzy data. The fuzzy criterion 
𝐶𝐶1 is a cost criterion and the criterion 𝐶𝐶2 is a benefit criterion and we have got only positive 
values. We suppose the criterion 𝐶𝐶1 is a quasi-criterion type and the criterion 𝐶𝐶2 is a criterion 
with linear preference type. To compare two triangles fuzzy numbers we use two methods 
namely the area and the average of fuzzy numbers. Weights of the criteria are supposed to be 
 𝑤𝑤(0.95,0.05). Fuzzy decision matrix including alternatives and criteria with triangle fuzzy 
numbers is indicated in Table 3.  

To illustrate the stage of calculating fuzzy intensity of preference, �̃�𝑆𝑗𝑗(𝐴𝐴𝑖𝑖) (fuzzy superiority 
index) and 𝐼𝐼𝑗𝑗(𝐴𝐴𝑖𝑖) (fuzzy inferiority index), under two criteria 𝐶𝐶1 and 𝐶𝐶2 we use Table  4. The �̃�𝑆 
and 𝐼𝐼 matrices are derived by Tables 4 and 5. Therefore, we sort components of 𝜙𝜙�< and 𝜙𝜙�>. 

Clearly, the higher the𝜙𝜙�>   and the lower the 𝜙𝜙�< , the better 𝐴𝐴𝑖𝑖 is. In the following we resume 
the result of  Table 4 and 5. Here, alternative 𝐴𝐴1 is the better and alternative 𝐴𝐴3 is the worst 
response from the obtained results. Table 6 indicates the �̃�𝑆, 𝐼𝐼, 𝜙𝜙�> and 𝜙𝜙�<matrices. 

 
 
  Gall

ey
 Proo

f



 

 
 

 
Table 3- Alternatives and criteria with triangle fuzzy number 

              Criterion 

C1 C2 

X
¯ (A

1) 
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r C

1 

X
¯ (A

1) 
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2 

Th
e 

A
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1 

Th
e 
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2 

C
O

A
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 C
1 

C
O

A
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 C
2 

Alternative 

A1 

(0
.3

44
3,

 0
.3

82
5,

 0
.4

20
8)

 

(0
.4

94
3,

 0
.5

49
2,

 0
.6

04
1)

 

0.383 0.549 0.0383 0.055 

0.00304827 0.003499432 

A2 

(0
.3

51
5,

 0
.3

90
5,

 0
.4

29
6)

 

(0
.4

91
3,

 0
.5

45
9,

 0
.6

00
5)

 

0.391 0.546 0.0391 0.055 

0.003175508 0.003461291 

A3 

(0
.3

76
1,

 0
.4

17
9,

 0
.4

59
7)

 

(0
.4

68
5,

 0
.5

20
5,

 0
.5

72
6)

 

0.418 0.521 0.0418 0.053 

0.003550612 0.003203955 

A4 

(0
.3

51
2,

 0
.3

90
3,

 0
.4

29
3)

 

(0
.4

79
3,

 0
.5

32
6,

 0
.5

85
9)

 

0.383 0.549 0.0383 0.055 

0.00302213 0.00329843 
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Table  4- Calculating S-flow 

Comparing alternative A1under C1 𝑓𝑓��̃�𝑑� Comparing alternative A1under C2 𝑓𝑓��̃�𝑑� 

p(A1,A1)=(0,0,0) 0 p(A1,A1)=(0,0, 0) (0, 0, 0) 

p(A1,A2)=(0.0072 ,0.008, 0.088) 1 p(A1,A2)=(-0.44187,0.0033, 
0.0035) (0, 0, 0) 

p(A1,A3)=(0.0318, 0.0354,0.1289) 1 p(A1,A3)=(0.0.0258, 0.0287, 
0.0314) (0.05174, 0.07175, 0.1047) 

p(A1,A4)=(0.0069,0.0078,0.0085) 1 p(A1, A4)=(0.015, 0.0166, 0.0181) (0.030, 0.0415, 0.0603) 

S1(A1)=3 S2(A1)=(0.081740, 0.11325, 0.165) 

Comparing alternative A2 under C1 𝑓𝑓��̃�𝑑� Comparing alternative A2 under C2 𝑓𝑓��̃�𝑑� 

p(A2, A1)=(-0.0072, -0.008, -0.0088) 0 p(A2, A1)=(0.44187, -0.033, -
0.0035) 

(0.88374, -0.00825, -
0.01167) 

p(A2, A2)=(0, 0, 0) 0 p(A2,A2)=(0, 0, 0) (0, 0 ,0) 

p(A2,A3)=(0.0246, 0.37885, 0.1201) 1 p(A2, A3)=(0.0228, 0.0254, 0.0279) (0.0456, 0.0635,0.093) 

p(A2, A4)=(-0.003, -0.0002, -0.0003) 0 p(A2, A4)=(0.012, 0.013, 0.0146) (0.0210, 0.03325, 0.0487) 

S1(A2)=1 S2(A2)=(0.095034, 0.00885, 0.13003) 

Comparing alternative A3 under C1 𝑓𝑓��̃�𝑑� Comparing alternative A3 under C2 𝑓𝑓��̃�𝑑� 

p(A3, A1)=(-0.0318, -0.0354, -
0.1289) 0 p(A3, A1)=(-0.0258, -0.0287, -

0.0314) 
(0, 0 ,0) 

p(A3, A2)=(-0.0246, -0.37885, -
0.1201) 0 p(A3, A2)=(-0.0228, -0254, -0.0279) (0, 0 ,0) 

p(A3,A3)=(0, 0, 0) 0 p(A3, A3)=(0, 0, 0) (0, 0 ,0) 

p(A3, A4)=(-0.0249, -0.0276, -
0.1186) 0 p(A3, A4)=(-0.0108, -0.0121, -

0.0133) 
(0, 0 ,0) 

S1(A3)=0 S2(A3)=(0, 0, 0) 

Comparing alternative A4 under C1 𝑓𝑓��̃�𝑑� Comparing alternative A4 under C2 𝑓𝑓��̃�𝑑� 

p(A4, A1)=(-0.0069, -0.0078, -
0.0085) 0 p(A4 ,A1)=(-0.015, -00166, -0.0181) (0, 0 ,0) 

p(A4, A2)=(0.0003, 0.0002, 0.0003) 1 p(A4, A2)=(-0.012, -0.0133, -
0.0146) 

(0, 0 ,0) 

p(A4,A3)=(0.0246, 0.0276, 0.1186) 1 p(A4, A3)=(0.0108, 0.0121, 0.0133) (0.0216, 0.003025, 0.00443) 

p(A4, A4)=(0, 0, 0) 1 p(A4, A4)=(0, 0, 0) (0, 0 ,0) 

S1(A4)=2 S2(A4)=(0.0216, 0.03025, 0.0443) 
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Table 5- Calculating "I-flow" 
Comparing alternative A1 under C1 𝑓𝑓��̃�𝑑� Comparing alternative A1 under C2 𝑓𝑓��̃�𝑑� 

p(A1, A1)=(0, 0, 0) 0 p(A2, A1)=(0, 0, 0) (0, 0, 0) 

p(A2, A1)=(-0.0072, -0.008, -0.0088) 0 p(A2, A1)=(0.44187, -0.0033, -
0.0035) 

(0.88374, -0.00825, -
0.01167) 

p(A3, A1)=(-0.0318, -0.0354, -
0.1289) 0 p(A3, A1)=(-0.0258, -0.0287, -

0.0314) (0, 0, 0) 

p(A4, A1)=(-0.0069, -0.0078, -
0.0085) 0 p(A4, A1)=(-0.015, -0.0166, -

0.0181) (0, 0, 0) 

I1(A1)=0 
I2(A1)=(0.88374, -0.00825, -0.01167) 

Comparing alternative A2 under C1 𝑓𝑓��̃�𝑑� Comparing alternative under C2  𝑓𝑓��̃�𝑑� 

p(A1, A2)=(0.0072, 0.008, 0.0088) 1 p(A1, A2)=(-0.44187, 0.0033, 
0.0035) (0, 0, 0) 

p(A2, A2)=(0, 0, 0) 0 p(A2, A2)=(0, 0, 0) (0, 0, 0) 
p(A3, A2)=(-0.0246, -0.37885, -
0.1201) 0 p(A3, A2)=(-0.0228, -0.0254, -

0.0279) (0, 0, 0) 

p(A4, A2)=(0.0003, 0.0002, 0.0003) 1 p(A3, A2)=(-0.012, -0.0133, -
0.0146) (0, 0, 0) 

I1(A2)=2 
I2(A2)=(0, 0, 0) 

Comparing alternative A3 under C1 𝑓𝑓��̃�𝑑� Comparing alternative A3 under C2 𝑓𝑓��̃�𝑑� 

p(A1, A3)=(0.0318, 0.0354, 0.1289) 1 p(A1, A3)=(0.0258, 0.0287, 0.0314) (0.05174, 0.07175, 0.1047) 

p(A2, A3)=(0.0246, 0.37885, 0.1201) 1 p(A2, A3)=(0.0228, 0.0254, 0.0279) (0.0456, 0.0635, 0.093) 

p(A3, A3)=(0, 0, 0) 0 p(A3, A3)=(0, 0, 0) (0, 0, 0) 

p(A4, A3)=(0.0249, 0.0276, 0.1186) 1 p(A4, A3)=(0.0108, 0.0121, 0.0133) (0.0216, 0.03025, 0.0443) 

I1(A3)=3 
I2(A3)=(0.11894, 0.16775, 0.242) 

Comparing alternative A4 under C1 𝑓𝑓��̃�𝑑� Comparing alternative A4 under C4 𝑓𝑓��̃�𝑑� 

p(A1, A4)=(0.0069, 0.0078, 0.0085) 1 p(A1, A4)=(0.015, 0.0166, 0.0181) (0.03,0.0415, 0.0603) 

p(A2,A4)=(-0.0003, -0.0002, -0.0003) 0 p(A2, A4)=(0.012, 0.0133, 0.0146) (0.021, 0.03325, 0.0487) 
p(A3, A4)=(-0.0249, -0.0276, -
0.1186) 0 p(A3, A4)=(-0.0108, -0.0121, -

0.0133) (0, 0, 0) 

p(A4, A4)=(0, 0, 0) 0 p(A4, A4)=(0, 0, 0) (0, 0, 0) 
I1(A4)=1 I2(A4)=(0.51, 0.07475, 0.109) 

 
 

Table 6- Calculating  𝑺𝑺� , 𝑰𝑰�, 𝝓𝝓�> and 𝝓𝝓�< matrices 

S-flow 

3 (0.08174,0.11325,0.165)
1 (0.95034,0.00885,0.13003)
0 (0,0,0)
2 (0.0216,0.03025,0.0443)

S

 
 
 =
 
 
 



 

Superiority flow 
( )

( )
( )

(2.8541,2.8557,2.8583)
0.9975,0.9504,0.9565

0,0,0
1.901,1.9015,1.9022

ϕ>

 
 
 =
 
 
 



 

I-flow 

( )0 0.88374, 0.00825, 0.01167
2 (0,0,0)
3 (0.11894,0.16775,0.242)
1 (0.51,0.07475,0.109)

I

 − − 
 
 =
 
 
 



 

Inferiority flow 

(0.0044, 0.0004, 0.0006)
(1.9,1.9,1.9)

(2.8260,2.8284,2.8321)
(0.9776,0.9874,0.9555)

ϕ<

− − 
 
 =
 
 
 



 
 
Here, we should sort the matrix the 𝜙𝜙�> and 𝜙𝜙�< in order to get the better alternative, ascending 
and descending, respectively. Therefore, the result of this trend is 𝐴𝐴1 > 𝐴𝐴4 > 𝐴𝐴2 > 𝐴𝐴3 and 𝐴𝐴1 is 
the better alternative.  
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5. CONCLUSIONS  

Looking across all the studies reviewed, we found that there are important challenges that need 
to be addressed to be able to break new ground with respect to decision-making models adapted 
with the real world. Qualitative criteria are often accompanied by ambiguities and vagueness. 
This makes fuzzy logic a more natural approach to this kind of MCDM problems. It is the 
modeling of uncertainty which is modeled in ways that usually assume the parameters of the 
probability distributions or stochastic process or fuzzy number are known. SIR is the method to 
solve MCDM problems which are based on superiority and inferiority ranking. In this paper, we 
struggled to introduce the new modeling based on fuzzy number in SIR method in order to 
illustrate uncertainty in real world data. To survey the result, we implemented an example.  
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ABSTRACT 
Congestion is an important issue in economics and data envelopment analysis (DEA). It occurs when one 
or more outputs can be increased by reducing one or more inputs, without worsening any other input or 
output. In recent years, there have been various studies dealt with two-stage production systems by DEA 
models. These systems consume some inputs in their first stage to produce some intermediate outputs 
which are used as the inputs of the second stage in producing final output.  So far, it is not much attention 
to the existence of the congestion effect in these structures. In this article, we have focused on a 
congestion effect on the two-stage structures via network DEA models. In addition, this study proposes a 
new method for measuring congestion in divisions of the network. This model can evaluate congestion 
in the network structure and identify that which factors cause of the congestion. 
Keywords: Congestion, Division, Two-stage structure, DEA. 
 
1. INTRODUCTION  

DEA is a nonparametric technique designed to evaluate efficiency and has been widely used in 
various fields such as schools, banks, hospitals and public institutions. The first model in DEA was 
called CCR, to determine the efficiency of US public school education [1]. Banker, Charnes and Cooper 
developed a variable returns to scale that was called BCC model in 1984 [2]. The concept of efficiency 
is that an organization can achieve the maximum output with a give resource or use minimal 
resources to achieve a certain goal. Meanwhile, congestion is the concept of increasing one or 
more outputs when one or more inputs are reduced. Three different DEA approaches are 
available to measure congestion. Fare et al (1985) developed radial measure models with a two-
stage approach to capture input congestion [3]. Cooper et al (2000) suggested a new additive 
DEA model as a non-radial measure [4]. The third approach is the WY-TS model proposed by 
(Wei and Yan, 2004; Tone and Sahoo, 2004) [5, 6]. These proposed models were used by 
different researchers, Vivian et al (2008), Hospital Quality, efficiency and input slack 
differential [7], Kao (2010), congestion measurement and elimination under the framework of 
DEA [8], Jouzdani et al (2012), Dynamic dairy facility location and supply chain planning 
under traffic congestion and demand uncertainty [9], Yang (2015), Directional congestion in 
DEA [10], Park et al (2019), The impact of hospital specialization on congestion and efficiency 
[11], and so on. 
Conventional DEA models apply DMUs as a black box, that is, inputs enter and outputs exit. 
However, recently, there have been various approaches to deal with two-stage systems. Some of 
these studies are: Seiford and Zhu (1999) dealt with the two-stage systems in the efficiency 
measurement of the US commercial banks [12]. Chen and Zhu (2004) introduced a new 
approach which uses unknown intermediate variables (first stage outputs used as inputs in 
second stage) [13]. Kao and Hwang (2008) relational model developed to measure the 
efficiency of a two-stage production system in which the total system efficiency can be 
decomposed into the product of two stage efficiencies [14]. Kao (2014a) presented a review of 
network data envelopment analysis [15]. 
Today, there are many organs that have network behavior. Therefore, due to the existence of the 
congestion in the inputs and intermediate products, the final outputs may be affected. 
Unfortunately, in the past studies, little attention has been paid to the issue of congestion on the 
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network. Therefore, the main goal of this study is to present a new model that can determine the 
congestion of the inputs and intermediates products in the network. This model can evaluate 
congestion in the network structure and determined that which division has congestion. 
Moreover, these models can identify that which factors cause of the congestion.  It is important 
to note that, this model can be used in various networks and supply chains. 
The rest of the paper is organized as follows: The next section provides an overview of two-
stage structures under VRS. Section 3 presents the WY- TS model for congestion. Proposed 
model is presents in section 4. Section 5 involved the numerical example. Finally, Section 6 
includes the conclusions. 
 
2. TWO-STAGE NETWORK   

In the basic two stage system only one division has exogenous inputs and one has final outputs. 
Figure 1 shows the structure of the basic two-stage system, where the first division consumes all 
the exogenous inputs, , 1,..., ,iX i m=  to produce the intermediate products , 1,..., ,dZ d D=  which 
in turn all are consumed by the second division to produce the final outputs , 1,..., .rY r s=  The 
most straightforward way to measure the efficiency of this system is to treat the two divisions as 
two independent systems, and the overall efficiency can be calculated as the average of the 
division efficiencies [15]:  

 
Figure1. A two-stage system 
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3. CONGESTION MODEL  

There are various approaches for calculate the congestion in different issues. One of this 
approach is, the WY- TS model proposed by (Wei and Yan; Tone and Sahoo) [5, 6]. In this 
model, the PTE (Pure Technical Efficiency) calculated via the following model (4): 
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4. PROPOSED MODEL  

In the real world, sometimes, excessive amounts of the inputs cause a reduction in the outputs. 
This phenomenon is referred to as congestion. Since many organs in the business and the supply 
chain have networks behavior, it is important to examine the congestion effect of them. 
Consider Figure 1 and its notation again. The following models (5) and (6) are proposed for 
evaluate of it. 
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It should be noted that, both of models can evaluate the congestion in each divisions separately. 
 
5. NUMERICAL EXAMPLE  

Consider one two-stage structure such as Figure 1. Columns two, three and five of Table 1 show 
the hypothetical data for seven DMUs taken from Kao (2010) [8] and column four show the 
hypothetical data for intermediate product. 
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Table 1- The input- output and intermediate product  

DMU 1X  
2X  Z  Y  

A 3  7 4 1 
B 2 4 2 1 
C 5 2 3 1 
D 4 8 4 2 
E 5 4 2 2 
F 7 7 3 1 
G 8 8 5 1 

 

The efficiency and weights of inputs and output is calculated by BCC model for two cases 
(conventional model and congestion model) and the results are shown in Table 2. 

Table 2- The Results of conventional model and congestion model of BCC 

DMU 
Conventional BCC model Congestion BCC model 

BCCE  
1iv  

2iv  u  BCC congE −
 

1iv  
2iv  u  

A 0.67      0.333      0.000      0.667 1.00    1.500     -0.500 1.000 
B 1.00      0.500      0.000      1.000 1.00      1.500     -0.500 1.000 
C 1.00      0.000      0.500      1.000 1.00      0.000      0.500 1.000 
D 1.00      0.000      0.000      0.500 1.00         -0.125 -0.031 0.500 
E 1.00      0.000      0.250      0.500 1.00      0.167      0.250 0.500 
F 0.50      0.000      0.000      0.500 0.76         -0.190 -0.048 0.762 
G 0.50      0.000      0.000      0.500 1.00         -0.333 0.000 1.000 

 
As can be seen in Table 2, column two to five represent the results of the BCC conventional model and 
the column six to nine represent the results of the congestion BCC model under the Black-Box. DMUs D 
and F represent the congestion in both of inputs; DMUs A and B represent the congestion in the second 
input and the DMU G represent the congestion in the first input. 
Table 3 presented the reports of efficiency and weights of two-stage structure of models (1) and 
(2). As Table 3 shows, none of DMUs are overall efficient. 
 

Table 3- The results of models (1) and (2) 

DMU 
Division (Stage) 1 Division (Stage) 2  

OverallE  (1)
oE  1iv  

2iv  w  (2)
oE  w  u  

A 1.00      0.159      0.114      0.250 0.50      0.000      0.500 0.75      
B 1.00      1.000      0.000      0.500 0.50      0.000      0.500 0.75      
C 1.00      0.000      0.111      0.333 0.50      0.000      0.500 0.75      
D 0.95      0.048      0.000      0.238 1.00      0.000      0.500 0.97 
E 0.57      0.042      0.074      0.284 1.00      0.000      0.500 0.78 
F 0.65      0.032      0.056      0.218 0.50      0.000      0.500 0.57 
G 1.00      0.000      0.000      0.200 0.50      0.000      0.500 0.75 

 
Table 4 represents the results of the two-stage structure after the congestion. As can be seen 
from the results, DMU D has congestion in the second exogenous input at the model (5) and 
DMUs A, D and G have congestion in the intermediate product at the model (6). DMUs D and 
G are overall efficient. 
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Table 4- The results of models (5) and (6) 

DMU 
Division (Stage) 1 Division (Stage) 2  

OverallE  (1)
oE  1iv  

2iv  w  (2)
oE  w  u  

A 1.00      0.112      0.095      0.250 0.50     -0.500      0.500 0.75      
B 1.00      0.318      0.227      0.500 0.50      0.000      0.500 0.75      
C 1.00      0.149      0.126      0.333 0.50      0.000      0.500 0.75      
D 1.00      0.062     -0.062      0.250 1.00     -0.500      0.500 1.00     
E 0.57      0.042      0.074      0.284 1.00      0.000      0.500 0.78 
F 0.65      0.032      0.056      0.218 0.50      0.000      0.500 0.57 
G 1.00      0.040      0.000      0.200 1.00     -1.000      1.000 1.00     

 
The advantages of these two models over the models (1) and (2) are: 1- evaluation the 
congestion effect on each division separately, 2- identification the factors that are cause of the 
congestion.  

6. CONCLUSIONS  

In this paper the two-stage structure is considered. We proposed a new model of congestion 
under network DEA model. Due to that identification of congestion and elimination of that 
leads to the reduction of current cost and increase of outputs, so ignoring it will be a deniable 
work. So we paid attention to the presence of this phenomenon in the exogenous inputs and 
intermediate products of network in this paper. This model can evaluates the congestion effect 
in each division of structure and mean of it in overall network. Moreover, these models identify 
that which factors are cause of the congestion.  
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ABSTRACT 
Cell Formation (CF) and facility layout design are the two fundamental steps in implementation of the 
CMS. These decisions are interrelated, therefore addressing them simultaneously is important for a 
successful design of CMS. In this article, a new non-linear mixed integer programming model is 
presented which comprehensively considers solving the integrated dynamic cell formation and inter/intra 
cell layouts in continuous space. In the proposed model, cells are configured in flexible shapes during 
planning horizon considering cell capacity in each period. This study considers the exact information 
about facility layout design and material handling cost. To solve the proposed problem as a mixed-integer 
non-linear programming model is clearly NP-hard, four meta-heuristic algorithms based on an 
optimization structure are tackled to address the problem. In this regard, not only Genetic Algorithm 
(GA), Keshtel Algorithm (KA) and Red Deer Algorithm (RDA) are employed to solve the problem, but 
also a novel hybrid meta-heuristic algorithm based on the benefits of aforementioned algorithms is 
developed. 
Keywords: Cellular Manufacturing System (CMS), Cell Formation (CF), Inter/Intra cell layout, 
Dynamic cell formation, Hybrid meta-heuristic algorithm. 
 
1. INTRODUCTION  

Facility layout is also a key element in designing a CMS which considers the layout of 
machines within cells (Intra-cell layout) and Layout of cells (Inter-cell Layout) on the shop 
floor. An efficient facility layout can reduce material handling cost, work-in-process, and 
throughput rate [1]. A competent layout not only enhances the performance of the system but 
also minimizes around 40to 50 % of the production costs on average [2]. Although minimizing 
the number of EEs or other common objectives like the minimization of inter-cell movement 
cost may reduce the flows between the cells, they do not necessarily lead to a minimum material 
handling cost, since the real parameters related to the facility layout problem are ignored in the 
calculation of these objectives. So, incorporating the facility layout problem in the CMS design 
process is of highly significance. However, layout design in CMS  haven’t paid much  attention, 
since most of the relevant research only investigate the CFP [3,4]. As stated, facility layout and 
CF problem decisions are interrelated and tellingly addressing them simultaneously is important 
for a successful CMS designing [5]. However, each of these decisions is proven to be complex 
[6,7]. Thus the simultaneous addressing of these decisions is a difficult issue.  
Therefore, most of the studies either investigate some of these decisions or  handle all, but in a 
sequential fashion [8]. On the other hand, most approach in the area of facility layout and CF 
problem, for simplicity, usually consider minimizing the number of inter-cell movements or 
intra-cell movements or both [9]. Although, for minimizing the material handling cost, the exact 
information about facility layout design considering the notion of distance must be considered. 
Moreover, those approaches that aim at minimizing the material handling cost usually apply 
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unrealistic assumptions such as fixed cells and machines locations in the layout problem. 
Consequently, the resulting layout may be inefficient. Also, for locating the machines in 
manufacturing cell space, line formed locations were the only consideration and the machines 
were assigned to these positions in previous studies. Obviously, if assigning the number of 
machines to a cell cannot be line formed, it turns into a U- form imposing additional costs to the 
system.   
 
3. PROPOSED MATHEMATICAL MODEL 
The aim of this model is to determine concurrently the formation of cells, the layout of 
machines inside cells and the layout of cells on the shop floor in dynamic conditions in a way 
that the total transportation cost of parts and reconfiguration cost of cells and the number of 
EES are minimized. In the proposed model, the job shop configuration is considered for the 
intra-cellular layout. The proposed mixed integer nonlinear programming model with a number 
of assumptions, parameters, and decision variables are discussed below: 
 
3.1. MODEL ASSUMPTION 
To simulate the model, the following assumptions are taken into consideration: 

• The flow between machines in each period is determined. This number is obtained from 
the parts demand and parts operational paths as well as batch size of parts 
transportation.  

• The parts are moved within the batches in which the largeness of the batches per 
product is known and constant for all periods. Also, the size of the part batches is 
assumed the same for both inter and intra-cell relocations.  

• The material handling cost is calculated according to center-to-center distance between 
machines through a rectilinear distance.  

• The material handling cost of inter and intra-cell movements for both parts and 
machines is related to the distance traveled. 

• The unit cost of inter and intra-cell movements for each part type is predetermined and 
remain the same during planning horizon.  

• The unit cost of machine relocation during the periods is constant and predetermined for 
each machine type. This cost includes opening, transferring, and resetting the machine. 

• The number of cells to be formed in each period is determined in advance. This 
predetermined number of cells in the system is on the basis of the expected workload in 
each cell. However, the shape of the cells in not predetermined and cells are flexibly 
configured during planning horizon. 

• There is only one number of each machine type. 
• The maximum capacity of cells is known and remains the same during planning 

horizon. 
• Machines are considered as squares of equal area and hence supposed to have a unit 

dimension. There is no excess inventory between the periods; delayed orders are not 
allowed and demands per period must be supplied in that period. 

• The efficiency of machines and production are assumed 100%. 
3.2. SETS 
𝑖𝑖, 𝑖𝑖′ = {1,2, … , ,𝑚𝑚} Index set of machines 
𝑗𝑗 = {1,2, … , ,𝑛𝑛} Index of parts 
𝑙𝑙, 𝑘𝑘, 𝑘𝑘′ = {1,2, … , 𝑐𝑐} Index set of cells 
ℎ = {1,2, … , ,𝐻𝐻} Index set for time periods    

3.3 MODEL PARAMETERS: 
𝐷𝐷𝑗𝑗ℎ  The demand for part type j in period h 
𝐵𝐵𝑗𝑗  The largeness of batch for the transportation of part type j 
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𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑗𝑗   The intra-cell material handling cost for transporting part j per unit distance ($/unit) 

𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑗𝑗   The inter-cell material handling cost for transporting part j per unit distance ($/unit)  
𝐶𝐶𝑖𝑖  The relocation cost of machine i($/unit) 
𝑅𝑅𝑖𝑖𝑗𝑗  The operation number done on part j using machine i 
𝐸𝐸  The horizontal length of the shop floor (the length of the shop floor) 
𝐹𝐹  The vertical length of the job shop (the width of the shop floor) 
𝑆𝑆𝑆𝑆  The set of pairs (i,j) such that 𝑎𝑎𝑖𝑖𝑗𝑗≥1 (the set of non-zero elements of part-machine matrix) 
𝑁𝑁𝑁𝑁  The maximum number of machines relocated in each cell per period. 
𝛼𝛼𝑗𝑗  The coefficient of cost (or penalty) due to the existence of each exceptional part type j per 

period. 
𝑁𝑁  An appropriate large positive number 
𝐴𝐴𝑘𝑘𝑘𝑘 ,𝐵𝐵𝑘𝑘𝑘𝑘 , The zero and one random variables  
𝐴𝐴𝑖𝑖𝑖𝑖′ℎ,𝐵𝐵𝑖𝑖𝑖𝑖′ℎ The zero and one random variables 

𝑓𝑓𝑖𝑖𝑖𝑖′ℎ
𝑗𝑗   The number of trips for moving part type j between machines 𝑖𝑖 and 𝑖𝑖′ in period h 

𝑓𝑓𝑖𝑖𝑖𝑖′ℎ
𝑗𝑗 =  

⎩
⎪
⎨

⎪
⎧

⎣
⎢
⎢
⎡
𝐷𝐷𝑗𝑗ℎ

𝐵𝐵𝑗𝑗�

⎦
⎥
⎥
⎤

      𝑖𝑖𝑓𝑓   𝑅𝑅𝑖𝑖′𝑗𝑗 − 𝑅𝑅𝑖𝑖𝑗𝑗 = 1  

0                       𝑖𝑖𝑓𝑓    𝑅𝑅𝑖𝑖′𝑗𝑗 − 𝑅𝑅𝑖𝑖𝑗𝑗 ≠ 1  

 (1) 

3.4. DECISION VARIABLES 
If machine I is assigned to cell k in period h 𝑋𝑋𝑖𝑖𝑘𝑘ℎ = �10 Otherwise 
If part  j is assigned to cell k in period h 𝑌𝑌𝑗𝑗𝑘𝑘ℎ = �10 
Otherwise 
If machine i relocates during periods h and (h+1) 𝑍𝑍𝑖𝑖ℎ = �10 
Otherwise 
If   𝑌𝑌𝑗𝑗𝑘𝑘ℎ = 0 and   𝑋𝑋𝑖𝑖𝑘𝑘ℎ = 1 𝑈𝑈𝑖𝑖𝑗𝑗𝑘𝑘ℎ = �10 
Otherwise 
If     𝑌𝑌𝑗𝑗𝑘𝑘ℎ = 1 and     𝑋𝑋𝑖𝑖𝑘𝑘ℎ = 0 
Otherwise 

𝑉𝑉𝑖𝑖𝑗𝑗𝑘𝑘ℎ = �10 

𝑥𝑥𝑖𝑖ℎ  The horizontal coordinate of the center of machine i in period h 
𝑦𝑦𝑖𝑖ℎ  The vertical coordinate of the center of machine i in period h 
𝑝𝑝𝑘𝑘ℎ1   The horizontal coordinate ofthe left side of cell k in period h 
𝑝𝑝𝑘𝑘ℎ2   The horizontal coordinate of the right side of cell k in period h 
𝑞𝑞𝑘𝑘ℎ1   The vertical coordinate of the bottom side of cell k in period h 
𝑞𝑞𝑘𝑘ℎ2   The vertical coordinate of the top side of cell k in period h 

Therefore, the relocation cost of part j between machines 𝑖𝑖 and 𝑖𝑖′ in period ℎ, regarding inter-
cell or intra-cell movement can be determine as follows: 
If 𝑋𝑋𝑖𝑖𝑘𝑘ℎ ,𝑋𝑋𝑖𝑖′𝑘𝑘ℎ > 0 this cost equals to Eq. (2) as follow: 

𝐶𝐶𝑖𝑖𝑖𝑖′ℎ
𝑗𝑗 = (|𝑥𝑥𝑖𝑖ℎ − 𝑥𝑥𝑖𝑖′ℎ| + |𝑦𝑦𝑖𝑖ℎ − 𝑦𝑦𝑖𝑖′ℎ|)𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝑗𝑗  (2) 

If 𝑋𝑋𝑖𝑖𝑘𝑘ℎ𝑋𝑋𝑖𝑖′𝑘𝑘ℎ = 0  𝑎𝑎𝑛𝑛𝑎𝑎𝑋𝑋𝑖𝑖𝑘𝑘ℎ𝑋𝑋𝑖𝑖′𝑘𝑘′ℎ > 0 this cost equals to Eq.(3) as follow: 
𝐶𝐶𝑖𝑖𝑖𝑖′ℎ
𝑗𝑗 = (|𝑥𝑥𝑖𝑖ℎ − 𝑥𝑥𝑖𝑖′ℎ| + |𝑦𝑦𝑖𝑖ℎ − 𝑦𝑦𝑖𝑖′ℎ|)𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝑗𝑗  (3) 

3.1. Mathematical Formulation 
With respect to input parameters and variables, the presented nonlinear model for this problem 
is as follows: 

𝑁𝑁𝑖𝑖𝑛𝑛𝑖𝑖𝑚𝑚𝑖𝑖𝑀𝑀𝑀𝑀 ����𝑓𝑓𝑖𝑖𝑖𝑖′ℎ
𝑗𝑗

𝑚𝑚

𝑖𝑖′=1

𝑚𝑚

𝑖𝑖=1

𝑖𝑖

𝑗𝑗=1

𝐶𝐶𝑖𝑖𝑖𝑖′ℎ
𝑗𝑗 +

𝐻𝐻

ℎ=1

��𝐶𝐶𝑖𝑖𝑍𝑍𝑖𝑖ℎ +  �� � 𝛼𝛼𝑗𝑗 .
�𝑈𝑈𝑖𝑖𝑗𝑗𝑘𝑘ℎ + 𝑉𝑉𝑖𝑖𝑗𝑗𝑘𝑘ℎ�

2
(𝑖𝑖,𝑗𝑗)∈𝑠𝑠𝑠𝑠

𝐶𝐶

𝑘𝑘=1

𝐻𝐻

ℎ=1

𝑚𝑚

𝑖𝑖=1

𝐻𝐻

ℎ=2

 (4) 

𝑆𝑆𝑆𝑆𝑆𝑆𝑗𝑗𝑀𝑀𝑐𝑐𝑆𝑆 𝑇𝑇𝑇𝑇 ∶ 
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�𝑋𝑋𝑖𝑖𝑘𝑘ℎ = 1   ,   𝑖𝑖 = 1,2, … ,𝑚𝑚
𝐶𝐶

𝑘𝑘=1

 ,     ∀ ℎ (5) 

�𝑌𝑌𝑗𝑗𝑘𝑘ℎ = 1   ,   𝑗𝑗 = 1,2, … ,𝑛𝑛
𝐶𝐶

𝑘𝑘=1

 ,       ∀ ℎ (6) 

1 ≤�𝑋𝑋𝑖𝑖𝑘𝑘ℎ ≤
𝑚𝑚

𝑖𝑖=1

𝑁𝑁𝑁𝑁      ,   𝑘𝑘 = 1,2, … ,𝐶𝐶 ,    ∀ ℎ (7) 

𝑁𝑁𝑍𝑍𝑖𝑖ℎ ≥ �𝑥𝑥𝑖𝑖ℎ − 𝑥𝑥𝑖𝑖(ℎ+1)� + �𝑦𝑦𝑖𝑖ℎ − 𝑦𝑦𝑖𝑖(ℎ+1)�      ∀𝑖𝑖 ,ℎ < 𝐻𝐻 (8) 

|𝑥𝑥𝑖𝑖ℎ − 𝑥𝑥𝑖𝑖′ℎ| + |𝑦𝑦𝑖𝑖ℎ − 𝑦𝑦𝑖𝑖′ℎ| ≥ 1 (9) 

⎩
⎪
⎨

⎪
⎧𝑥𝑥𝑖𝑖ℎ ≥ 𝑝𝑝𝑘𝑘ℎ1 − 𝑁𝑁(1 − 𝑋𝑋𝑖𝑖𝑘𝑘ℎ)
𝑥𝑥𝑖𝑖ℎ ≤ 𝑝𝑝𝑘𝑘ℎ2 + 𝑁𝑁(1 − 𝑋𝑋𝑖𝑖𝑘𝑘ℎ)
𝑦𝑦𝑖𝑖ℎ ≥ 𝑞𝑞𝑘𝑘ℎ1 − 𝑁𝑁(1 − 𝑋𝑋𝑖𝑖𝑘𝑘ℎ)
𝑦𝑦𝑖𝑖ℎ ≤ 𝑞𝑞𝑘𝑘ℎ2 + 𝑁𝑁(1 − 𝑋𝑋𝑖𝑖𝑘𝑘ℎ)

          ∀𝑖𝑖, 𝑘𝑘,ℎ (10) 

⎩
⎪
⎨

⎪
⎧𝑝𝑝𝑘𝑘ℎ

1 ≥ 0
𝑞𝑞𝑘𝑘ℎ1 ≥ 0
𝑝𝑝𝑘𝑘ℎ2 ≤ 𝐸𝐸
𝑞𝑞𝑘𝑘ℎ2 ≤ 𝐹𝐹

                 ∀𝑘𝑘,ℎ  (11) 

⎩
⎪
⎨

⎪
⎧𝑝𝑝𝑘𝑘ℎ

1 − 𝑝𝑝𝑘𝑘ℎ2 + 𝑁𝑁𝐴𝐴𝑘𝑘𝑘𝑘 + 𝑁𝑁𝐵𝐵𝑘𝑘𝑘𝑘 ≥ 0                       
𝑝𝑝𝑘𝑘ℎ2 − 𝑝𝑝𝑘𝑘ℎ1 − 𝑁𝑁𝐴𝐴𝑘𝑘𝑘𝑘 − 𝑁𝑁(1 − 𝐵𝐵𝑘𝑘𝑘𝑘) ≤ 0           
𝑞𝑞𝑘𝑘ℎ1 − 𝑞𝑞𝑘𝑘ℎ2 + 𝑁𝑁(1 − 𝐴𝐴𝑘𝑘𝑘𝑘) + 𝑁𝑁𝐵𝐵𝑘𝑘𝑘𝑘 ≥ 0           
𝑞𝑞𝑘𝑘ℎ2 − 𝑞𝑞𝑘𝑘ℎ1 − 𝑁𝑁(1 − 𝐴𝐴𝑘𝑘𝑘𝑘) − 𝑁𝑁(1 − 𝐵𝐵𝑘𝑘𝑘𝑘) ≤ 0

0 ≤ 𝑘𝑘 < 𝑙𝑙 ≤ 𝐶𝐶

 (12) 

In the proposed model, Eq. (9) that prevents machines from being overlapped, can be replaced 
by the following set of equations due to the unit size of the machines.  , ,  

⎩
⎨

⎧
𝑥𝑥𝑖𝑖ℎ − 𝑥𝑥𝑖𝑖′ℎ + 𝑁𝑁𝐴𝐴𝑖𝑖𝑖𝑖′ℎ + 𝑁𝑁𝐵𝐵𝑖𝑖𝑖𝑖′ℎ ≥ 1                                                          
𝑥𝑥𝑖𝑖′ℎ − 𝑥𝑥𝑖𝑖ℎ − 𝑁𝑁𝐴𝐴𝑖𝑖𝑖𝑖′ℎ − 𝑁𝑁(1 − 𝐵𝐵𝑖𝑖𝑖𝑖′ℎ) ≥ 1                                               
𝑦𝑦𝑖𝑖ℎ − 𝑦𝑦𝑖𝑖′ℎ + 𝑁𝑁(1 − 𝐴𝐴𝑖𝑖𝑖𝑖′ℎ) + 𝑁𝑁𝐵𝐵𝑖𝑖𝑖𝑖′ℎ ≥ 1               ∀1 ≤ 𝑖𝑖 < 𝑖𝑖′ ≤ 𝑁𝑁
𝑦𝑦𝑖𝑖′ℎ − 𝑦𝑦𝑖𝑖ℎ − 𝑁𝑁(1 − 𝐴𝐴𝑖𝑖𝑖𝑖′ℎ) −𝑁𝑁(1 − 𝐵𝐵𝑖𝑖𝑖𝑖′ℎ) ≥ 1                                    

 (13) 

The first term of the objective function represents the intra- and inter-cellular material 
transferring costs. The following term denotes the cells reconfiguration cost that may vary from 
period to period. The third term correlates with decreasing the number of exceptional parts. The 
coefficient of 1 2�  in this relationship is due to the double calculation of decision variables when 
they are equal to 1. The first set of constraints (Eq. 5) guarantees that each machine is assigned 
to only one cell. The second constraint (Eq. 6) ensures that each part is assigned to a single part 
family. The number of machines in a single cell is limited by Constraint (7).The fourth 
constraint (Eq. 8) ensures that by relocating machine type i during periods h and (1+h), variable 
𝑍𝑍𝑖𝑖ℎ equals 1. The fifth constraint (Eq. 9) which is replaced with (Eq. 13) prevents machines from 
being overlapped. As mentioned, the machines are considered as squares with a unit dimension.  
The set of relationship (10) indicates that each machine must relocate in space of its 
corresponding cell. The next constraint (Eq. 11) is developed to control the cells which are in 
space of the job shop. The set of relationship (12) prevents cells from being overlapped. 
 
4. PROPOSED SOLUTION ALGORITHM  
Proposed novel hybrid meta-heuristic algorithm (H-RDKGA) 
The KA is very good at doing the exploitation action. It seems that the swirling process can be 
done instead of two processes including roaring and fighting in RDA. Accordingly, for each 
male, the closest neighbor is specified and the swirling action is done. Due to the mating 
process, the GA mechanism is considered in this regard. Having a brief illustration, the KA is 
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chosen the intensification properties as well as the GA is measured the diversification phase. 
This opinion is employed to examine the proposed method with their individual methods and 
also other feasible alternatives for combinations. Given more details of proposed H-RDKGA, a 
pseudo-code is provided as seen in Fig. 1. 

Initialize the Red Deer population.  
Calculate the fitness and sort them and form the hinds (Nhind) and male RDs (Nmale). 
Set the Pareto optimal frontier.  
while (t< maximum number of iterations) 
for each male RD 
Calculate the distance between this male and all males.  
Select the closest neighbor. 
S=0; 
while (S< maximum number of swirling) 
Do the swirling. 
if the fitness of this new position is better than prior 
Update this lucky male. 
break 
endif 
S=S+1 
endwhile 
endfor  
Sort the males and also form the stags and the commanders. 
for each male commander 
Select a hind by roulette wheel selection. 
Mate (crossover) male commander with the selected hind. 
 end for 
for each stag 
Select a hind randomly. 
Mate (crossover) stag with the selected hind. 
end for 
Select the next generation via roulette wheel selection. 
Update the Pareto optimal frontier  
t=t+1; 
end while 
Return the best non-dominated solutions  
Fig. 1. Pseudo-code of the H-RDKGA 
 
5. COMPUTATIONAL RESULTS 
A comparative study is presented in this section. First of all, to enhance the performance of 
employed metaheuristics and having a fair comparison, a full factorial design method is applied 
to tune the algorithms' parameters properly. After that, an extensive comparison among meta-
heuristics based on different criteria is presented in the following sub-sections. 
 
5.2. COMPARISON AMONG EMPLOYED METAHEURISTICS  
This sub-section aims to probe the effectiveness and efficiency of the presented algorithms. Due 
to it, each meta-heuristic algorithm is performed in all the test problems for 30 times runs. In 
this case, the behavior of the algorithms in the two objective functions during 30 run times is 
considered. The behavior of the algorithms in terms of computational time is presented in Fig. 
5. As shown in this figure, the behavior of the algorithms is as the same overall. The proposed 
hybrid algorithm and KA show competitive results in this item. In general, the best algorithm in 
this criterion is the KA. However, the worst behavior can be concluded from the RDA in most 
of the testes. 
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Finally, the average of outputs is saved and utilized to be evaluated by the assessment metrics of 
Prato-based algorithms. In this regard, Diversification Metric (DM), Spread of Non-dominance 
Solutions (SNS), Data Evolvement Analysis (DEA) and Percentage of Dominance (POD) are 
utilized. In all of them, a higher value brings a better capability of algorithms. The details about 
the evaluation metrics can be referred to some recent studies such as [9,10]. Based on the 
calculation of these metrics, the outputs of the algorithms for test problems in medium and large 
sizes are noted in Table 1.  

 

 
Figure. 2. Behavior of algorithms in terms of computational time  

 
Table 1. Evaluation metrics to the performance of the algorithms (i.e., DM, SNS, DEA and POD) 

In
st

an
ce

s 

DM SNS DEA POD 
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H
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3*5 14962 14389 16452 16765 2498 2267 1748 2699 0.18 0.16 0.12 0.15 0.16 0.22 0.14 0.22 
4*6 17641 17275 19743 18746 6122 7210 5426 7495 0.20 0.12 0.18 0.12 0.18 0.18 0.19 0.21 
5*8 8124 6833 7491 8945 7445 7296 6948 8155 0.24 0.22 0.26 0.18 0.22 0.20 0.10 0.18 
6*9 34685 29164 34112 35647 3485 3105 2915 4039 0.28 0.14 0.22 0.14 0.15 0.14 0.11 0.16 

7*11 13418 12742 13671 14289 2143 1834 7501 2867 0.16 0.26 0.18 0.16 0.17 0.18 0.16 0.12 
8*13 24914 25199 23749 28763 1077 1282 675 2049 0.24 0.12 0.12 0.19 0.19 0.14 0.12 0.18 

10*12 26493 22102 25761 26714 5482 4912 4466 4288 0.18 0.14 0.20 0.22 0.22 0.16 0.14 0.12 
11*13 31749 31054 32144 33849 6388 5187 5514 6382 0.26 0.18 0.14 0.18 0.22 0.18 0.14 0.16 
12*15 4784 7401 6195 7225 6237 5853 6432 7528 0.14 0.22 0.20 0.35 0.20 0.16 0.08 0.22 

 
Later, the obtained results for each problem are converted to the Relative Percentage Deviation 
(RPD) computed by: 

𝑅𝑅𝑆𝑆𝐷𝐷 =
|𝐴𝐴𝑙𝑙𝐴𝐴𝑠𝑠𝑠𝑠𝑘𝑘 − 𝐵𝐵𝑀𝑀𝐵𝐵𝑆𝑆𝑠𝑠𝑠𝑠𝑘𝑘|

𝐵𝐵𝑀𝑀𝐵𝐵𝑆𝑆𝑠𝑠𝑠𝑠𝑘𝑘
 (14) 

where 𝐴𝐴𝑙𝑙𝐴𝐴𝑠𝑠𝑠𝑠𝑘𝑘 is the output of algorithm and 𝐵𝐵𝑀𝑀𝐵𝐵𝑆𝑆𝑠𝑠𝑠𝑠𝑘𝑘  is the best value ever found in the problem 
size. It should be noted that the lower value for the RPD is preferred.  

6. CONCLUSION 
In this paper, a new mixed-integer non-linear programming model was presented to consider the 
dynamic cell formation and inter/intra-cell layouts in the continuous space simultaneously. The 
purpose of the model was to determine concurrently the formation of cells and the intra- and 
inter-cellular layouts in a way that the total transportation cost of parts, the reconfiguration cost 
of cells, and the number of exceptional elements (EEs) were minimized.  
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There are several recommendations for future directions of this study. For example, it is 
interesting to integrate the proposed model with a scheduling problem. The other approach is to 
use a two-stage or multi-stage stochastic programming method to tackle the uncertainty. From 
the aspect of the novel proposed hybrid algorithm, more in-depth analyses by other large-scale 
optimization problems may be considered. At last but not least, new meta-heuristics can be 
suggested to compare the results of the proposed algorithms.  
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ABSTRACT 
This paper defines the united solution set for the interval non-symmetric algebraic Riccati equation 
𝑿𝑿𝑿𝑿𝑿𝑿 − 𝑋𝑋𝑫𝑫− 𝑪𝑪𝑋𝑋 + 𝑩𝑩 = 0, in which 𝑿𝑿, 𝑩𝑩, 𝑪𝑪 and 𝑫𝑫 are known real interval matrices while 𝑋𝑋 is an 
unknown matrix; all of order 𝑛𝑛. Then, one method based on the sensitivity analysis approach to compute 
an estimate for this solution set is suggested. 

Keywords: Interval NARE, United solution set, Sensitivity analysis. 
 

1. INTRODUCTION   

Consider a non-symmetric algebraic Riccati equation or NARE of the form  
𝑋𝑋𝑋𝑋𝑋𝑋 − 𝑋𝑋𝑋𝑋 − 𝐶𝐶𝑋𝑋 + 𝐵𝐵 = 0.                                                                                                                                         (1) 
with a real square unknown matrix 𝑋𝑋 and real matrices 𝑋𝑋, 𝐵𝐵, 𝐶𝐶 and 𝑋𝑋 ∈ ℝ𝑛𝑛×𝑛𝑛 matrix 
coefficients. NARE arise in many fields such as transport theory, nuclear physics, control theory 
and applied probability . NAREs play a crucial role in two important applications, namely, the 
analysis of transport equations [1] and the study of fluid queues models [2].  In this paper, we 
are interested in such Riccati equations that arise in transport theory when dealing with particle 
transfer or radiative transfer. 
Here, the minimal positive solution 𝑋𝑋∗ is the solution of interest and of physical meaning [3]. 
The existence of the minimal positive solution has been well studied in [4, 5]. Using the 
methods in [6, 7], the minimal positive solution of NARE that is the one with component-wise 
minimal entries can be computed as follows  
𝑋𝑋 = 𝑆𝑆 ∘  (𝑢𝑢𝑣𝑣𝑇𝑇).                                                                                                                                                            (2) 
where ∘ denotes the component-wise (Hadamard) product, 𝑢𝑢 and 𝑣𝑣 ∈ ℝ𝑛𝑛×1, and 𝑆𝑆 ∈ ℝ𝑛𝑛×𝑛𝑛 is 
given. So, it has been carefully examined before; but less attention has been paid to the form of 
uncertainties that may occur in the elements of matrix coefficients 𝑋𝑋.𝐵𝐵.𝐶𝐶and 𝑋𝑋. As Interval 
analysis deals incidentally with evaluating the errors in answer resulting from the errors in the 
initial data, the following interval non-symmetric algebraic Riccati equation or INARE  
𝑋𝑋𝑿𝑿𝑋𝑋 − 𝑋𝑋𝑫𝑫 − 𝑪𝑪𝑋𝑋 + 𝑩𝑩 = 0.                                                                                                                                        (3) 
should be solved where 𝑿𝑿 = [𝑿𝑿𝑐𝑐 − Δ𝐀𝐀.𝑿𝑿𝑐𝑐 + Δ𝑿𝑿] with 𝑿𝑿𝑐𝑐 is the real central matrix and Δ𝑿𝑿 is 
the non-negative real radii of uncertainties matrix. Similarly, one can write 𝑩𝑩 = [𝑩𝑩𝑐𝑐 −
Δ𝐁𝐁.𝑩𝑩𝑐𝑐 + Δ𝑩𝑩].𝑪𝑪 = [𝑪𝑪𝑐𝑐 − Δ𝐂𝐂.𝑪𝑪𝑐𝑐 + Δ𝑪𝑪] and 𝑫𝑫 = [𝑫𝑫𝑐𝑐 − Δ𝐃𝐃.𝑫𝑫𝑐𝑐 + Δ𝑫𝑫]. We try to follow the 
standard notation of interval analysis defined in [8]. Subsequently, we use boldface lower and 
upper case letters for interval vectors (scalars) and matrices, respectively, whereas lower case 
stands for scalar quantities and point vectors and upper case represents matrices. You can find 
pointers to items concerning interval computations on the website 
http://www.cs.utep.edu/interval-comp. 
 
2. MAIN RESULTS 

To derive our main results, we first define the minimal united solution set of INARE (3) as 
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Σ: = {𝑋𝑋 ∈ ℝ𝑛𝑛×𝑛𝑛 𝑖𝑖𝑖𝑖 𝑡𝑡ℎ𝑒𝑒 𝑚𝑚𝑖𝑖𝑛𝑛𝑖𝑖𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑖𝑖𝑖𝑖𝑡𝑡𝑖𝑖𝑣𝑣𝑒𝑒 𝑖𝑖𝑝𝑝𝑚𝑚𝑢𝑢𝑡𝑡𝑖𝑖𝑝𝑝𝑛𝑛 𝑝𝑝𝑜𝑜 𝑋𝑋𝑋𝑋𝑋𝑋 − 𝑋𝑋𝑋𝑋 − 𝐶𝐶𝑋𝑋 + 𝐵𝐵 = 0.  𝑖𝑖𝑛𝑛 𝑤𝑤ℎ𝑖𝑖𝑖𝑖ℎ 𝑋𝑋 ∈ 𝑿𝑿.𝐵𝐵
∈ 𝑩𝑩.𝐶𝐶 ∈ 𝑪𝑪.𝑋𝑋 ∈ 𝑫𝑫}.                                                                                                                     (4) 

which has many applications in the field of scientific computing [9] and it is not generally an 
interval matrix. Thus, it is natural to look for some interval matrices which are either contained 
in the solution set (inner interval estimate problem) or contain the solution set (outer interval 
estimate problem) where the inclusions are as sharp as possible. Since the unique minimal 
positive solution of NAREs always exists then Σ is always nonempty and bounded. 
Now, we consider the sensitivity of 𝑋𝑋 in 𝑋𝑋𝑋𝑋𝑋𝑋 − 𝑋𝑋𝑋𝑋 − 𝐶𝐶𝑋𝑋 + 𝐵𝐵 = 0 to changes in all matrix 
coefficients 𝑋𝑋.𝐵𝐵.𝐶𝐶 and 𝑋𝑋. Clearly, we may assume that 𝑋𝑋 is a differentiable function of  these 
matrix coefficients and it is always assumed that 𝑋𝑋 has no specific structure. Essentially, this 
technique comes from [10] and primarily involves solving some linear systems. 
In fact, we will approach as much as possible the end corners of 𝑿𝑿 ≔ [𝑋𝑋.𝑋𝑋]. To this end, we 
consider a finite number of adequate NAREs of the form (1) instead of interval form (3) by 
means of the sensitivity analysis approach. To discover the adequate NAREs, we regard the 
signs of some calculated partial derivatives.  
Afterwards, we obtain these matrix equations by computing the partial derivatives from the 
NARE (1) with respect to 𝑋𝑋𝑖𝑖𝑖𝑖, 𝐵𝐵𝑖𝑖𝑖𝑖, 𝐶𝐶𝑖𝑖𝑖𝑖 and 𝑋𝑋𝑖𝑖𝑖𝑖, respectively: 
 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

𝜕𝜕𝑋𝑋
𝜕𝜕𝑋𝑋𝑖𝑖𝑖𝑖

𝑋𝑋𝑋𝑋 + 𝑋𝑋
𝜕𝜕𝑋𝑋
𝜕𝜕𝑋𝑋𝑖𝑖𝑖𝑖

𝑋𝑋 + 𝑋𝑋𝑋𝑋
𝜕𝜕𝑋𝑋
𝜕𝜕𝑋𝑋𝑖𝑖𝑖𝑖

−
𝜕𝜕𝑋𝑋
𝜕𝜕𝑋𝑋𝑖𝑖𝑖𝑖

𝑋𝑋 − 𝐶𝐶
𝜕𝜕𝑋𝑋
𝜕𝜕𝑋𝑋𝑖𝑖𝑖𝑖

= 0.                                                                              

𝜕𝜕𝑋𝑋
𝜕𝜕𝐵𝐵𝑖𝑖𝑖𝑖

𝑋𝑋𝑋𝑋 + 𝑋𝑋𝑋𝑋
𝜕𝜕𝑋𝑋
𝜕𝜕𝐵𝐵𝑖𝑖𝑖𝑖

−
𝜕𝜕𝑋𝑋
𝜕𝜕𝐵𝐵𝑖𝑖𝑖𝑖

𝑋𝑋 − 𝐶𝐶
𝜕𝜕𝑋𝑋
𝜕𝜕𝐵𝐵𝑖𝑖𝑖𝑖

+
𝜕𝜕𝐵𝐵
𝜕𝜕𝐵𝐵𝑖𝑖𝑖𝑖

= 0.                                                                                      

𝜕𝜕𝑋𝑋
𝜕𝜕𝐶𝐶𝑖𝑖𝑖𝑖

𝑋𝑋𝑋𝑋 + 𝑋𝑋𝑋𝑋
𝜕𝜕𝑋𝑋
𝜕𝜕𝐶𝐶𝑖𝑖𝑖𝑖

−
𝜕𝜕𝑋𝑋
𝜕𝜕𝐶𝐶𝑖𝑖𝑖𝑖

𝑋𝑋 −
𝜕𝜕𝐶𝐶
𝜕𝜕𝐶𝐶𝑖𝑖𝑖𝑖

𝑋𝑋 − 𝐶𝐶
𝜕𝜕𝑋𝑋
𝜕𝜕𝐶𝐶𝑖𝑖𝑖𝑖

= 0.                                                                                    

𝜕𝜕𝑋𝑋
𝜕𝜕𝑋𝑋𝑖𝑖𝑖𝑖

𝑋𝑋𝑋𝑋 + 𝑋𝑋𝑋𝑋
𝜕𝜕𝑋𝑋
𝜕𝜕𝑋𝑋𝑖𝑖𝑖𝑖

−
𝜕𝜕𝑋𝑋
𝜕𝜕𝑋𝑋𝑖𝑖𝑖𝑖

𝑋𝑋 − 𝑋𝑋
𝜕𝜕𝑋𝑋
𝜕𝜕𝑋𝑋𝑖𝑖𝑖𝑖

− 𝐶𝐶
𝜕𝜕𝑋𝑋
𝜕𝜕𝑋𝑋𝑖𝑖𝑖𝑖

= 0.                                                                              (5)

 

 
Recall that the vectorization of an 𝑚𝑚 × 𝑛𝑛 matrix 𝑋𝑋, denoted by 𝑣𝑣𝑒𝑒𝑖𝑖(𝑋𝑋), is the 𝑚𝑚𝑛𝑛 × 1 column 
vector obtained by stacking the columns of the matrix 𝑋𝑋 on top of one another and ⨂ is the 
Kronecker product. Now, the vector form of (5) is as follows: 
 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧((𝑋𝑋𝑋𝑋)𝑇𝑇⨂𝐼𝐼 + 𝐼𝐼⨂(𝑋𝑋𝑋𝑋) − 𝑋𝑋𝑇𝑇⨂𝐼𝐼 − 𝐼𝐼⨂𝐶𝐶)𝑣𝑣𝑒𝑒𝑖𝑖 �

𝜕𝜕𝑋𝑋
𝜕𝜕𝑋𝑋𝑖𝑖𝑖𝑖

� = −(𝑋𝑋𝑇𝑇⨂𝑋𝑋)𝑣𝑣𝑒𝑒𝑖𝑖(𝐽𝐽𝑖𝑖𝑖𝑖).                       

((𝑋𝑋𝑋𝑋)𝑇𝑇⨂𝐼𝐼 + 𝐼𝐼⨂(𝑋𝑋𝑋𝑋) − 𝑋𝑋𝑇𝑇⨂𝐼𝐼 − 𝐼𝐼⨂𝐶𝐶)𝑣𝑣𝑒𝑒𝑖𝑖 �
𝜕𝜕𝑋𝑋
𝜕𝜕𝐵𝐵𝑖𝑖𝑖𝑖

� = −𝑣𝑣𝑒𝑒𝑖𝑖(𝐽𝐽𝑖𝑖𝑖𝑖).                                      
                          

((𝑋𝑋𝑋𝑋)𝑇𝑇⨂𝐼𝐼 + 𝐼𝐼⨂(𝑋𝑋𝑋𝑋) − 𝑋𝑋𝑇𝑇⨂𝐼𝐼 − 𝐼𝐼⨂𝐶𝐶)𝑣𝑣𝑒𝑒𝑖𝑖 �
𝜕𝜕𝑋𝑋
𝜕𝜕𝐶𝐶𝑖𝑖𝑖𝑖

� = −𝑣𝑣𝑒𝑒𝑖𝑖(𝐽𝐽𝑖𝑖𝑖𝑖𝑋𝑋).                                                              

((𝑋𝑋𝑋𝑋)𝑇𝑇⨂𝐼𝐼 + 𝐼𝐼⨂(𝑋𝑋𝑋𝑋) − 𝑋𝑋𝑇𝑇⨂𝐼𝐼 − 𝐼𝐼⨂𝐶𝐶)𝑣𝑣𝑒𝑒𝑖𝑖 �
𝜕𝜕𝑋𝑋
𝜕𝜕𝑋𝑋𝑖𝑖𝑖𝑖

� = −𝑣𝑣𝑒𝑒𝑖𝑖(𝑋𝑋𝐽𝐽𝑖𝑖𝑖𝑖).                                                        (6)

 

 
in which 𝐽𝐽𝑖𝑖𝑖𝑖  is the single entry matrix, 1 at (𝑖𝑖. 𝑗𝑗) and zero elsewhere. 
 
Each of the equations in (6) illustrates 𝑛𝑛2 linear matrix equations to be separately solved for 
𝑣𝑣𝑒𝑒𝑖𝑖 � 𝜕𝜕𝜕𝜕

𝜕𝜕𝐴𝐴𝑖𝑖𝑖𝑖
� . 𝑣𝑣𝑒𝑒𝑖𝑖 � 𝜕𝜕𝜕𝜕

𝜕𝜕𝐵𝐵𝑖𝑖𝑖𝑖
� . 𝑣𝑣𝑒𝑒𝑖𝑖 � 𝜕𝜕𝜕𝜕

𝜕𝜕𝐶𝐶𝑖𝑖𝑖𝑖
� and 𝑣𝑣𝑒𝑒𝑖𝑖 � 𝜕𝜕𝜕𝜕

𝜕𝜕𝐷𝐷𝑖𝑖𝑖𝑖
� while 𝑋𝑋.𝐵𝐵.𝐶𝐶 and 𝑋𝑋 are replaced by 

𝑚𝑚𝑖𝑖𝑚𝑚(𝑿𝑿).𝑚𝑚𝑖𝑖𝑚𝑚(𝑩𝑩).𝑚𝑚𝑖𝑖𝑚𝑚(𝑪𝑪) and 𝑚𝑚𝑖𝑖𝑚𝑚(𝑫𝑫), respectively. They are the center matrices of  𝑿𝑿.𝑩𝑩.𝑪𝑪 
and 𝑫𝑫, commonly. 𝑋𝑋 is the unique minimal positive solution for 𝑋𝑋𝑚𝑚𝑖𝑖𝑚𝑚(𝑿𝑿)𝑋𝑋 − 𝑋𝑋𝑚𝑚𝑖𝑖𝑚𝑚(𝑫𝑫) −
𝑚𝑚𝑖𝑖𝑚𝑚(𝑪𝑪)𝑋𝑋 + 𝑚𝑚𝑖𝑖𝑚𝑚(𝑩𝑩) = 0. Considering the signs of the matrices 𝜕𝜕𝜕𝜕

𝜕𝜕𝐴𝐴𝑖𝑖𝑖𝑖
. 𝜕𝜕𝜕𝜕
𝜕𝜕𝐵𝐵𝑖𝑖𝑖𝑖

. 𝜕𝜕𝜕𝜕
𝜕𝜕𝐶𝐶𝑖𝑖𝑖𝑖

 and 𝜕𝜕𝜕𝜕
𝜕𝜕𝐷𝐷𝑖𝑖𝑖𝑖

, the 

required suitable matrices corresponding to 𝑋𝑋.𝐵𝐵.𝐶𝐶 and 𝑋𝑋 in 𝑋𝑋𝑋𝑋𝑋𝑋 − 𝑋𝑋𝑋𝑋 − 𝐶𝐶𝑋𝑋 + 𝐵𝐵 = 0 are 

Gall
ey

 Proo
f



 

 
 

determined. Indeed, these NAREs are the ones should be solved to discover the extremes of 
𝑿𝑿 ≔ [𝑋𝑋.𝑋𝑋]. Our approach is as follows: To approximate (𝑋𝑋)𝑠𝑠𝑠𝑠 and (𝑋𝑋)𝑠𝑠𝑠𝑠 1 ≤ 𝑖𝑖. 𝑡𝑡 ≤ 𝑛𝑛, we 
should define two matrices 𝑋𝑋𝑠𝑠𝑠𝑠.𝑢𝑢𝑢𝑢 ≔ (𝑋𝑋𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠.𝑢𝑢𝑢𝑢) and 𝑋𝑋𝑠𝑠𝑠𝑠.𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛 ≔ (𝑋𝑋𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠.𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛), respectively: 
 

𝑋𝑋𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠.𝑢𝑢𝑢𝑢 ≔

⎩
⎪
⎨

⎪
⎧ (𝑋𝑋)𝑖𝑖𝑖𝑖 . 𝜕𝜕𝜕𝜕𝑠𝑠𝑠𝑠

𝜕𝜕𝐴𝐴𝑖𝑖𝑖𝑖
> 0

(𝑋𝑋)𝑖𝑖𝑖𝑖 . 𝜕𝜕𝜕𝜕𝑠𝑠𝑠𝑠
𝜕𝜕𝐴𝐴𝑖𝑖𝑖𝑖

< 0

(𝑚𝑚𝑖𝑖𝑚𝑚(𝑿𝑿))𝑖𝑖𝑖𝑖 . 𝜕𝜕𝜕𝜕𝑠𝑠𝑠𝑠
𝜕𝜕𝐴𝐴𝑖𝑖𝑖𝑖

= 0

,    𝑋𝑋𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠.𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛 ≔

⎩
⎪
⎨

⎪
⎧ �𝑋𝑋�

𝑖𝑖𝑖𝑖
. 𝜕𝜕𝜕𝜕𝑠𝑠𝑠𝑠

𝜕𝜕𝐴𝐴𝑖𝑖𝑖𝑖
< 0

�𝑋𝑋�
𝑖𝑖𝑖𝑖

. 𝜕𝜕𝜕𝜕𝑠𝑠𝑠𝑠
𝜕𝜕𝐴𝐴𝑖𝑖𝑖𝑖

> 0 

�𝑚𝑚𝑖𝑖𝑚𝑚(𝑿𝑿)�
𝑖𝑖𝑖𝑖

. 𝜕𝜕𝜕𝜕𝑠𝑠𝑠𝑠
𝜕𝜕𝐴𝐴𝑖𝑖𝑖𝑖

= 0

                                                (7)                                                   

 
𝐵𝐵𝑠𝑠𝑠𝑠.𝑢𝑢𝑢𝑢.𝐵𝐵𝑠𝑠𝑠𝑠.𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛.𝐶𝐶𝑠𝑠𝑠𝑠.𝑢𝑢𝑢𝑢.𝐶𝐶𝑠𝑠𝑠𝑠.𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛.𝑋𝑋𝑠𝑠𝑠𝑠.𝑢𝑢𝑢𝑢 and 𝑋𝑋𝑠𝑠𝑠𝑠.𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛 are defined in the same way. For these 
calculated “up”s and “down”s matrices, 2𝑛𝑛2 NAREs 
 
𝑋𝑋𝑋𝑋𝑠𝑠𝑠𝑠.𝑢𝑢𝑢𝑢𝑋𝑋 − 𝑋𝑋𝑋𝑋𝑠𝑠𝑠𝑠.𝑢𝑢𝑢𝑢 − 𝐶𝐶𝑠𝑠𝑠𝑠.𝑢𝑢𝑢𝑢𝑋𝑋 + 𝐵𝐵𝑠𝑠𝑠𝑠.𝑢𝑢𝑢𝑢 = 0.                                                                                                        (8) 
and  
𝑋𝑋𝑋𝑋𝑠𝑠𝑠𝑠.𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛𝑋𝑋 − 𝑋𝑋𝑋𝑋𝑠𝑠𝑠𝑠.𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛 − 𝐶𝐶𝑠𝑠𝑠𝑠.𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛𝑋𝑋 + 𝐵𝐵𝑠𝑠𝑠𝑠.𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛 = 0.                                                                                      (9) 
 
should be solved to discover the bounds of 𝑋𝑋𝑠𝑠𝑠𝑠 ∈ [𝑋𝑋𝑠𝑠𝑠𝑠 .𝑋𝑋𝑠𝑠𝑠𝑠]. The explicit scheme is shown in 
Algorithm 1 below. 
 

Algorithm 1: A sensitivity analysis algorithm to compute an inner estimation 𝑿𝑿 for the minimal united 
solution set to the INARE (3). 
 
1: Given 𝑿𝑿.𝑩𝑩.𝑪𝑪 and 𝑫𝑫 
2: Compute the minimal positive solution 𝑋𝑋� of  𝑋𝑋𝑚𝑚𝑖𝑖𝑚𝑚(𝑿𝑿)𝑋𝑋 − 𝑋𝑋𝑚𝑚𝑖𝑖𝑚𝑚(𝑫𝑫) −𝑚𝑚𝑖𝑖𝑚𝑚(𝑪𝑪)𝑋𝑋 + 𝑚𝑚𝑖𝑖𝑚𝑚(𝑩𝑩) = 0 
3: Set  𝑀𝑀 ≔ ��𝑚𝑚𝑖𝑖𝑚𝑚(𝑿𝑿)𝑋𝑋��𝑇𝑇⨂𝐼𝐼 + 𝐼𝐼⨂�𝑋𝑋�𝑚𝑚𝑖𝑖𝑚𝑚(𝑿𝑿)� − �𝑚𝑚𝑖𝑖𝑚𝑚(𝑫𝑫)�𝑇𝑇⨂𝐼𝐼 − 𝐼𝐼⨂𝑚𝑚𝑖𝑖𝑚𝑚(𝑪𝑪)� 
4: for 𝑖𝑖. 𝑡𝑡 = 1 to 𝑛𝑛 do 
5: for 𝑖𝑖. 𝑗𝑗 = 1 to 𝑛𝑛 do 
6: Solve the system 𝑀𝑀𝑀𝑀 = 𝑁𝑁 for 𝑁𝑁 = −(𝑋𝑋𝑇𝑇⨂𝑋𝑋)𝑣𝑣𝑒𝑒𝑖𝑖(𝐽𝐽𝑖𝑖𝑖𝑖).−𝑣𝑣𝑒𝑒𝑖𝑖(𝐽𝐽𝑖𝑖𝑖𝑖).−𝑣𝑣𝑒𝑒𝑖𝑖(𝐽𝐽𝑖𝑖𝑖𝑖𝑋𝑋) and −𝑣𝑣𝑒𝑒𝑖𝑖(𝑋𝑋𝐽𝐽𝑖𝑖𝑖𝑖) 
7: end for 
8: Compute 𝑋𝑋𝑠𝑠𝑠𝑠.𝑢𝑢𝑢𝑢.𝑋𝑋𝑠𝑠𝑠𝑠.𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛.𝐵𝐵𝑠𝑠𝑠𝑠.𝑢𝑢𝑢𝑢.𝐵𝐵𝑠𝑠𝑠𝑠.𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛.𝐶𝐶𝑠𝑠𝑠𝑠.𝑢𝑢𝑢𝑢.𝐶𝐶𝑠𝑠𝑠𝑠.𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛.𝑋𝑋𝑠𝑠𝑠𝑠.𝑢𝑢𝑢𝑢 and 𝑋𝑋𝑠𝑠𝑠𝑠.𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛 according to (7) 
9: (𝑋𝑋)𝑠𝑠𝑠𝑠 ≔ (𝑋𝑋𝑠𝑠𝑠𝑠.𝑢𝑢𝑢𝑢)𝑠𝑠𝑠𝑠 where 𝑋𝑋𝑠𝑠𝑠𝑠.𝑢𝑢𝑢𝑢 is the unique minimal positive solution of (8) 
10: (𝑋𝑋)𝑠𝑠𝑠𝑠 ≔ (𝑋𝑋𝑠𝑠𝑠𝑠.𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛)𝑠𝑠𝑠𝑠 where 𝑋𝑋𝑠𝑠𝑠𝑠.𝑑𝑑𝑑𝑑𝑑𝑑𝑛𝑛 is the unique minimal positive solution of (9) 
11: end for 
12: Return 𝑿𝑿 ≔ [𝑋𝑋.𝑋𝑋]. 
 
3. CONCLUSIONS  

When estimating the minimal united solution set of INARE via the sensitivity analysis 
approach, 4𝑛𝑛2 linear matrix equations of the form 𝑀𝑀𝑀𝑀 = 𝑁𝑁 and 2𝑛𝑛2 + 1 NAREs of form (1) 
need to be solved. 
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ABSTRACT 
In this paper, we intend to present a numerical method for solving time delay optimal control problems. 
To achieve this target, we proposed a pseudo spectral method based on the operational matrix of 
integration. In this method, we divide the time interval of the problem into some nonequal subintervals. 
Then approximate state and control variables using the Legendre-Gauss-Lobatto quadrature and Lagrange 
polynomial. The problem is discretized to a nonlinear programming problem that can be solved with 
Fmincon in Matlab in easily. Finally, we show the capability of the present method by solving one 
numerical example and compare with some methods. 
Keywords: Time delay optimal control problems, Spectral method, Nonlinear programming. 
 
1. INTRODUCTION  

Time delay optimal control (TDOC) problems can be seen in a wide range of sciences such as 
chemistry, engineering, medicine, etc. Many of the methods used to solve TDOC problems are 
indirect methods, which are often time-consuming and costly. In this paper, we present a direct 
spectral collocation method for solving TDOC problems. In proposed method, we consider the 
TDOC problem: 

              Minimize    𝐽𝐽 = 𝐸𝐸�𝑥𝑥�𝑡𝑡𝑓𝑓�, 𝑡𝑡𝑓𝑓� + � 𝐺𝐺(𝑥𝑥(𝑡𝑡), 𝑥𝑥(𝑡𝑡 − 𝜇𝜇),𝑢𝑢(𝑡𝑡), 𝑡𝑡)𝑑𝑑𝑡𝑡,

𝑡𝑡𝑓𝑓

𝑡𝑡0

                                      (1) 

             subject to                    
                                     �̇�𝑥(𝑡𝑡) = 𝐹𝐹(𝑥𝑥(𝑡𝑡), 𝑥𝑥(𝑡𝑡 − µ),𝑢𝑢(𝑡𝑡), 𝑡𝑡),     𝑡𝑡0 ≤ 𝑡𝑡 ≤ 𝑡𝑡𝑓𝑓 ,                                         (2)  
                                  𝑥𝑥(𝑡𝑡) = 𝜑𝜑(𝑡𝑡) ,      − 𝜇𝜇 ≤ 𝑡𝑡 ≤ 0,                                                                         (3) 
                                  𝑥𝑥(0) = 𝜑𝜑(0).                                                                                             (4) 
  
Where 𝐸𝐸:ℝ𝑝𝑝 × ℝ → ℝ  , 𝐺𝐺:ℝ𝑝𝑝 × ℝ𝑞𝑞 × ℝ → ℝ , 𝐹𝐹:ℝ𝑝𝑝 × ℝ𝑞𝑞 × ℝ → ℝ𝑝𝑝, 𝑥𝑥 ∈ ℝ𝑝𝑝 and 𝑢𝑢 ∈ ℝ𝑞𝑞 .          
The aim is finding vector state 𝑥𝑥(𝑡𝑡) = (𝑥𝑥1(𝑡𝑡), 𝑥𝑥2(𝑡𝑡), … , 𝑥𝑥𝑝𝑝(𝑡𝑡)) and vector control 𝑢𝑢(𝑡𝑡) =
 �𝑢𝑢1(𝑡𝑡),𝑢𝑢2(𝑡𝑡), … ,𝑢𝑢𝑞𝑞(𝑡𝑡)� on interval [𝑡𝑡0, 𝑡𝑡𝑓𝑓] so that cost functional (1) be minimized. 
 
2. PROBLEM STATEMENT 

First to simplify the problem (1)-(4), we change the interval [𝑡𝑡0, 𝑡𝑡𝑓𝑓] to interval [0, 1] by affine 
transformation 
                                          𝜏𝜏 = 𝑡𝑡

𝑡𝑡𝑓𝑓−𝑡𝑡0
− 𝑡𝑡0

𝑡𝑡𝑓𝑓−𝑡𝑡0
,     0 ≤ 𝜏𝜏 ≤ 1,                                                     (5)    

 

                                          �̂�𝜇 = 𝜇𝜇
𝑡𝑡𝑓𝑓−𝑡𝑡0

− 𝑡𝑡0
𝑡𝑡𝑓𝑓−𝑡𝑡0

,                                                                                       (6)  

 
To solve the problem, we use the idea of composite interpolation. We divide the problem 
interval into 𝑴𝑴− 𝟏𝟏 subintervals and solve the problem in each subinterval. 

 
 

[0, 1] = [0, 𝑡𝑡1] ∪ [𝑡𝑡1, 𝑡𝑡2] ∪ … ∪ [𝑡𝑡𝑚𝑚−1, 𝑡𝑡𝑚𝑚],     
where 𝑡𝑡𝑚𝑚 = 1.   
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Now, suppose 𝑡𝑡0̅ < 𝑡𝑡0̅ < ⋯  < 𝑡𝑡�̅�𝑁 are the Legendre-Gauss-Lobatto (LGL) points on the interval 
[−1, 1], where they are the roots of 
 
                           𝑅𝑅𝑁𝑁(𝑡𝑡̅) = (𝑡𝑡̅2 − 1)�̇�𝑃𝑁𝑁(𝑡𝑡̅) ,     − 1 ≤ 𝑡𝑡̅ ≤ 1,                                                         (7) 
 
where 𝑃𝑃𝑁𝑁(∙) is the Legendre polynomial of degree 𝑁𝑁. For discretization the problem (1)-(4), we 
transform the LGL points to the interval [𝑡𝑡𝑘𝑘−1, 𝑡𝑡𝑘𝑘] by transformation 
 
                 �̂�𝜏𝑖𝑖𝑘𝑘 = (𝜏𝜏𝑘𝑘−𝜏𝜏𝑘𝑘−1)(𝑡𝑡�̅�𝑖+1)

2
+ 𝜏𝜏𝑘𝑘−1,      𝑖𝑖 = 0, 1, … ,𝑁𝑁; 𝑘𝑘 = 1,2, … ,𝑀𝑀,                                      (8) 

 

For approximation control and state variables we use to equations 
  

      𝑥𝑥𝑘𝑘(𝜏𝜏) ≈�𝑎𝑎𝑖𝑖𝑘𝑘𝐿𝐿�𝑖𝑖𝑘𝑘(𝜏𝜏),
𝑁𝑁

𝑖𝑖=0

    𝑢𝑢𝑘𝑘(𝜏𝜏) ≈�𝑏𝑏𝑖𝑖𝑘𝑘𝐿𝐿�𝑖𝑖𝑘𝑘(𝜏𝜏),
𝑁𝑁

𝑖𝑖=0

   𝑘𝑘 = 1, 2, … ,𝑀𝑀,                                               (9) 
 

where 𝑎𝑎𝑖𝑖𝑘𝑘 = 𝑥𝑥𝑘𝑘(�̂�𝜏𝑖𝑖𝑘𝑘), 𝑏𝑏𝑖𝑖𝑘𝑘 = 𝑢𝑢𝑘𝑘(�̂�𝜏𝑖𝑖𝑘𝑘) and 𝐿𝐿�𝑖𝑖𝑘𝑘(∙), denotes the Lagrange polynomial of degree 𝑁𝑁 
corresponding to the point �̂�𝜏𝑖𝑖𝑘𝑘 which is defined as  
 

                           𝐿𝐿�𝑖𝑖𝑘𝑘(𝜏𝜏) = 𝐿𝐿𝑖𝑖 �
2

𝜏𝜏𝑘𝑘 − 𝜏𝜏𝑘𝑘−1
𝜏𝜏 +

𝜏𝜏𝑘𝑘 + 𝜏𝜏𝑘𝑘−1
𝜏𝜏𝑘𝑘 − 𝜏𝜏𝑘𝑘−1

� .                                                                   (10) 
 

Dynamic equations contain a time-delayed term that we must discrete. Assume that �̂�𝜇 = 𝐿𝐿
𝐻𝐻

 such 
that 𝐿𝐿 and 𝐻𝐻 are positive integers which 𝐿𝐿 < 𝐻𝐻. By placing 𝑀𝑀 = 𝐻𝐻𝑀𝑀0 so that  𝑀𝑀0 ∈ ℤ and is 
positive integer, we get 

 

                          𝑥𝑥��̂�𝜏𝑖𝑖𝑘𝑘 − �̂�𝜇� = �
𝜑𝜑��̂�𝜏𝑖𝑖𝑘𝑘 − �̂�𝜇�,     𝑘𝑘 = 1, 2, … , 𝐿𝐿𝑀𝑀0,                                       
𝑥𝑥��̂�𝜏𝑖𝑖

𝑘𝑘−𝐿𝐿𝑀𝑀0�,     𝑘𝑘 = 𝐿𝐿𝑀𝑀0 + 1, … ,𝐻𝐻𝑀𝑀0;   𝑖𝑖 = 0, 1, … ,𝑁𝑁.
           (11) 

 
For example, if 𝜑𝜑(𝜏𝜏) = 1 and �̂�𝜇 = 1

2
 then for M=2 we have  

 

𝑥𝑥 ��̂�𝜏𝑖𝑖𝑘𝑘 −
1
2
� = �

𝜑𝜑 ��̂�𝜏𝑖𝑖𝑘𝑘 −
1
2
� = 1,     𝑘𝑘 = 1,         

𝑥𝑥��̂�𝜏𝑖𝑖1�,                       𝑘𝑘 = 2.          
   

           
The integral operational matrix is defined as follows [3]                          

ℒ𝑖𝑖,𝑗𝑗 ≜ � 𝐿𝐿𝑗𝑗(𝑡𝑡̅)𝑑𝑑𝑡𝑡̅
𝑡𝑡�̅�𝑖

−1

,     𝑖𝑖, 𝑗𝑗 = 0, 1, … ,𝑁𝑁, 

We have 

            ℒ𝑖𝑖,𝑗𝑗 =
𝜔𝜔𝑗𝑗
2
�1 + 𝑡𝑡�̅�𝑖 + �𝑃𝑃𝑘𝑘(𝑡𝑡�̅�𝑗)[𝑃𝑃𝑘𝑘+1(𝑡𝑡�̅�𝑖) − 𝑃𝑃𝑘𝑘−1(𝑡𝑡�̅�𝑖)]

𝑁𝑁

𝑘𝑘=1

� ,          𝑖𝑖, 𝑗𝑗 = 0, 1, … ,𝑁𝑁.                (12) 

 

where 𝜔𝜔𝑗𝑗’s are the LGL weights that are given by [6] 
 
 

                               𝜔𝜔𝑗𝑗 =
2

𝑁𝑁(𝑁𝑁 + 1)�𝑃𝑃𝑁𝑁(𝑡𝑡�̅�𝑗)�2
,          𝑗𝑗 = 0, 1, … ,𝑁𝑁.                                                   (13) 
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By applying relations (8)-(9)-(11)-(12) and (13), the TDOC problem (1)-(4) is converted into 
the following nonlinear programming problem: 
 

Minimize      𝐽𝐽 = 𝐸𝐸(𝑎𝑎𝑁𝑁𝑀𝑀 , 1) + �𝑡𝑡𝑓𝑓 − 𝑡𝑡0� ��
𝜏𝜏𝑘𝑘 − 𝜏𝜏𝑘𝑘−1

2

𝑀𝑀

𝑘𝑘=1

�𝐺𝐺�𝑎𝑎𝑗𝑗𝑘𝑘 , 𝑏𝑏𝑗𝑗𝑘𝑘 , �̂�𝜏𝑗𝑗𝑘𝑘�
𝑁𝑁

𝑗𝑗=0

� ,                              (14) 

subject to 

 𝑎𝑎𝑖𝑖𝑘𝑘 = 𝑎𝑎𝑁𝑁𝑘𝑘−1 − �𝑡𝑡𝑓𝑓 − 𝑡𝑡0�
𝜏𝜏𝑘𝑘 − 𝜏𝜏𝑘𝑘−1

2
�ℒ𝑖𝑖,𝑗𝑗𝐹𝐹�𝑎𝑎𝑗𝑗𝑘𝑘 ,𝜑𝜑��̂�𝜏𝑗𝑗𝑘𝑘 − �̂�𝜇�, 𝑏𝑏𝑗𝑗𝑘𝑘 , �̂�𝜏𝑗𝑗𝑘𝑘�,
𝑁𝑁

𝑗𝑗=0

 𝑘𝑘 = 1, 2, … , 𝐿𝐿𝑀𝑀0,        (15) 

𝑎𝑎𝑖𝑖𝑘𝑘 = 𝑎𝑎𝑁𝑁𝑘𝑘−1 − �𝑡𝑡𝑓𝑓 − 𝑡𝑡0�
𝜏𝜏𝑘𝑘 − 𝜏𝜏𝑘𝑘−1

2
�ℒ𝑖𝑖,𝑗𝑗𝐹𝐹 �𝑎𝑎𝑗𝑗𝑘𝑘 ,𝑎𝑎𝑗𝑗

𝑘𝑘−𝐿𝐿𝑀𝑀0 , 𝑏𝑏𝑗𝑗𝑘𝑘 , �̂�𝜏𝑗𝑗𝑘𝑘� ,
𝑁𝑁

𝑗𝑗=0

 𝑘𝑘 = 𝐿𝐿𝑀𝑀0 + 1, … ,𝐻𝐻𝑀𝑀0,   (16) 

𝑎𝑎𝑁𝑁𝑀𝑀 − 𝑥𝑥𝑓𝑓 = 0,                                                                                                                                              (17) 
 
𝑥𝑥(0) = 𝜑𝜑(0),                                                                                                                                             (18) 
 
for 𝑖𝑖 = 0, 1, … ,𝑁𝑁. 
 
3. NUMERICAL ILLUSTRATION 

In this section, we consider a TDOC problem which given in [1-4], and compares the results 
with other methods to illustrate the efficiency of the proposed method. 
 
Example 3.1. Consider the following TDOC problem  
 

Minimize           𝐽𝐽 =
1
2

105𝑥𝑥2(2) +
1
2
�𝑢𝑢2
2

0

(𝑡𝑡)𝑑𝑑𝑡𝑡, 

                                      subject to 
                                   �̇�𝑥(𝑡𝑡) = 𝑥𝑥(𝑡𝑡 − 1) + 𝑢𝑢(𝑡𝑡),    0 ≤ 𝑡𝑡 ≤ 2, 

                                                               𝑥𝑥(𝑡𝑡) = 1,        − 1 ≤ 𝑡𝑡 ≤ 0. 
The optimal solutions to this problem are 
 

𝐽𝐽∗ = 1.8375 , 
 

𝑢𝑢∗ = �−2.9 + 1.05𝑡𝑡,     0 ≤ 𝑡𝑡 ≤ 1,
−1.05,                  1 ≤ 𝑡𝑡 ≤ 2. 

 
In Table 1 is reported the value of cost function and compares with several method solutions. In 
Figure 1, we plotted the graph of discrete value and analytic value of control variable obtained 
by the present method with N=3 and M=2. 
 
 
Table 1. The results of J. 

 
Method        Present Method (𝑁𝑁 = 3,𝑀𝑀 = 2)         Method [4] (𝑁𝑁 = 32)              Method [5] (𝐾𝐾 = 16) 

 
J                        1.8375                                  1.837679                            1.849730 
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Figure 1. The obtained discrete and analytic value for control variable with 𝑵𝑵 = 𝟑𝟑,𝑴𝑴 = 𝟐𝟐. 

 
 
5. CONCLUSIONS  

In this research, we introduced a Pseudo spectral method based on the operational matrix of 
integration for solving the TDOC problems. One of the advantages of the method is that the 
complexity of the proposed method is much lower than the other methods used to solve the 
TDOC problems. Also, with the proposed method, better numerical results can be obtained 
compared to other methods. 
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ABSTRACT 
 This study considers a blood logistics problem in natural and man-made disaster condition. For this 
purpose, a multi-objective mathematical model is proposed in order to minimize total cost, environmental 
impacts and optimize the social impacts. Because of in the disaster condition some facilities may be 
damaged, these predefined capacities may not be available. For more similarity to the real world, in 
this research disruptions in capacity of facilities are considered. Then, the multi-objective model 
solves as single-objective model applying LP-metric method. Finally, uncertainty analysis is done on 
imprecise parameters of the third objective function of the proposed model and the results are reported. 
Keywords: Blood supply chain, Disaster, Multi-objective, Sustainable, LP-metric. 

1. INTRODUCTION  
Supply chain network design (SCND) has a significant impact on supply chains performance. It 
communicates with many aspects of the network, affecting networks qualitative and quantitative 
performance such as numbers, locations and capacities of facilities as well as information and 
material flow allocations. Because of significant costs and the required time, the network 
configuration cannot be changed in short terms. In the supply chain management, the supply 
chain network design has effect on tactical and operational decisions (Devika et al.,2014; Fu and 
Fu, 2015; Amin et al., 2017) [1]. The companies forced to consider the impacts of sustainable 
supply chain (SSC) design on the environment and society because of increasing concerns to 
meet environmental, social, and legislative requirements (Govindan et al., 2014) [2]. Human 
blood is a vital and rare resource and currently there is nothing that can be replaced with it, 
because the blood is extracted only from the human body. Furthermore, among all blood units 
that donated, only a small amount is useable. There is a required time interval between everyone 
blood donation and the next turn that the body can regenerates lost blood in this time.  
De et al. [3] presented a sustainable ship routing problem under uncertainty with environmental 
impacts caused by carbon emissions and fuel consumption. For maintaining a sustainable ship 
routing they restricted environmental impacts by defining some limitations and upper limits for 
the total fuel cost, fuel consumption, and carbon emission level. Gunpinar and Centeno [4] 
considered routing aspect in their research. They presented an integer programming model that 
determines the optimal routings for bloodmobiles. This model has two objectives that 
determines the number of bloodmobiles and minimize the total distance traveled by vehicles 
simultaneously.  
Dillon et al. [5] proposed a two-stage stochastic programming model to optimize the periodic 
review course for managing red blood cells inventory while dealing with perishability and 
demand uncertainty. The model aims at minimizing the operational costs, blood shortage as well 
as wastage costs. Jabbarzadeh et al. [6] determining the optimal way of blood distribution to 
hospitals by minimizing the average delivery time from local and regional blood centers to 
demand points (hospitals) under disastrous conditions has been also taken into account as 
another objective. Rajendran and Ravindran [7] developed stochastic models under demand 
uncertainty for a single hospital. Their models aim includes ordering policies to reduce shortage, 
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wastage and purchasing for different cost settings. Puraman et al. [8] designed an inventory 
model for a hospital network. The authors developed an integer-programming model allowing 
blood delivered to the hospitals by distributing through a common blood bank. Their models’ 
results showed that outdating and shortage could be reduced under hospital collaboration. The 
remainder of this paper is organized as follows: in section 2, we define the problem and present 
a mathematical model. Section 3, gives the experimental results. Finally, in section 4, a 
discussion and some suggestions for future works are offered. 
 
2. Problem definition 
In this study, a multi-objective and multi-period sustainable blood supply chain network during 
and after disaster is presented. Donor groups, blood collection facilities, distribution centers, 
and hospitals as the demand points are the components in this network and the flow among the 
network elements, shown in Figure (1). The first part includes donor activities, where blood 
units are collected from various groups of donors in permanent or temporary blood facilities. 
The operationalized fixed blood facilities and blood centers are selected among available 
potential locations. After the registration process, all donors who come to blood facilities are 
checked through a screening process to avoid transmitting diseases caused by blood transfusion. 
Then, collected blood units are tested to prevent a variety of blood diseases. Each blood center 
according hospitals demand send required blood to them. Each vehicle only can start from a 
blood center, navigates a specified route to serve designated hospitals, and returns to the same 
blood center. 

 
Figure 1. blood supply chain network 

 
2.2. Sets 
𝐿𝐿   Set of blood donors areas, l 𝜖𝜖 𝐿𝐿 
𝐼𝐼   Set of candidate sites to establish blood collecting facilities, 𝑖𝑖, 𝑖𝑖1 𝜖𝜖 𝐼𝐼 
𝐽𝐽   Set of candidate sites to establish blood centers, 𝑗𝑗, 𝑗𝑗1 𝜖𝜖 𝐽𝐽  
𝐾𝐾   Set of hospitals sites as demand points, k, k1 𝜖𝜖 K  
𝑉𝑉   Set of vehicles, v 𝜖𝜖 V  
𝐶𝐶   Set of blood centers’ capacity, c 𝜖𝜖 C  
𝑅𝑅   Set of blood age, r 𝜖𝜖 R  
𝑇𝑇   Set of different planning periods, t 𝜖𝜖 T  
𝐹𝐹   Merged set of hospitals and candidate distribution blood centers; i.e., 𝐾𝐾𝑈𝑈 𝐽𝐽 and 𝑓𝑓, 𝑓𝑓1 𝜖𝜖 F  
𝐴𝐴   Set of age group of blood, a 𝜖𝜖 A 
S   set of disruption scenario, s 𝜖𝜖 S 
P   set of products type, p 𝜖𝜖 P  
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2.3. Parameters  
 

VVC  Capacity of vehicle v. MCT  Maximum capacity of each temporary blood 
facility. 
 

vCV  Set up cost of vehicle v. 
 

�MCH  
Maximum capacity of each hospital. 
 

�
ijFCa  

Fixed cost of transportation from blood 
facility i to blood center j. 1ii tMC  Transferring cost of each temporary blood 

facility from location i1 to location i in 
planning period t. 
 

�
1ffFCa′  

Fixed cost of transportation from location f 
to location f1. 
 

jcFB  Cost of establishing a blood center at candidate 
location j with size c. 
 

ilTC  Transportation cost of donors from location l 
to I. 
 

iFP  Cost of establishing a permanent blood facility 
at candidate location i. 

�
jtOC  

Operating cost of one-unit blood at blood 
center j in planning period t. 
 

jtπ  Shortage cost of each blood unit at blood 
center j at planning period t. 

�
itCC  

Operational cost of collecting each blood 
unit at location i in planning period t. 
 

ktπ ′  Shortage cost of each blood unit at hospital k 
at planning period t. 

�
ktOCH  

Operating cost of one-unit blood at hospital 
k at planning period t. 
 

�
jtHB  

Holding cost of blood unit at blood center j at 
planning period t. 

�
cMSC  

Maximum storage capacity in each blood 
center with size c. 
 

�
ktHH  

Holding cost of each unit blood at hospital k at 
planning period t. 

MCF  Maximum capacity of each fixed blood 
facility. 
 

�
lU  

maximum blood supply of allowed donor 
group l. 

0
tπ  Penalty cost due to using ‘old’ blood for 

patients with ‘young’ blood demand in 
planning period t. 

ρ  Penalty cost due to environmental effect of 
waste blood. 

1
tπ  Penalty cost due to using ‘young’ blood for 

patients with ‘any’ blood demand in 
planning period t. 

γ  Rate of lost blood in the production process. 

iEF  Environmental impacts of establishing 
permanent blood facility at location i. 1η  Rate of lost blood in inspection after receipt 

blood by blood centers. 

jcEB  Environmental impacts of establishing blood 
center j with size c. 2η  Rate of lost blood in inspection after receipt 

blood by hospitals. 

ijET  Environmental impact of shipping each 
collected blood from location i to location j. 

ω  Estimated percentage of blood related to five 
years old blood in inventory. 

1ffET ′  Environmental impact of shipping each 
collected blood from location f to location f1. 

s
jptα  Percentage of decrease in capacity of blood 

center j for product p in period t under scenario 
s. 

jcJO  Total number of job opportunities available 
when a distribution center is opened at 
location j with size c. 

s
iptβ  Percentage of decrease in capacity of 

permanent blood facility i for product p in 
period t under scenario s. 

iJO′  Total number of job opportunities available 
when a permanent blood facility is opened at 
location i. 

1

s
i ptφ  Percentage of decrease in capacity of 

temporary blood facility i1 for product p in 
period t under scenario s. 

�
0ktD′  

‘Young’ blood demand of hospital k in 
planning period t. 

B  Total number of hospitals. 

�
1ktD′  

‘Any’ blood demand of hospital k in 
planning period t. 

M  A very large number. 

�DC  
Unit disposal and transporting cost of waste 
blood. 

  

 
2.4. Decision variables 

ijtx  
Amount of blood traveling from blood facility i 
to blood center j in planning period t. tHP  

Total amount of waste blood in planning period t. 

rkvty  
Amount of blood age r traveling to hospital k 
by vehicle v in planning period t. iW  

A binary variable, which is equal to 1 if a permanent 
facility is opened at site i; 0, otherwise. 

rjtb  
Number of blood age r shortage at blood center 
j at the end of planning period t. jcO  

A binary variable, which is equal to 1 if a blood center 
with size c is opened at site j; 0, otherwise. 
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aktbb′  
Number of blood group a shortage at hospital k 
at the end of planning period t. 1ii tG  

A binary variable, which is equal to 1 if a temporary 
facility is located at location 𝑖𝑖1 in period 𝑡𝑡−1, and 
moves to location i in planning period t; 0 otherwise. 

aktb′  
A binary variable, which is equal to 1 if blood 
facility at location i is assigned to blood center j 
in planning period t; otherwise 0. 

vtVH
 

A binary variable, which is equal to 1 if a vehicle v is 
used in planning period t; 0, otherwise. 

iltE  
A binary variable, which is equal to 1 if blood 
facility at location i is assigned to donor group l 
in planning period t; otherwise 0. 

1ff vtR
 

If f precedes f1 in the route of vehicle v in planning 
period t. 

aktI ′  
Blood group a inventory level at hospital k at 
the end of planning period t. jktV  

A binary variable, which is equal to 1 if hospital at 
location k is assigned to blood center j in planning 
period t; 0, otherwise. 

rjtI  
The r days old blood inventory level at blood 
center j at the end of planning period t. kvtM

 

Auxiliary variable defined for hospital k for sub-tour 
elimination in route of vehicle v in planning period t. 

tHP  
Total amount of waste blood in planning period 
t. 

  

iW  
A binary variable, which is equal to 1 if a 
permanent facility is opened at site i; 0, 
otherwise. 

  

 
2.5. Model formulation 

1 1

1

1  

J C I I I T F F V T T

jc jc i i ij ijt ff ff vt t
j c i i j t f f v t t

MinZ EB O EFW ET M ET R HPρ′= + + + +∑∑ ∑ ∑∑∑ ∑∑∑∑ ∑  
 
(1) 

2

J C I

jc jc i i
j c i

MaxZ JO O JO W′= × + ×∑∑ ∑  
 
(2) 

1 1 1 1

1 1

3

0 0 1 1

I J T F F V T I I T I L T R J T

ijt ij ff vt ff ii t ii t il ilt jt rjt
i j t f f v t i i t i l t r j t

A K T R J T A K T K T K T

kt akt jt rjt kt akt t kt t kt jc jc
a k t r j t a k t k t k t

MinZ M FCa R FCa Mc G TC E HB I

HH I b b FB Oπ π π δ π δ

′= + + + + +

′ ′ ′+ + + + +

∑∑∑ ∑∑∑∑ ∑∑∑ ∑∑∑ ∑∑∑

∑∑∑ ∑∑∑ ∑∑∑ ∑∑ ∑∑
1( )

1

C J I

i i
c j i

I J T R K V T I J T T V T

jt ij kt rkvt it ijt t vt v
i j t r k v t i j t t v t

FP

OC X OCH y CC x DCHP VH CV

ω

γ

+

+ + + + +
−

∑∑ ∑

∑∑∑ ∑∑∑∑ ∑∑∑ ∑ ∑∑

 

 
 
 
(3) 

St:  
�

2
(1 )

R C
s

crjt jpt jc
r c

I MSC Oα
≥

≤ −∑ ∑  t =2,3,...,T, j∀
 

(4) �
1 0kt ktI I MCH′ ′+ ≤  t = 3,...,T, k∀  (5) 

�

�
1 1

1

(1 )

(1 )  

J
s

rijt ipt i
j

I
s
i pt ii t

i

x W MCF

G MCT

β

φ

≤ −

+ −

∑

∑
 

t = 2,3,...,T, i∀
 

(6) 0 0 0kt ktb I′ ′× =  t =3,...,T, k∀  (25) 

ijt ijtX M M≤ ×  t = 2,3,...,T, i,j∀

 
(7) 

1 1 0kt ktb I′ ′× =  t =3,...,T, k∀  (26) 

  
1

1

1 
I

i ii t
i

W G+ ≤∑  t =3,...,T, i∀  (8) 
0 1 2 0 1

4
(1 ) 0

V R

kt rkvt kt k t
v r

I y Dη δ−
≥

′ ′+ − − − ≥∑∑  t =3,...,T, k∀  (27) 

1 1

1 1

1   
I I

ii t ii t
i i

G G −≤∑ ∑  t =3,...,T, i∀  (9) 
1

1 5
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1

K I J
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k i j
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ijt jt
i j j
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x I
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η
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k, t∀  (28) 

1  
C
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c

O ≤∑  j∀  (10) 
( 1) ( 1)  

K V

rjt r j t jkt rkvt rjt
k v

I I V y b− −= − +∑∑  t 3,...,T,  
r =3,...,R, j
=

∀
 

(29) 

(1 )
K A C

s
kat jkt jpt c jc

k a c
D V MSC Oα′ ≤ −∑∑ ∑

 

t =3,...,T, j,k∀

 
(11) 

2 1 ( 1)(1 )
I

jt ij t
i

I xη −= −∑  t =2,...,T, j∀  (30) 

1 
J

jkt
j

V ≤∑  t =3,...,T, k∀  (12) 0rjt rjtI b× =  t =2,...,T, j∀  (31) 

1

1

J I

ijt i ii t
j i

M W G≤ +∑ ∑  i,t∀  (13) V F J

kfvt jkt
v f j

R V≤∑∑ ∑  t =3,...,T, k∀  (32) 
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(14) V K K

jkvt jkt
v k k

R V≤∑∑ ∑  t =3,...,T, j∀  (33) 

1
I
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E ≤∑  l, t∀  (15) F K A

kat fkvt v
f k a

D R VC′ ≤∑∑∑  
t =3,...,T, v∀  (34) 

1

1

 
I

ilt i ii t
i

E W G≤ +∑  i,l,t∀  (16) 
1 1

1

M 1
K K

kvt k vt kk vt
k k

M B R B− + ≤ −∑∑  
t =3,...,T, k,v∀  (35) 

�
(1 )

J L
ijt

l ilt
j l

x
U E

γ
≤

−∑ ∑  i,t∀  (17) M  kvt B≤  t =3,...,T, k,v∀  (36) 

3

R F

rkvt v fkvt
r f

y VC R
≥

≤∑ ∑  t =3,...,T, k,v∀

 
(18) 

1 1

1 1

F F

kf vt f kvt
f f

R R=∑ ∑  
t =3,...,T, k,v∀  (37) 

4 0
K V

kvt
k v

y =∑∑  t =1,2,3  (19) J K

jkvt vt
j k

R VH=∑∑   (38) 

5 0
K V

kvt
k v

y =∑∑  t =1,2,3,4  (20) 
1 

F F

kfvt jfvt jkt
f f

R R V+ − ≤∑ ∑  
t =2,...,T, j,k,v∀  (39) 

0 2 3

0 1 0 0
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V
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v

kt kt k t kt
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η

δ δ

′ = −
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t =3,...,T, k∀  (21) 
1

R 0  ffvt jj vtR= =  1j, j , v, t,f∀  (40) 

0 0 ktδ =  t =3, k∀  (22) 
0 1 0 1x , , , , , , ,ijt rkvt kt kt kt kt rjt rjty b b I I I b Z +′ ′ ′ ′ ∈  i, j, r,k,v, t∀  (41) 

2 3 1 0(1 ) 0
V

kvt kt k t
v

y Dη δ ′− − − ≥∑  t =3,...,T, k∀  (23) { }
1 1

V , , , , , , 0,1  jkt vt ijt i jc ii t ff vtVH M W O G R ∈

 
1 1i,i , j,k,v, t,f,f ,c∀

 
(42) 

1 0 1 2
4

1 0 1 1

(1 )
R

kt kt rkvt
r

kt kt k t kt

I I y

D b

η

δ δ

−
≥

′ ′= + −

′ ′+ − − +

∑  
t =3,...,T, k∀  (24) M , 0 kvt tHP ≥  k,v, t∀  (43) 

 
Equation (1) shows the first objective function that minimizes the total environmental impacts 
caused by establishing blood centers and permanent blood facilities in each potential location, 
shipping the collected blood units from blood facilities to blood centers and blood centers to 
hospitals in the routing path and the penalty cost resulted from disposal of wasted blood units. 
Expression (2) is the second objective function that maximizes the total social impacts. Social 
impacts including fixed jobs (positions such as managers independent of the capacity of the 
blood facilities), and variable jobs. Variable jobs are those jobs that totally rely on the capacity 
of the facility. For instance, a blood facility with greater size needs more workers or staffs than 
the smaller facility. Equation (3) is the third objective function that minimizes the total variable 
and fixed costs in the network. Total costs including transportation costs, blood holding costs in 
blood banks, blood shortage cost, dismatching cost, fixed cost of establishing the blood centers 
and blood facilities, blood operating or production costs, costs of removal or disposal process of 
wasted blood and vehicle set up costs. 
Constraint set (4) shows that the inventory level of a blood center must be appropriate for its 
capacity with disruption in capacity. Constraint (5) impose that the inventory level of a hospital 
must be appropriate for its capacity. Constraint (6) limits the amount of blood that sent to the 
blood centers at each blood facility with disruption in their capacity. Constraint (7) requires that 
if a blood facility is not allocated to any blood center, any blood is sent from this blood facility 
to that blood center. Constraint (8) enforces in each location at most one blood facility can be 
located. Constraint (9) shows that only if one facility is located in one place, the temporary 
blood facilities can move from that place. Constraint (10) guarantees that only one blood center 
with one size can be established in each location j. constraint (11) enforces the risk in capacity 
limitation with assigning each hospital to a single established blood center. Constraint (12) 
enforces that each hospital at most can be assigned one blood center. Constraint (13) ensures 
that if a blood facility is located in location i, each blood facility can be assigned to one blood 
center. Constraint (14) requires that if a blood center is closed, no blood facility is assigned to it.  

t =3,...,T, v∀
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Constraint (15) ensures that each donor group can be assigned to at most one blood facility. 
Constraint (16) enforces that blood donors can be allocated to established blood facilities. 
Constraint (17) limits the maximum blood that comes out from each blood facility that can be 
maximum permissible blood supply of the allocated donor group l. constraint (18) shows that 
the blood delivered to each hospital depends on vehicle type allocated to its relevant tour. 
Constraints (19) and (20) consider the required time to prepare blood for delivering to each 
hospital. Constraint (21) imposes inventory balance of ‘young’ blood at each hospital. 
Constraint (22) shows there is no ‘old’ blood for dismatching blood. Constraint (23) illustrates 
that if patients’ Kind 2 use young blood, it does not lead to a shortage of ‘‘young’’ bloods’ 
inventory. Constraint (24) imposes inventory balance of ‘old’ blood at each hospital. 
Constraints (25) and (26) show that at most one variable can be positive. Constraint (27) 
illustrates that if patients’ Kind 1 use old blood, it does not lead to a shortage of ‘‘old’’ bloods’ 
inventory. Constraint (28) calculates the total non-usable blood or lost blood throughout the 
supply chain. Constraints (29) and (30) are related to end-period blood inventory levels at blood 
centers. 
Constraint (31) ensures that at most one variable can be positive. Constraint (32) and (33) show 
that each hospital and blood center can be visited at most once. Constraint (34) requires that the 
capacity of each vehicle should be respected. Constraint (35) is sub-tour elimination and 
guarantees that each customer is visited once in each period, and they cannot return. Constraint 
(36) shows the maximum value of Auxiliary variable 𝑀𝑀kvt. Constraint (37) imposes the flow 
conservation on each hospital in each time period and guarantees that a vehicle returns to its 
distribution center of origin. Constraint (38) shows that each vehicle leaves, at the most, one 
blood center. Constraint (39) imposes that blood center j serves hospital k, if there is one vehicle 
v leaving j and arriving at k, and also 𝑉𝑉jkt can be equal to 1 even if no vehicle travels from j to k. 
Constraint (40) ensures that there is no connection between blood centers, and there is no 
connection between each blood center or hospital by itself. Constraints (41) to (43) define the 
domains of the decisions variables. 
 
2.6. LP-metric method 
 Since MILP model is a multi-objective, mixed integer Linear programming model whose 
objective functions are completely inconsistent, we used the LP-metrics method which is one of 
the famous Multi-Criteria Decision Making methods for solving multi-objective problems with 
conflicting objectives simultaneously. According to this method, a multi-objective problem is 
solved by considering each objective function separately and then a single objective is 
reformulated which aims to minimize the summation of normalized differences between each 
objective and the optimal values of them. In our proposed model, just you can assume that three 
objective functions are named as Z1, Z2, Z3. Based on LP-metrics method, MILP should be 
solved for each one of these three objectives separately Assume that the optimal values for these 
three problems are Z1

*, Z2
*, Z3

*. Now the LP-metrics objective functions can be formulated as 
follows: 

** *
3 31 1 2 2

1 2 3*
1 2 3

Z ZZ Z Z ZMinZ W W W
Z Z Z

     −− −
= + +     

     
 

(44) 

Where 0˂W˂1 are the relative weight of components of the objective function (44) which given by the 
decision maker(s). Using LP-metrics objective function and considering MILP model constraints, we 
have a single objective mixed integer programming model, which can be efficiently solved by linear 
programming solvers. 
 
3. Numerical examples 
The results of solving problem in different sizes are given in Table 1. This table includes 5 test 
problem that solved by using LP-metric method and applying Lingo software. The first column 
denotes the number of test problem. second column shows size of problem. F, S and T denote 
the first, second and third objective function values, respectively. The sixth column shows the 
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value of LP-metric function and the last column shows computational times of solving model. 
The CPU times illustrated in Figure 2. and Figure 3. shows the value of LP-metric function. As 
can be seen in Figure 2. and Figure 3. the CPU time and LP-metric function value of solving the 
model increased with increasing in size of the problem. 

 
Table 1. results of experiments 

 

 
Figure 2. CPU Time of the problem 

 
 

 
Figure 3. LP-metric function of the problem 

 
4. Uncertainty Analysis on cost 
As can be seen in table 2. first column shows the number of test problem. Second and third 
columns show deterministic value and fuzzy value of third objective of the model, respectively. 
In this problem the price of uncertainty is obtained by difference between fuzzy and 
deterministic value. Uncertainty price (UP) that shown in last column. Figure 4. shows fuzzy 
and deterministic value and red boxes in this figure shows the difference between them (UP).  

Table 2. uncertainty price 
T.P Deterministic Fuzzy UP 
1 35000256 

 

35567800 
 

567544 
2 42011100 

 

46723500 
 

4712400 
3 49023477 

 

56100043 
 

7076566 
4 58934560 

 

65098120 
 

6163560 
5 70006521 

 

78325000 
 

8318479 
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test problem 

T.P |l|×|i|×|j|×|k|×|v|×|c|×|r|×|t|×|f|×|a|×|s|×|p| 
 

F S T LP-metric 
function 

C.P.U 
Time(s) 

1 |1|×|1|×|1|×|1|×|1|×|2|×|2|×|2|×|2|×|1|×|2|×|1| 1640 250 35567800 0.08 1.5 
2 |2|×|1|×|1|×|2|×|2|×|3|×|2|×|3|×|3|×|2|×|3|×|2| 1780 278 46723500 0.25 7.8 
3 |2|×|2|×|2|×|3|×|3|×|3|×|4|×|4|×|4|×|3|×|3|×|2| 1890 305 56100043 0.29 15.3 
4 |3|×|3|×|2|×|4|×|3|×|4|×|4|×|4|×|5|×|4|×|5|×|3| 2100 347 65098120 0.3 22.6 
5 |4|×|4|×|3|×|5|×|4|×|5|×|5|×|6|×|6|×|5|×|6|×|4| 2530 412 78325000 0.4 25 
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Figure 4. uncertainty price (UP) 

5. Sensitivity Analysis 
In this section the sensitivity of the third objective function on capacity of blood center and 
demand are examined. In table 3. the values of third objective function in five different modes 
for capacity of blood center (Base case, -20%, -10%, +10% and +20%) are obtained and the 
sensitivity analysis results are illustrated. As can be seen in table 3.  with increasing the capacity 
of blood center the value of third objective function decreased. 

Table 3. sensitivity analysis on capacity parameter 
Capacity of blood center Third objective function value 

-20% 65000000 
-10% 60000000 

base case 55000000 
+10% 50000000 
+20% 45000000 

 
Table 4. sensitivity analysis on demand parameter 

Demand Third objective function value 
-20% 25000000 
-10% 30000000 

base case 35000000 
+10% 40000000 
+20% 45000000 

 
In table 4. the values of third objective function in five different modes for blood demand 
(Based case, 20%, -10%, +10% and +20%) are examined and the sensitivity analysis results are 
illustrated. According to table 4. with increasing the quantity of demand the value of third 
objective function increased. 
9. CONCLUSIONS 

In this study, we have provided a mixed-integer programming formulation to design and 
optimize the supply chain network design (SCND) related to the blood products with three 
objective functions. We have developed a model under uncertainty because of existence of some 
inexact input parameters in the supply chain network. In this regard, a fuzzy programming 
method has been utilized. In addition, L-P metric method is developed for solving problem. In 
this paper, we have presented a model that human relief activities integrated with sustainable 
operations are considered in this model. In this study, it is aimed to draw international 
community and local actors’ attention to the point that even under uncertain situations, 
sustainable operations should not be omitted. One future research direction is prioritizing 
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patients based on their needs for blood. In addition, it is possible to consider the total time 
traveled in the network as one of the objective functions, and minimize the number of delays 
regarding the delivery date.  
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ABSTRACT 
In this paper, a new solution procedure for the Intuitionistic fuzzy linear programming problem in which 
the technological coefficients are intuitionistic fuzzy numbers has been presented. Finally, for more 
illustration, a numerical example is solved. 
Keywords: Intuitionistic fuzzy set, Membership and non-membership functions, Intuitionistic index. 
 

1. INTRODUCTION 
The intuitionistic fuzzy set (IFS) is an extension of the fuzzy set (FS) where the degree of 
nonmembership denoting the non-belongingness to a set is explicitly specified along with the 
degree of membership of belongingness to the set. Unlike the FS where the non-membership 
degree is taken as one minus the membership degree, in IFS, the membership and 
nonmembership degrees are more or less independent and related only by that the sum of two 
degrees must not exceed one. The concept of intuitionistic fuzzy sets was first introduced by 
Atanassov [2]. Basic arithmetic operations of TIFNs is defined by Deng-Feng Li in [5] using 
membership and non– membership values. Since this fuzzy set generalization can present the 
degrees of membership and non-membership of an element of the set with a degree of hesitancy, 
the knowledge and semantic representation become more meaningful and applicable. 
Parvathi and Malathi [7] introduced symmetric trapezoidal intuitionistic fuzzy (STIF) numbers 
and the arithmetic operations of symmetric trapezoidal intuitionistic fuzzy numbers based on 
α−cuts. By using α−cuts, the operations of division for triangular intuitionistic fuzzy numbers 
are defined by Nagoorgani and Ponnalagu [6] and they also described scoring and accuracy 
function to rank triangular intuitionistic fuzzy number.  
This paper is organized as follows: In Section 2, the basic concepts which are utilized in this 
paper will be expressed. A general model of the Intuitionistic fuzzy linear programming 
problem with intuitionistic fuzzy technological coefficients is presented in Section 3. In Section 
4, an illustrative example is given to verify the proposed approach. Finally, the paper is 
concluded in Section 5. 
 
2. PRELIMINARIES 

We quote few definitions and properties of triangular intuitionistic fuzzy numbers (TIFNs) 
relevant to the present work. 
Definition 1.2. An intuitionistic fuzzy set (IFS) �̃�𝐴 assigns to each element x of the universe X a 
membership degree 𝜇𝜇𝐴𝐴�(𝑥𝑥) ∈ [0,1] and a non-membership degree 𝜗𝜗𝐴𝐴�(𝑥𝑥) ∈ [0,1]  such that 
𝜇𝜇𝐴𝐴�(𝑥𝑥) + 𝜗𝜗𝐴𝐴�(𝑥𝑥) ≤ 1. An IFS �̃�𝐴  is mathematically represented as {〈𝑥𝑥, 𝜇𝜇𝐴𝐴�(𝑥𝑥),𝜗𝜗𝐴𝐴�(𝑥𝑥)〉|𝑥𝑥 ∈ 𝑋𝑋}. 

Definition 2.2. For every common fuzzy subset �̃�𝐴 on X, the Intuitionistic Fuzzy Index of x in 
�̃�𝐴 is defined as 𝜋𝜋𝐴𝐴�(𝑥𝑥) = 1 − 𝜇𝜇𝐴𝐴�(𝑥𝑥) − 𝜗𝜗𝐴𝐴�(𝑥𝑥). It is also known as the degree of hesitancy or 
degree of uncertainty of the element x in A. Obviously, for every x ∈ X, 0 ≤ 𝜋𝜋𝐴𝐴�(𝑥𝑥) ≤ 1. 

Definition 3.2. A triangular intuitionistic fuzzy number (TriIFN) �̃�𝐴  is an IFS in R with 
membership function and non-membership function as follows: 
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𝜇𝜇𝐴𝐴�(𝑥𝑥) =

⎩
⎨

⎧
𝑥𝑥−(𝑎𝑎−𝛼𝛼)

𝛼𝛼
𝑓𝑓𝑓𝑓𝑓𝑓 𝑥𝑥𝑥𝑥[𝑎𝑎 − 𝛼𝛼,𝑎𝑎]

𝛼𝛼+𝛽𝛽−𝑥𝑥
𝛽𝛽

𝑓𝑓𝑓𝑓𝑓𝑓 𝑥𝑥𝑥𝑥[𝑎𝑎,𝑎𝑎 + 𝛽𝛽]

0 𝑓𝑓𝑜𝑜ℎ𝑒𝑒𝑓𝑓𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

       ,     𝜗𝜗𝐴𝐴�(𝑥𝑥) = �

𝑎𝑎−𝑥𝑥
𝛼𝛼′

𝑓𝑓𝑓𝑓𝑓𝑓 𝑥𝑥𝑥𝑥[𝑎𝑎 − 𝛼𝛼′,𝑎𝑎]
𝑥𝑥−𝑎𝑎
𝛽𝛽′

𝑓𝑓𝑓𝑓𝑓𝑓 𝑥𝑥𝑥𝑥[𝑎𝑎,𝑎𝑎 + 𝛽𝛽′]

1 𝑓𝑓𝑜𝑜ℎ𝑒𝑒𝑓𝑓𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

 

 
where 𝑎𝑎𝑥𝑥ℝ,𝛼𝛼,𝛽𝛽,𝛼𝛼′,𝛽𝛽′ ≥ 0 such that 𝛼𝛼 ≤ 𝛼𝛼′ and 𝛽𝛽 ≤ 𝛽𝛽′. The symbolic representation of TriIFN 
is �̃�𝐴 = [𝑎𝑎: 𝛼𝛼,𝛽𝛽,𝛼𝛼′,𝛽𝛽′]. Here α and β are called left and right spreads of membership function 
𝜇𝜇𝐴𝐴�(𝑥𝑥), respectively. α' and β' represent left and right spreads of non-membership function 
𝜗𝜗𝐴𝐴�(𝑥𝑥), respectively.  
If  𝜇𝜇𝐴𝐴�(𝑥𝑥) = 0 and 𝜗𝜗𝐴𝐴�(𝑥𝑥) = 1 for 𝑥𝑥 < 𝑎𝑎, and 𝛽𝛽 = 𝛽𝛽′ then the intuitive fuzzy number �̃�𝐴 changes 
between 𝑎𝑎 and 𝑎𝑎 + 𝛽𝛽, and so we display it by the symbol �̃�𝐴 = 𝐿𝐿[𝑎𝑎,𝑎𝑎 + 𝛽𝛽]. 
 
3. METHODOLOGY 
Consider an Intuitionistic Fuzzy Linear Programming Problem (IFLPP) with intuitionistic fuzzy 
technological coefficients as follows: 
  𝑀𝑀𝑎𝑎𝑥𝑥     𝑍𝑍 = ∑ 𝑐𝑐𝑗𝑗𝑥𝑥𝑗𝑗𝑛𝑛

𝑗𝑗=1                                                                   
  𝑒𝑒. 𝑜𝑜.      ∑ 𝑎𝑎�𝑖𝑖𝑗𝑗𝑥𝑥𝑗𝑗 ≤𝑛𝑛

𝑗𝑗=1 𝑏𝑏𝑖𝑖 ,       𝑒𝑒 = 1, … ,𝑚𝑚,           (1)                                                       
   𝑥𝑥𝑗𝑗 ≥ 0,       𝑗𝑗 = 1, … ,𝑛𝑛.                                                                                
Suppose 𝑎𝑎�𝑖𝑖𝑗𝑗  be IFNs with membership functions and non-membership functions as follows: 

𝜇𝜇𝑎𝑎�𝑖𝑖𝑖𝑖(𝑥𝑥) = �

1 𝑥𝑥 < 𝑎𝑎𝑖𝑖𝑗𝑗
𝑎𝑎𝑖𝑖𝑖𝑖+𝑑𝑑𝑖𝑖𝑖𝑖−𝑥𝑥

𝑑𝑑𝑖𝑖𝑖𝑖
𝑎𝑎𝑖𝑖𝑗𝑗 ≤ 𝑥𝑥 ≤ 𝑎𝑎𝑖𝑖𝑗𝑗 + 𝑑𝑑𝑖𝑖𝑗𝑗

0 𝑥𝑥 > 𝑎𝑎𝑖𝑖𝑗𝑗 + 𝑑𝑑𝑖𝑖𝑗𝑗

        

 𝜗𝜗𝑎𝑎�𝑖𝑖𝑖𝑖(𝑥𝑥) = �
0 𝑥𝑥 < 𝑎𝑎𝑖𝑖𝑗𝑗

1 − 𝑐𝑐 − 𝜇𝜇𝑎𝑎�𝑖𝑖𝑖𝑖(𝑥𝑥) 𝑎𝑎𝑖𝑖𝑗𝑗 ≤ 𝑥𝑥 ≤ 𝑎𝑎𝑖𝑖𝑗𝑗 + 𝑑𝑑𝑖𝑖𝑗𝑗
1 𝑥𝑥 > 𝑎𝑎𝑖𝑖𝑗𝑗 + 𝑑𝑑𝑖𝑖𝑗𝑗

 

 
Where 𝑥𝑥𝑥𝑥𝑥𝑥,𝑑𝑑𝑖𝑖𝑗𝑗 > 0 𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝑒𝑒 = 1, … ,𝑚𝑚, 𝑗𝑗 = 1, … ,𝑛𝑛, and ‘c’ is called the intuitionistic fuzzy 
index and the value of ‘c’ is chosen such that 0 < 𝑐𝑐 < 1.  
Since technological coefficients are IFNs  that vary between 𝑎𝑎𝑖𝑖𝑗𝑗 and 𝑎𝑎𝑖𝑖𝑗𝑗 + 𝑑𝑑𝑖𝑖𝑗𝑗, Using the 
concept of componentwise optimization, the problem (1) reduces to the following four 
problems: 
Z1) 𝑀𝑀𝑎𝑎𝑥𝑥   𝑍𝑍 = ∑ 𝑐𝑐𝑗𝑗𝑥𝑥𝑗𝑗𝑛𝑛

𝑗𝑗=1                                              Z2)   𝑀𝑀𝑎𝑎𝑥𝑥     𝑍𝑍 = ∑ 𝑐𝑐𝑗𝑗𝑥𝑥𝑗𝑗𝑛𝑛
𝑗𝑗=1  

       𝑒𝑒. 𝑜𝑜.   ∑ (𝑎𝑎𝑖𝑖𝑗𝑗 + 𝑑𝑑𝑖𝑖𝑗𝑗)𝑥𝑥𝑗𝑗 ≤𝑛𝑛
𝑗𝑗=1 𝑏𝑏𝑖𝑖 ,     1 ≤ 𝑒𝑒 ≤ 𝑚𝑚,                   𝑒𝑒. 𝑜𝑜.   ∑ 𝑎𝑎𝑖𝑖𝑗𝑗𝑥𝑥𝑗𝑗 ≤𝑛𝑛

𝑗𝑗=1 𝑏𝑏𝑖𝑖 ,     1 ≤ 𝑒𝑒 ≤ 𝑚𝑚,           
                𝑥𝑥𝑗𝑗 ≥ 0,             1 ≤ 𝑗𝑗 ≤ 𝑛𝑛.                                         𝑥𝑥𝑗𝑗 ≥ 0,          1 ≤ 𝑗𝑗 ≤ 𝑛𝑛.                         
 Let us assume that Z1 and Z2 be finite optimal values of the above problems, then we set 
Zl=min{ Z1, Z2 } and Zu=max{ Z1, Z2 }. 
   The IF set of optimal values 𝐺𝐺� and the IF set of the ith constraint, �̃�𝐶i, which is a subset of Rn 
is defined as follows:  

𝜇𝜇𝐺𝐺�(𝑥𝑥) =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ 0 �𝑐𝑐𝑗𝑗𝑥𝑥𝑗𝑗 < 𝑧𝑧𝑙𝑙

𝑛𝑛

𝑗𝑗=1

 

∑ 𝑐𝑐𝑗𝑗𝑥𝑥𝑗𝑗 − 𝑧𝑧𝑙𝑙𝑛𝑛
𝑗𝑗=1

𝑧𝑧𝑢𝑢 − 𝑧𝑧𝑙𝑙
𝑧𝑧𝑙𝑙 ≤ �𝑐𝑐𝑗𝑗𝑥𝑥𝑗𝑗 < 𝑧𝑧𝑢𝑢

𝑛𝑛

𝑗𝑗=1

1 �𝑐𝑐𝑗𝑗𝑥𝑥𝑗𝑗 ≥ 𝑧𝑧𝑢𝑢

𝑛𝑛

𝑗𝑗=1
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  𝜗𝜗𝐺𝐺�(𝑥𝑥) =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ 1 �𝑐𝑐𝑗𝑗𝑥𝑥𝑗𝑗 < 𝑧𝑧𝑙𝑙

𝑛𝑛

𝑗𝑗=1

 

1 − 𝑐𝑐 − 𝜇𝜇𝐺𝐺�(𝑥𝑥) 𝑧𝑧𝑙𝑙 ≤�𝑐𝑐𝑗𝑗𝑥𝑥𝑗𝑗 < 𝑧𝑧𝑢𝑢

𝑛𝑛

𝑗𝑗=1

0 �𝑐𝑐𝑗𝑗𝑥𝑥𝑗𝑗 ≥ 𝑧𝑧𝑢𝑢

𝑛𝑛

𝑗𝑗=1

 

 

𝜇𝜇�̃�𝐶𝑖𝑖(𝑥𝑥) =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ 0  𝑏𝑏𝑖𝑖 < �𝑎𝑎𝑖𝑖𝑗𝑗𝑥𝑥𝑗𝑗

𝑛𝑛

𝑗𝑗=1

 

𝑏𝑏𝑖𝑖 − ∑ 𝑎𝑎𝑖𝑖𝑗𝑗𝑥𝑥𝑗𝑗𝑛𝑛
𝑗𝑗=1

∑ 𝑑𝑑𝑖𝑖𝑗𝑗𝑥𝑥𝑗𝑗𝑛𝑛
𝑗𝑗=1

      �𝑎𝑎𝑖𝑖𝑗𝑗𝑥𝑥𝑗𝑗 ≤
𝑛𝑛

𝑗𝑗=1

𝑏𝑏𝑖𝑖 < �(𝑎𝑎𝑖𝑖𝑗𝑗 + 𝑑𝑑𝑖𝑖𝑗𝑗)𝑥𝑥𝑗𝑗

𝑛𝑛

𝑗𝑗=1

1 𝑏𝑏𝑖𝑖 ≥�(𝑎𝑎𝑖𝑖𝑗𝑗 + 𝑑𝑑𝑖𝑖𝑗𝑗)𝑥𝑥𝑗𝑗

𝑛𝑛

𝑗𝑗=1

 

𝜗𝜗�̃�𝐶𝑖𝑖(𝑥𝑥) =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ 1  𝑏𝑏𝑖𝑖 < �𝑎𝑎𝑖𝑖𝑗𝑗𝑥𝑥𝑗𝑗

𝑛𝑛

𝑗𝑗=1

 

1 − 𝑐𝑐 − 𝜇𝜇�̃�𝐶𝑖𝑖(𝑥𝑥)       �𝑎𝑎𝑖𝑖𝑗𝑗𝑥𝑥𝑗𝑗 ≤
𝑛𝑛

𝑗𝑗=1

𝑏𝑏𝑖𝑖 < �(𝑎𝑎𝑖𝑖𝑗𝑗 + 𝑑𝑑𝑖𝑖𝑗𝑗)𝑥𝑥𝑗𝑗

𝑛𝑛

𝑗𝑗=1

0 𝑏𝑏𝑖𝑖 ≥�(𝑎𝑎𝑖𝑖𝑗𝑗 + 𝑑𝑑𝑖𝑖𝑗𝑗)𝑥𝑥𝑗𝑗

𝑛𝑛

𝑗𝑗=1

 

Note that as ‘z’ approaches its maximum value, the value of ‘c’ approaches ‘zero. 
Suppose 𝐷𝐷� be the IF set of the decision with membership functions and non-membership 
functions as follows: 
𝜇𝜇𝐷𝐷�(𝑥𝑥) = min{𝜇𝜇𝐺𝐺�(𝑥𝑥), min𝑖𝑖�𝜇𝜇𝑐𝑐𝚤𝚤� (𝑥𝑥)�, 1 ≤ 𝑒𝑒 ≤ 𝑚𝑚}, 
 𝜗𝜗𝐷𝐷�(𝑥𝑥) = max{𝜗𝜗𝐺𝐺�(𝑥𝑥), m𝑎𝑎𝑥𝑥𝑖𝑖�𝜗𝜗𝑐𝑐𝚤𝚤� (𝑥𝑥)�, 1 ≤ 𝑒𝑒 ≤ 𝑚𝑚}. 
when the degree of rejection (non-membership) is defined simultaneously with the degree of 
acceptance (membership) and when both these degrees are not complementary to each other, 
then IF sets can be used as a more general and full tool for describing this uncertainty [6]. 
Therefore, an intuitionistic fuzzy optimization (IFO) problem is formulated as follows:  
Maximization of the degree of acceptance and minimization of the degree of rejection of the IF 
objective function and constraints 
max 𝜇𝜇𝐷𝐷�(𝑥𝑥),     min𝜗𝜗𝐷𝐷�(𝑥𝑥) 
𝑒𝑒. 𝑜𝑜.    𝜇𝜇𝐷𝐷�(𝑥𝑥) ≥ 𝜗𝜗𝐷𝐷�(𝑥𝑥),     
     0 ≤ 𝜇𝜇𝐷𝐷�(𝑥𝑥) + 𝜗𝜗𝐷𝐷�(𝑥𝑥) ≤ 1, 
           𝜇𝜇𝐷𝐷�(𝑥𝑥),𝜗𝜗𝐷𝐷�(𝑥𝑥) ≥ 0,     𝑥𝑥 ≥ 0. 
The above problem is equivalent to the following: 
max𝛼𝛼,     min𝛽𝛽 
𝑒𝑒. 𝑜𝑜.    𝜇𝜇𝐺𝐺�(𝑥𝑥) ≥ 𝛼𝛼,     𝜇𝜇𝑐𝑐𝚤𝚤� (𝑥𝑥) ≥ 𝛼𝛼, 
           𝜗𝜗𝐺𝐺�(𝑥𝑥) ≤ 𝛽𝛽,     𝜗𝜗𝑐𝑐𝚤𝚤� (𝑥𝑥) ≤ 𝛽𝛽, 
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 𝛼𝛼 ≥ 𝛽𝛽,     0 ≤ 𝛼𝛼 + 𝛽𝛽 ≤ 1, 
𝛼𝛼,𝛽𝛽 ≥ 0,     𝑥𝑥 ≥ 0. 
where 𝛼𝛼 denotes the minimal acceptable degree and 𝛽𝛽 denotes the maximal degree of rejection. 
The IFO model can be changed into the following crisp optimization model as follows: 
 max    𝛼𝛼 −𝛽𝛽 
𝑒𝑒. 𝑜𝑜.    𝜇𝜇𝐺𝐺�(𝑥𝑥) ≥ 𝛼𝛼,     𝜇𝜇𝑐𝑐𝚤𝚤� (𝑥𝑥) ≥ 𝛼𝛼, 
           𝜗𝜗𝐺𝐺�(𝑥𝑥) ≤ 𝛽𝛽,     𝜗𝜗𝑐𝑐𝚤𝚤� (𝑥𝑥) ≤ 𝛽𝛽, 
          𝛼𝛼 ≥ 𝛽𝛽,     0 ≤ 𝛼𝛼 + 𝛽𝛽 ≤ 1, 
           𝛼𝛼,𝛽𝛽 ≥ 0,     𝑥𝑥 ≥ 0. 
By setting the vales of  𝜇𝜇𝐺𝐺�(𝑥𝑥),𝜗𝜗𝐺𝐺�(𝑥𝑥), 𝜇𝜇𝑐𝑐𝚤𝚤� (𝑥𝑥) and 𝜗𝜗𝑐𝑐𝚤𝚤� (𝑥𝑥), in the above IFO model, it can be 
represented by the following form: 
        max     𝛼𝛼 −𝛽𝛽 
          𝑒𝑒. 𝑜𝑜.      𝛼𝛼( 𝑧𝑧𝑢𝑢 − 𝑧𝑧𝑙𝑙) − ∑ 𝑐𝑐𝑗𝑗𝑥𝑥𝑗𝑗 + 𝑧𝑧𝑙𝑙 ≤ 0𝑛𝑛

𝑗𝑗=1 ,       
                       ∑ �𝑎𝑎𝑖𝑖𝑗𝑗 + 𝛼𝛼𝑑𝑑𝑖𝑖𝑗𝑗�𝑥𝑥𝑗𝑗 − 𝑏𝑏𝑖𝑖 ≤ 0,                              𝑒𝑒 = 1, … ,𝑚𝑚,𝑛𝑛

𝑗𝑗=1         
                      𝑧𝑧𝑢𝑢 − 𝑐𝑐( 𝑧𝑧𝑢𝑢 − 𝑧𝑧𝑙𝑙) − β( 𝑧𝑧𝑢𝑢 − 𝑧𝑧𝑙𝑙) − ∑ 𝑐𝑐𝑗𝑗𝑥𝑥𝑗𝑗 ≤ 0𝑛𝑛

𝑗𝑗=1 ,         j = 1, … , n,       
                     ∑ �𝑎𝑎𝑖𝑖𝑗𝑗 + 𝑑𝑑𝑖𝑖𝑗𝑗 − 𝑐𝑐𝑑𝑑𝑖𝑖𝑗𝑗 − 𝛽𝛽𝑑𝑑𝑖𝑖𝑗𝑗�𝑥𝑥𝑗𝑗 − 𝑏𝑏𝑖𝑖 ≤ 0,                   𝑛𝑛

𝑗𝑗=1   
                     𝛼𝛼 ≥ 𝛽𝛽,     0 ≤ 𝛼𝛼 + 𝛽𝛽 ≤ 1,                    𝛼𝛼,𝛽𝛽 ≥ 0,    𝑥𝑥𝑗𝑗 ≥ 0. 
 
4. NUMERICAL EXAMPLE  
Consider the following IFLP problem 
            P)  𝑀𝑀𝑎𝑎𝑥𝑥       2𝑥𝑥1 + 3𝑥𝑥2 
                           𝑒𝑒. 𝑜𝑜.      1�𝑥𝑥1 + 2�𝑥𝑥2 ≤ 𝟒𝟒,                     (2) 
                                        3�𝑥𝑥1 + 1�𝑥𝑥2 ≤ 6, 
                                    𝑥𝑥1, 𝑥𝑥2 ≥ 0 

Where  𝑎𝑎�11�� = 1� = 𝐿𝐿[1,1],𝑎𝑎�21 = 1� = 𝐿𝐿[1,3], 2� = 𝐿𝐿[2,3], 3� = 𝐿𝐿[3,2] 𝑎𝑎𝑛𝑛𝑑𝑑 4� = 𝐿𝐿[4,2].  The following four 
IFLFP problems can be obtained from the given problem: 

P1) 𝑀𝑀𝑎𝑎𝑥𝑥   2𝑥𝑥1 + 3𝑥𝑥2                                                       P2)  𝑀𝑀𝑎𝑎𝑥𝑥    2𝑥𝑥1 + 3𝑥𝑥2  
 𝑒𝑒. 𝑜𝑜.      𝑥𝑥1 + 𝑥𝑥2 ≤ 𝟒𝟒,                                                        𝑒𝑒. 𝑜𝑜.      2𝑥𝑥1 + 5𝑥𝑥2 ≤ 4,    
            3𝑥𝑥1 + 𝑥𝑥2 ≤ 6,                                                                5𝑥𝑥1 + 4𝑥𝑥2 ≤ 6,    
             𝑥𝑥1, 𝑥𝑥2 ≥ 0.                                                                       𝑥𝑥1, 𝑥𝑥2 ≥ 0, 

the optimal values of the above sub problems are 𝑧𝑧1 = 𝑧𝑧𝑢𝑢 = 6.8 and 𝑧𝑧2 = 𝑧𝑧𝑙𝑙 = 3.06. By using 
the IF optimization model, problem (2) can be reduced to the following equivalent non-linear 
programming problem: 

  𝑀𝑀𝑎𝑎𝑥𝑥    (𝛼𝛼 − 𝛽𝛽)  
  𝑒𝑒. 𝑜𝑜.        2𝑥𝑥1 + 3𝑥𝑥2 ≥ 3.06 + 3.74𝛼𝛼, 
                2𝑥𝑥1 + 3𝑥𝑥2 ≥ 3.06 − 3.74𝑐𝑐 − 3.74𝛽𝛽,                                 
                 (1 + 𝛼𝛼)𝑥𝑥1 +  (2 + 3𝛼𝛼)𝑥𝑥2 ≤ 4,                                 
                 (3 + 2𝛼𝛼)𝑥𝑥1 +  (1 + 3𝛼𝛼)𝑥𝑥2 ≤ 6,                                 
                (1 − 𝑐𝑐 − 𝛽𝛽)𝑥𝑥1 + (2 − 3𝑐𝑐 − 3𝛽𝛽)𝑥𝑥2 ≤ 4,                                 
                 (3 − 2𝑐𝑐 − 2𝛽𝛽)𝑥𝑥1 + (1 − 3𝑐𝑐 − 3𝛽𝛽)𝑥𝑥2 ≤ 6,       
                 𝛼𝛼 ≥ 𝛽𝛽, 0 ≤ 𝛼𝛼 + 𝛽𝛽 ≤ 1, 
                  𝑥𝑥,𝑦𝑦,𝛼𝛼,𝛽𝛽 ≥ 0.       
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Solving by LINGO, we have 𝛼𝛼 = 0.399,𝛽𝛽 = 0, 𝑐𝑐 = 0 and 𝑥𝑥∗ = (1.146,0.749). The optimal 
value of the objective function is 𝑧𝑧∗ = 4.359.     
 
5. CONCLUSION 

A general model for studying linear programming problems with intuitionistic fuzzy 
technological coefficients has been presented in this paper. In this approach, the degree of 
acceptance and rejection of the objective function and the constraints are introduced together. 
Finally, the proposed method is illustrated by a numerical example. 
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ABSTRACT 
In this paper, we give Uzawa variant of accelerated over-relaxation(UAOR) iterative method for solving 
the elliptic PDE-constrained optimization problems. A functional equation, relates the involved 
parameters and the eigenvalues of the iteration matrix of the UAOR method. Numerical results are 
presented to show efficiency and accuracy of the proposed UAOR method.    
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1. INTRODUCTION  

Consider the following linear elliptic distributed optimal control problems: 

(1) 
 
(2) 
 
(3) 

 
where, 𝜕𝜕Ω is the boundary of domain Ω in ℝ2 or, ℝ3,  𝜕𝜕Ω ≔ ∂Ω1 ∪ 𝜕𝜕Ω2 and ∂Ω1 ∩ 𝜕𝜕Ω2 = ∅. 
Here 𝑢𝑢 is the state variable to be computed and 𝑓𝑓 is the control function, distributed on the 
whole domain of definition Ω. Moreover, 𝛽𝛽 > 0 is a regularization parameter and 𝑢𝑢∗ is a given 
function representing the desired state. Rees et al. in [3,4] used the discretize-then-optimize 
approach to transform the problem (1)-(3) to a saddle point system. In fact, by applying the 
Galerkin finite-element method to the weak formulation of Eqs. (1)-(3), we obtain the following 
finite-dimensional optimization problem   

(4) 
 

Where 𝑀𝑀 ∈  ℝ𝑚𝑚×𝑚𝑚 is the mass matrix and 𝐾𝐾 ∈  ℝ𝑚𝑚×𝑚𝑚 is the stiffness matrix, the entries of the 
vector 𝐝𝐝 ∈  ℝ𝑚𝑚 come from the boundary values of the discrete solution, and 𝐛𝐛 ∈  ℝ𝑚𝑚, is the 
Galerkin projection of the discrete state 𝑢𝑢∗ [1]. If we put the Lagrange multiplier technique to 
the minimization problem (4), the following system of linear equations  

(5) 
 

is obtained, where  𝜆𝜆 ∈  ℝ𝑚𝑚 is a vector of Lagrange multipliers.  Both of the matrices 𝑀𝑀 and 𝐾𝐾, 
and hence also the matrix 𝒜𝒜, are sparse. Moreover, the matrix 𝑀𝑀 is symmetric positive definite.  
 
In this paper, we reduce the system (5) to a block two-by-two system and then apply Uzawa 
acceleration overrelaxation iterative method for solving the system.    
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2. REDUCTION TO 𝟐𝟐 × 𝟐𝟐 BLOCK SYSTEM AND SOLUTION 

Rewriting the system (5) in terms of 𝐮𝐮 and 𝜆𝜆, we have a system of linear equations in the 
generalized saddle point problem of the form 

 
As proposed in [5], this system can be transform to the following equivalent system 
 

(6) 
 

where �̂�𝜆 = − 1
�2𝛽𝛽

𝜆𝜆, 𝐾𝐾� = �2𝛽𝛽𝐾𝐾 and �̂�𝐝 = �2𝛽𝛽𝐝𝐝. 

Base on the method given in [2], we propose here, Uzawa accelerated over-relaxation (UAOR) 
iterative method to solve the generalized saddle point system (6). To this end, we consider the 
following splitting of the coefficient matrix ℬ� = 𝒟𝒟 − ℒ − 𝒰𝒰 , where 
 

(7) 
 

We consider two relaxation parameters 𝜔𝜔 and  𝑟𝑟 as. Now, by using the splitting (7) and the 
relaxation parameters 𝜔𝜔 and  𝑟𝑟, we present UAOR which takes the following form 
 

 
 

So we have  

(8) 
 

where 

(9) 

 
and 

(10) 
 

Remark.  The UAOR method (8) with 𝑟𝑟 = 𝜔𝜔   reduces to the Uzawa variant of successive over-
relaxation (USOR) method.  
We assume that the matrices 𝑀𝑀 and 𝐾𝐾� are symmetric positive definite (SPD) and symmetric 
positive semi definite (SPSD), respectively.   
 
We describe the algorithm of UAOR method (8) as follows. 
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It could be naturally induced a splitting preconditioner 𝑃𝑃𝜔𝜔,𝑟𝑟  for Krylov 

subspace methods like GMRES, corresponds to the following AOR-splitting  

 
We call this preconditioner the AOR-splitting preconditioner for the problem (3). 
At each step of the UAOR iteration in the aforementioned Algorithm or 

applying the AOR-splitting preconditioner 𝑃𝑃𝜔𝜔,𝑟𝑟  within a Krylov subspace 

method, we need to solve a linear system with 𝑀𝑀 as the coefficient matrix. To 

solve symmetric positive definite system of linear equations with  𝑀𝑀  as the 
coefficient matrix, one can use the sparse Cholesky factorization incorporated 
with the symmetric approximate minimum degree 

reordering.  For  this  end,  we  have  used   symamd  command  of   Matlab 8.5.  
 
3. FUNCTIONAL EQUATION  

Let 𝜇𝜇 be an eigenvalue of 𝐻𝐻(𝜔𝜔, 𝑟𝑟), and [𝑥𝑥𝑇𝑇 ,𝑦𝑦𝑇𝑇]𝑇𝑇 ≠ 0 be the corresponding eigenvector. Then 

(11) 
 

Theorem 1. For any eigenvalue 𝜇𝜇 ≠ (1 − 𝜔𝜔), of 𝐻𝐻(𝜔𝜔, 𝑟𝑟), there is an eigenvalue 𝜉𝜉 of (𝑀𝑀−1𝐾𝐾�)2, 
so that 𝜇𝜇, 𝜉𝜉 and 𝜔𝜔 satisfy the following functional equation 

(12)  
Conversely, for any eigenvalue 𝜉𝜉 of (𝑀𝑀−1𝐾𝐾�)2, if 𝜇𝜇 and 𝜔𝜔 satisfy the above functional equation, 
then 𝜇𝜇 is an eigenvalue of 𝐻𝐻(𝜔𝜔, 𝑟𝑟). 
 
Corollary 1.  If we let 𝜌𝜌(𝐻𝐻(𝜔𝜔, 𝑟𝑟)) be the spectral radius of the UAOR iteration matrix, then we 
have 

 
By the above corollary, the necessary condition for the convergence of the UAOR method is 0 < 𝜔𝜔 < 2. 
 
4. NUMERICAL RESULTS  
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In this section, we describe some numerical experiments which were carried out in order to 
show efficiency of the UAOR method for different values of parameters 𝜔𝜔 and 𝑟𝑟. Here we 
consider the linear system of equations (6) according to the following data. 

 
We consider 𝒃𝒃 and 𝒅𝒅� in (6) so the exact solution of the augmented system of linear equations (6) 
is  

 
For stopping criterion and in order to study our results, we will use the relative error norm of the 
approximate solution. 

 
The numerical results for the UAOR method and different values 𝑚𝑚 of are presented in Table 1. 
Also depiction of the relative error norms for different values of the parameters 𝜔𝜔 and 𝑟𝑟 and 
𝛽𝛽 = 10−2 are showed in Figure 1.   CPU-Time and IT(iteration number) are presented in Table 
1. Form the information of numerical results in Table 1 and Figure 1, it can be noted that the 
presented UAOR method is an efficient iterative method for solving elliptic PDE-constrained 
optimization problem (1). 
 

Table 1- Numerical Results of UAOR for  𝝎𝝎 = 𝟏𝟏.𝟐𝟐𝟐𝟐 and 𝒓𝒓 = 𝟎𝟎.𝟕𝟕𝟐𝟐 
UAOR method for different 𝑚𝑚 IT CPU-Time(second) ERR 

𝑚𝑚 = 8 14 0.004 6.6706e-07 
𝑚𝑚 = 16 19 0.1312 6.9980e-07 
𝑚𝑚 = 32 38 7.5346 8.8518e-07 
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Figure 1. Numerical Results of UAOR for 𝒎𝒎 = 𝟏𝟏𝟏𝟏 and 𝝎𝝎 = 𝟏𝟏.𝟐𝟐𝟐𝟐 for different values of 𝒓𝒓 

 
5. CONCLUSIONS 

In the current paper, Uzawa accelerated over-relaxation (UAOR) iterative method has been 
presented for solving the elliptic PDE-constrained optimization problems. Numerical results 
have confirmed the efficiency and accuracy of the proposed UAOR method.    
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ABSTRACT 
In many real world applications, there are occasions that the status of measures from input/output aspects 
is unknown and flexible. In various processes, resource and revenue management is also essential. 
Therefore, in this paper, an approach based on data envelopment analysis (DEA) is proposed to deal with 
resource and revenue allocation problems in the presence of flexible measures. Then the proposed 
approach is extended to address resource and revenue allocation plans when negative and flexible 
measures are presented. To illustrate, non-radial directional distance models are introduced to allocate 
centralized resources and revenues where flexible and negative measures are available. A numerical 
example is applied to clarify the proposed approach. 
Keywords: Data envelopment analysis, resource allocation, revenue allocation, flexible measures, 
negative data. 
 

1. INTRODUCTION  

Resource management and revenue allocation are significant issues for firms’ success. In some 
situations, all decision making units (DMUs) are under the control of a centralized decision 
maker which manages them. Actually, resources (and revenues) should be allocated to DMUs 
under the umbrella of a manager. One of the popular approaches to address resource allocation 
plans is the non-parametric data envelopment analysis (DEA) approach, initially introduced by 
Charnes et al. [1]. Lozano and Villa [2] proposed radial and non-radial DEA methods to 
investigate the centralized resource allocation while all input/output measures are known. 
Nevertheless, there are situations in the real world that the role of measures from input and 
output aspects is uncertain. In the DEA literature, a factor that is considered as either input or 
output is called ‘flexible measure’. According to Cook and Zhu [3], the number of customers, 
graduate students and research income can be considered as flexible measures. Toloo et al. [4] 
introduced a non-radial directional distance approach to classify inputs and outputs. 
Kordrostami and Jahani Sayyad Noveiri [5] extended Emrouznejad et al.’s approach [6] and 
proposed approaches to analyze the relative efficiency of DMUs in the presence of flexible and 
negative measures. However, there is no study to deal with resource and revenue allocation in 
the presence of flexible and negative measures. 
Thus, the purpose of this study is to find an optimal resource and revenue allocation while 
flexible measures are presented. To illustrate, a non-radial directional distance model is 
proposed to investigate a centralized resource (and revenue) allocation strategy with flexible 
measures. Furthermore, the proposed approach is generalized for situations that flexible and 
negative factors are available. A numerical sample is also provided to illustrate the suggested 
approach in this research. 
 
2. LOZANO AND VILLA’S MODEL [2] 

By considering m inputs ( 1,..., )ijx i m= and s outputs ( 1,..., )rjy r s= for each DMU, jDMU  
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( 1,..., )j n= , Lozano and Villa [2] introduced the following non-radial model to centralized 
resource reallocation: 

1
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                                                                                    (1) 

in which jkλ ( , 1,..., )j k n= is an intensity variable. Due to the presence of flexible and 
negative measures in many real world cases, in the next section, DEA-based approaches are 
extended to the centralized resource allocation and revenue management with flexible and 
negative variables. 
 
3. THE PROPOSED APPROACH 

Suppose there are n  DMUs, ( 1,..., )jDMU j n= , with m inputs ( 1,..., )ijx i m= , s outputs 

( 1,..., )rjy r s= , and L  flexible measures ( 1,..., )ljw l L= .  By taking the variable returns to 
scale assumption, production possibility set (PPS) can be defined as follows: 
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Note that ( 1,..., )j j n= and ( 1,..., )k k n= are indices for DMUs. Firstly, we consider all 

measures are semi-positive. 

According to the aforementioned PPS, we propose the following non-radial directional distance 

DEA model including flexible measures: 
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in which M is a large positive number. ( 1,..., ; 1,..., )jk j n k n= =λ is an intensity variable. ld  is 

a binary variable. If 1ld = , then the measure l  is an output and if 0ld = , it is an input. ,i rθ j

and lβ  are used to show the non-proportionate contraction of the total consumption of inputs, 

non-proportionate expansion of the total production of outputs and the non-proportionate 

contraction or expansion of the total consumption or production of flexible measures, 

respectively. 

Therefore, target points for kDMU using optimal values * * *
1 2( , ,..., )k k nkλ λ λ  are obtained as 

follows: 
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Now, it is supposed some flexible and negative measures are presented in the system under 

consideration. Therefore, the following non-oriented directional distance model under the 

assumption of variable returns to scale is introduced to address the centralized resource and 

revenue allocation in the presence of negative and flexible measures: 
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To illustrate, two variables 1
ljw  and 2

ljw are considered that take the following values 
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while 1 2
lj lj ljw w w= − for all j .  

Thus, the following constraints are applied to determine the status of flexible and negative 

variables: 
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 The abovementioned constraints have been imposed in model (3) by considering the following 

constraints: 
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In this case, target points are shown by using: 
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in which 1 2
lj lj ljw w w= − .  

Theorem. For any DMU k , the projected point * * * * * *
1 1 1( ,..., , ,..., , ,..., )k mk k sk k Lkx x y y w w       is Pareto 

efficient. 
Poof. We consider model (2) and prove this theorem. Similarly, it can be proved for model 
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(4). By contraction, we assume * * * * * *
1 1 1( ,..., , ,..., , ,..., )k mk k sk k Lkx x y y w w       is not Pareto efficient, then 

there is a vector 1 2( , ,..., )k k nkλ λ λ satisfying 
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Such that the aforementioned inequality is strict for at least one input i′ , one output r′ or one 
flexible measure l′ . We suppose  
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By considering * *
1( ,..., )mθ θ , 1( ,..., )sj = j j  and * *

1( ,..., )lβ β  as a feasible solution for model 

(2), we have * * * * *

1 1 1 1 1 1

m s L m s L

i r l i r l
i r l i r l= = = = = =

+ + > + +∑ ∑ ∑ ∑ ∑ ∑θ j β θ j β , which this leads to a contradiction. 

Therefore the proof is completed.                                                                                      
Notice that the objective functions of models (2) and (4) can be substituted by the following: 

1 1 1

m s L

i i r r l l
i r l

Max a p fθ j β
= = =

+ +∑ ∑ ∑  

that ,i ra p and lf show user-defined preference coefficients for ,i rpθ and lβ , respectively. 
It should be noticed that the proposed models are under the variable returns to scale assumption. 
However, the approach can be reformulated under constant returns to scale assumption. 
 
4. AN NUMERICAL EXAMPLE 

Consider 7 DMUs to further illustrate the suggested approach. The data set is presented in Table 
1 that includes an input ( )x , an output ( )y , and a flexible measure ( )w . Model (2) and the 
target points (3) are estimated to deal with the resource and revenue reallocation problem 
centrally. The results are shown in Table 2. 
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Table 1- Data set 

#DMU x   y  w  

1 1      2 2      
2 3 8 4 
3 6 6 3 
4 5 9 5 
5 7 10 7 
6 8 10 3 
7 9 11 1 
Total 39 56 25 

 
By calculating model (2), the role of the flexible measure is determined as the output with 

* 1d = . As can be seen in Table 2, the total input is without change while the total output 
increased by 16.1% and the sum of the flexible measure increases by 66%. 
 

Table 2- Results 
#DMU x′   y′   w′  
1 3     8   4     
2 3 8 4 
3 5 9 5.5 
4 7 10 7 
5 7 10 7 
6 7 10 7 
7 7 10 7 
Total 39 65 41.5 
Change (%) 0 16.1 66 

 
5. CONCLUSIONS  

In this paper, DEA-based models were proposed to address resource and revenue allocation 
problems with flexible measures. Also, the introduced approach was generalized for situations 
that flexible and negative variables are presented. An example was used to illustrate the 
presented approach in this study. 
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ABSTRACT 
The main challenge in file service provider systems is to reduce waiting and response time. Along with 
reducing service time, achieving goals such as reducing pressure on the based server and reducing 
bandwidth consumption are also important in these systems. In this study, game theory in bit-torrent-
sharing protocols was used to overcome the challenge and achieve the stated goals. As the most important 
result, it has been proved that game theory can be mapped to the Bit Torrent protocol. After mapping, the 
downloaded file was introduced as the game and the file requesters were introduced as the players. Then a 
topological tree was created based on the Bit Torrent protocol, and the vector N of the game that was 
matched by the access to the search file based on the tree's optimal path, was achieved. With final scoring, 
the payment function indicating the players’ win, lose or draws, was determined and the results were 
analyzed in four stages. First, the possibility of finishing the game at each stage was determined. Then the 
results of the game were analyzed. In the third stage, each player was watched alone and evaluated in the 
fourth stage of the game.  
Keywords: Game theory, Bit Torrent Protocol, Extension on bit torrent protocol, Distributed system. 
 

1. INTRODUCTION  

One of the important issues in game theory is to achieve the goal with the least risk and the 
highest score. By incorporating the rules and the correct implementation of the game, the 
strategies and motions of the parties to the game can be precisely examined. Given the above, 
and assuming that the necessary framework for mapping file service provider systems into game 
theory is provided, the challenge of file service provider systems- reducing service time -can be 
resolved. 
Therefore, the main research topic is the entry of games on file service provider distributed 
systems, and in particular the Bit Torrent protocol. In order to examine how games are mapped 
to the Bit Torrent protocol, three important gameplay factors, including the frequency of 
movements, the level of movement awareness, and the pay-game function, must be evaluated in 
the protocol. Performing mapping as the first result of this research is proved by examining the 
three above mentioned parameters. Given the fact that the distributed system was object-
oriented, and considering the two requesters of the file as two players, the topological tree of the 
game was formed. Each vertex, indicates the player performing the move, and the edges in the 
endpoints represent the payment function. Regardless of the time, the game payment function 
that determines the result is achieved in three ways, but on the fourth way, due to the 
fragmentation of the search file, the game continues to download all the file pieces. The game 
was played for 500 repetitions, meaning that the two players played 500 times, and in 500 
repetitions of the game they were looking to download file that were divided into 10 pieces. At 
each stage of the game a score is given to the players, which is very important in the end result. 
Considering the number of file pieces as the stages of the game, the probabilities of each stage 
of the game to download each piece of file were obtained and the results were evaluated in four 
step. The first step is to express the overall results in each one of 10 stages of the game for 500 
repetitions and continuance of the game after the 10th stage. The second step is to express the 
results of the game based on wins of one of the players or their draws at each stage and each 
player. The third step, a general review of wins of each player in the game and the fourth stage, 
is the analysis of the draws in the game. It should be noted that in recent years, many researches 
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have been conducted using game theory to optimize resource allocation. Examples of these 
researches are as follows: 
A Bayesian algorithm for efficient Nash equilibrium resource allocation based on game theory 
has been proposed to solve the resource management problem in cloud computing. This 
algorithm completely considered various criteria, such as heterogeneous distribution of 
resources, equilibrium states of distributed system users, incomplete shared information, etc [1]. 
To manage resources based on distributed systems and game theory, a two-step method was 
created. In the first step, initial optimization was performed. In the second step, based on the 
preliminary results, an evolutionary mechanism was designed to achieve an optimal and fair 
solution [2]. A game theory view is presented in [3] which improves the overall energy of a 
cloud computing system by using aggregate play, based on the Nash equilibrium. In [4], game 
theory is used to allocate CPUs in virtual servers in order to minimize energy consumption and 
overcome the problem of wasting resources. In order to solve the resource allocation problem in 
distributed systems and to deal with the complexity of this problem, game theory-based 
approaches have been used by employing various scenarios [5]. In [16], To control the problem 
of coverage the collections, the distributed method was used based on game theory. Games 
theory the study of strategic decision making, and games provide alternative means of sharing 
information and knowledge and participating in decision making [17]. Also in [17], game theory 
is applied to model the mechanisms for big data analytics and decision making in the field of 
geosciences remote sensing. in [18] a method of measuring game-based game-based 
vulnerability, an attack tree was proposed, which consists of three steps: game strategy 
modeling, cost analysis and calculation of returns. Also in [5-10], for solving the resource 
allocation optimization problem, the game theory approach is suggested by the resource owners. 
Game theory approach is an efficient and effective way to optimize the allocation of resources 
in distributed systems that improves many of the dilemmas in this area. The current research is 
organized as follows: 
Section 2, 3 and 4 show the Literature Review, the download file download without logging 
game theory and the Methodology. Section 5 and 6 are the Evaluation of the results and the 
Conclusion and future researches which is placed at the end of the References.  
 
2. LITERATURE REVIEW 

2.1. Game theory 
Game theory tries to model the mathematical behavior governing a strategic position. The 
strategic position is in fact the victory of one person against others and vice versa, as well as 
performing the game’s process. In fact, game theory is a science that examines the behavior of 
several independent decision makers together in different ways [12]. A game includes a set of 
players, moves and a certain outcome for each strategy. The competition between the two 
trading partners in the stock market and also the competition between two countries to acquire 
nuclear energy are examples of a game [8]. For modelling process a game, it is necessary to 
specify the game elements. The three main game elements in [13] include the set of players (N), 
the set of strategies (A) and the set of functions which is the optimal decisions of players (U), 
defined as G (N, A, U). In [14], determination of elements such as actors, the strategy of each 
player, the order of the game, the game's information structure, and the outputs of the game is 
emphasized for defining the game space. 
2.2. Bit Torrent Protocol 
In April 2001, Bit Torrent was written by Bram Cohen, an American programmer via Python 
programming language. In order to understand how Bit Torrent operates, a number of 
terminologies must first be defined [7]:  
1) Peer: An active Bit Torrent client that other peers can connect with to share content.  
2) Leecher: A peer that s downloading a specific piece of content.  
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3) Seeder: A peer that has finished downloading a certain file and is currently uploading parts of 
the file to leechers.  
4) Swarm: All peers sharing the same file form a swarm, incorporating both seeders and 
leechers. 
5) Tracker: A server responsible for keeping track of the peers in a swarm. Each peer 
communicates with its tracker periodically about how much it has uploaded/downloaded, etc. 
The tracker will respond with the number of seeders and leechers in the swarm, as well as some 
specific information about some active peers in the swarm, etc.  
6) Torrent file: A meta-data file encoded using a bespoke dictionary stored using “ben coding”.  
This file describes the basic properties of the content, such as name, length, piece length, etc. It 
also contains the announce URL of the tracker. Bit Torrent divides a file into small parts of 
fixed size (512kb by default) called pieces, whose SHA-1 checksums are specified in the .torrent 
file. As Bit Torrent is a P2P protocol, users need to install a Bit Torrent client on their computer 
to download files that are distributed using Bit Torrent protocol [7]. 
  
3. DOWNLOAD FILE WITHOUT LOGGING GAME THEORY  

Due to the lack of game theory, there is no scoring at this stage for the applicants, so the 
download review level without game theory entry has a phase that provides an overall 
achievement for the results in every 10 levels of downloading the file and continuing 
downloading after level 10. Specifically, in this level, the analysis focuses on how many percent 
of the download is completed in each level. These results for levels 1 to 10, as well as 
downloading after the tenth stage, are listed in Table 1 below. 

Table 1 – Results of 10 steps of the download 

Continue 
the game 

Level 
10 

Level 
9 

Level 
8 

Level 
7 

Level 
6 

Level 
5 

Level 
4 

level 
3 

level 
2 

level 
1 

2% 4% 4% 5% 6% 7.5% 8% 12% 14.5% 22% 28.5% 
 
For example, 28.5% of the game in stage 1 and 6% of the game in stage 7 have ended. Also, 
only 2% of players in 500 repetitions visited a higher level than 10 to download their considered 
file. That is, it is only 1% possible that the file be over 10 pieces. 
 
4. METHODOLOGY  

4.1. Investigating how to map games in Bit Torrent protocol 
The game is the same thing we deal with in our everyday lives. If we start a game from a certain 
point, we will encounter a sequence of individual moves. Each player can choose a move from 
this sequence of moves that can be random or by chance. It can be concluded that the following 
three important factors must be considered in games [11]:1- Frequency of movements that may 
be individual or random. 2- Level of awareness of movements or lack of awareness of them 3- 
Payoff function (win or lose). First, we examine whether the nature of the protocol can be 
simulated by the game or not. Therefore, the three most important factors mentioned above 
should be evaluated in the Bit Torrent protocol. The evaluation results are as follows: 

1. Game mapping in Bit Torrent protocol can result in the creation of a alternative game, 
since the operations of downloading and uploading file are performed intermittently and 
without limitation in this protocol. 

2. The server which is fully aware of the speed of file transfer, directs the file requester to 
the nearest seed or peer by identifying the best source. Therefore, the path is completely 
distinct and optimal and the nth vector related to the game is obtained which matches 
the access to the search file based on the tree's optimal path. 
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3. Access to a file that is affected by political, geographic, and time conditions, can 
specify a payoff function that indicates winner and loser. In other word at the end, it is 
determined by the final scoring, winning, losing or tying of the players.  

Note that game mapping in Bit Torrent protocol can be an N-person game, because all users 
using this protocol to upload and download files, can participate as players in this game and 
according to the rules of the game, win or lose. 
Due to the compatibility of N-person game in Bit Torrent protocol according to the above 
reasons, the game mapping in the protocol is done as follows: 
* The £ topological tree is created with a distinct vertex. This vertex is the starting point of the 
game. Note that in the Bit Torrent protocol, the based server (DNS) corresponds to the starting 
vertex of the game. 
* A function called pay function assigns a nth vector to each £ endpoint and the rating system 
assigns a score to each applicant or player’s selection. At the end, winning, losing or tying is 
measured based on this score. 
* All movements are performed by the two initial applicants who are the players. It should be 
noted that the set of information leading us to the main result of the payoff function include the 
behavior of the two players who compete together to get the file. 
Given the above, mapping of games in the Bit Torrent protocol can be done, and the game is 
played with two players and the tree of the game for each player alone is as follows. This tree is 
designed for three levels, which can be up to n levels depending on the number of file pieces. It 
should be noted that the number of file pieces in this study is considered 10. 

 
Figure 2. A game tree based on directing each player to receive the file 

4.2. Game Conditions 
Given the above-mentioned set of factors, it was concluded that we are facing a function like F 
to run the game. This function is based on piecewise-continuous function and is consistent with 
Figure 3. 

 
Figure 3. The graph of piecewise-continuous function according to the game 

 
This function has the following conditions: F function in the range of [a, b] is a piecewise-
continuous function if it has the two following conditions: 
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1. The number of discontinuities of F compared to this interval is finite. 
2. At each point of discontinuity, the function has right and left limit. 

4.3. Research methodology (game scenario) 
The main game starts with the request of two players who request the file as the user of the 
based server (DNS). In this way, the player is initially connected to the based server (DNS) 
using the rules of the game and is directed to the computers that are busy receiving and sending 
the file by the necessary searches. If the file is completely owned by a computer, then it is called 
a seed; otherwise, the file is divided into several pieces and is shared by users or computers 
known as peers. Based server (DNS) directs the first player and then the second player to the 
closest swarm, which includes peer or seed. According to the above explanations, the 
movements of the two players are shown separately in the tree of Fig. 4. 

 
Figure 4. The game tree based on Bit Torrent protocol, for the first and second player at different 

levels of the game 
 

At each level of the game, a player is given a score, which is very important in the final result. 
For example, a player who downloads a file in one piece will score one and win the game. Both 
players can get the same score when directing to seed and accept a tie by downloading the file in 
one piece. The collection of the two players' moves on a tree and earning scores by removing 
empty space is shown in Figure 5. Gall
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Figure 5. Collecting the game tree of both players and scoring based on the Bit Torrent protocol, at 

different game levels 
In the tree of this game, the edges in the end vertices show a pay function indicating winning, 
losing, or tying of players. Each vertex identifies the player performing the move. Shaded 
surfaces represent the movements in a particular set of information.  According Fig. 5, and 
assuming that the first player in the group is directed to seed, we consider two modes for the 
second player: 
1. The second player is also directed to seed to download the file so the scores will be equal. 
2. The second player is directed to peer, and lost one score and the first player gets one score. 
In other words, if the selections are as (seed, seed), the game ends with a tie and if the selection 
is as (seed, peer), then the game ends with the result of (1, -1). And the first player will win the 
game. Otherwise, if the first player is directed to peer in swarm, two things happen: 
1.The second player is directed to seed to download the file and earns one score. The selection 
in this section is as (peer, seed) which ends the game with the result (-1.1) and the second player 
will win. 
2.The second player is directed to peer to download the file, i.e. the selection is as (peer, peer) 
and the game continues until the full file is downloaded. In this case, the scores are (-1 and -1) 
and equal, but because the entire file is not downloaded, the game continues and the players are 
redirected to seed or peer by the server to get the next piece of file. The main challenge in this 
game happens in the same way, because the first piece is downloaded in the first level of game. 
Therefore, at this level, downloading the second piece and the next ones (if any) goes on to 
continue to download all the pieces of the file like starting the game. Since when downloading 
the first part of the file, the probability to win, lose, or tie is considered 25% according to the 
conditions, we are faced with a selection of (peer, peer) with 25% probability the game 
continues, and the main discussion of the research continues at this level as well. Since the 
number of files in the worst case is considered 10, so let's consider a probability of “one” for 
downloading the second piece of file. That is, the whole file is split into two pieces and the 
game ends after downloading the second piece. The probability of the game continuing in next 
levels will decrease, which means that the probability of the finite number of pieces of the file 
being limited is high. The probability of continuing the game up to 10 levels is discussed below. 
In the second level, the probability of continuing the game reaches 19%, so the game's outcome 
is determined with a probability of 81% and the file has two pieces. Similarly, with a reduced 
probability of the number of pieces, in the third level the probability of continuing the game 
reaches 13%, which means that the result of the game is determined with a probability of 78%. 
The game continues so that in level 9 (downloading the ninth piece), the probability of 
continuing the game reaches 0.0001%; i.e. the outcome of game is determined with a 99.9999% 
probability. Finally in level 10 (downloading tenth piece), the probability of continuing the 
game reaches 0.00001%; i.e. the outcome of game is determined with a 99.99999% probability.  
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The Arena simulator is used for the purpose of implementation. The Arena software is a 
complete application for conducting simulation studies and supports all the steps of a simulation 
study. Arena software offers the flexibility of Siman simulation language and object-oriented 
modeling capabilities simultaneously, while at the same time uses the practicality of Windows 
environment.  
By providing some templates, Arena software makes it possible to easily create a perfect 
animation for simulation issues, with an input analyzer for input and raw data and an output 
analyzer for viewing and analyzing simulation data. It also allows users to use information from 
other software applications, such as Excel, or transfer Arena outputs to these applications. 
To start the simulation, we use a Create module, and define two players as two entities in this 
module. To continue, we add a process called BitGame to the page and then add the decision 
module (determining the outcome of the game) in page which determines the probability of 
winning, losing or tying in the game. For each of the above modes, a process is included on the 
page that is required to get the result of the game. As we said before, the probabilities in this 
game are checked up to 10 levels, until the probability of continuing the game reaches 
0.000001%, which means that the search file will eventually be downloaded in 10 pieces. Figure 
6 shows a part of the game simulation steps and the use of various modules in Arena. 
 

 
Figure 6. Part of the implementation steps in Arena software 

The game is scheduled for 500 repetitions, meaning that the two players have played 500 times. 
The game results are gathered based on the first or second player's win or tie in levels 1 to 10 
with the number one in the Excel file. Figure 7 shows a part of the 500 rows and 31 columns of 
the Excel file in two levels including 10 repetitions of the game. 

 

 
Figure 7. Game results 

 
According to Figure 11, WP11, WP21 and E1 respectively represent the first-player winning in 
the first game (repetition), the second player's win in the first game (repetition) and a tie in the 
first repetition of the game. Each of these 31 rows of the Excel file is named according to the 
player 1 or 2, the game's tie and the level of game. For example, WP19 means player 1 is the 
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winner in level 9. The results of the simulation of the game based on the Bit Torrent protocol 
will be further analyzed. The first step is the overall expression of the results achieved in each of 
the 10 level of the game for 500 repetitions and continuation of the game after level 10: In 
particular, in the first step of the results analysis, this issue is addressed that how many percent 
of the game is over at each level of the game. These results for levels 1 to 10, as well as the 
continuation of the game after the tenth level, are presented in Table 2. 
 

Table 2 - Results for 10 levels of the game 

Continue 
the game 

Level 
10 

Level 
9 

Level 
8 

Level 
7 

Level 
6 

Level 
5 

Level 
4 

level 
3 

level 
2 

level 
1 

1% 4% 3% 4% 5% 6% 7% 11% 14% 19% 26% 
 
For example, 26% of the games in the first level and 5% of the game in the 7th level are over. 
Also, only 1% of the players in 500 repetitions have visited a level higher than 10 to download 
the file. That is, practically there is only a 1% possibility that the file may be split into more 
than 10 pieces. In other words, the based server (DNS) has directed at least one player to seed to 
download the entire file in 26% of the situations in level 1 and 5% of the situations in level 7. 
Also, according to Table 2, more than half of the file is downloaded in the first three level, and 
about 80% of the file is downloaded in the first five levels. Therefore it can be concluded that 
files are likely to be split into less than 5 pieces. Due to the fact that the game theory has been 
entered into the download file, 3 other phases can be evaluated to analyze the results of 
downloading the file by the Bit Torrent protocol with the game theory, which is discussed 
below. 
The second step is to express the results of the game based on winning of one of the players or 
tie divided by each stage and each player: according to the levels of the game, each player has 
won the game with the specified percentage below at different levels. Table 3 is a part of the 
table with 31 columns that illustrates the outcome of the game divided by player and stage. 
 

Table 3- Results of 10 levels divided by player and the level of the game 

E4 WP24 WP14 E3 WP23 WP13 E2 WP22 WP12 E1 WP21 WP11 

12% 10% 11% 13% 12% 16% 18% 22% 18% 23% 26% 28% 
 
According to the above table, in the second level of the game, the percentage of the first 
player’s winning (WP11), second player’s winning (WP21) and the percentage of the 
occurrence of a tie (E1) are 28%, 26% and 23% respectively. The third step is a general review 
of the wins of each player in the game: at this stage, after completing 10 levels of 500 
repetitions, the percentage of the wins of each player is checked. In fact, the percentage of 
server direction to seed is important for any player for downloading a file faster. As outlined in 
Table 4, the first player wins 40% of all repetitions and the second player wins 33.3%. 
 

Table 4 - Overall game results for each player and their tie 

Tie Second player’s winning First player’s winning 

25.7% 33.3% 40.0% 
 
The fourth stage is the analysis of ties in the game: This stage, in general, examines the 
percentage of the game's total number of ties after completing 10 levels of 500 repetitions. In 
other words, at this stage, the simultaneous review of the file is done by two players. Also, 
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according to table 4, the percentage of two players tie in the whole game is 25.7%. Also, by 
examining the ties of the game in different levels of the game, we concluded that more than 
50% of the ties occurred in the first three levels. 
 
5. EVALUATION OF THE RESULTS 

In the evaluation of the results, the stage of checking the file download without logging the 
game theory (Section 6) is compared with the first phase of the file download stage after the 
game theory entry. So the information in Table 1 is compared with Table 2, which is shown in 
the Figure 8. 

 
Figure 8. Comparison of file download with and without logging of game theory in the Bit Torrent protocol 

 
In the chart above, the blue column represents the download of the file by the Bit Torrent 
protocol with the game theory, and the red column displays the download of the file by this 
protocol without game theory. As it is clear, downloading the file with the Bit Torrent protocol 
performed better in all 10 steps after the game theory entry. 
 
6. CONCLUSION AND FUTURE RESEARCHES  

Since the game can be implemented on all concepts, therefore in this research, we tried to enter 
game in one of the most commonly used and fastest file sharing protocols - Bit Torrent - which 
operates on a virtualization basis. For the purpose of reducing the pressure on server and 
bandwidth consumption, this protocol transfers a large volume of files to the destination with 
the help of its users via the peer-to-peer approach and by using virtualization techniques. 
Before starting game mapping, the set of rules and methods of play in the Bit Torrent protocol 
were investigated and evaluated and according to these rules, the topological tree of the game 
was drawn. The main game starts with the request of two players who request the file as the user 
of the central server. In Addition to a specified tree, each player has certain conditions at 
different levels of the game, which, after reviewing them, the result of the game will be 
estimated. The simulation of this research was carried out in Arena environment and the results 
were analyzed in four stages Which will be discussed later. In the first step, the addressed issue 
is that what percentage of the game is over at each stage. For example, 26% of the games in the 
first level and 5% of the game in the 7th level are over. Also, only 1% of the players in 500 
repetitions have visited a level higher than 10 to download the file. The second step is to express 
the results of the game based on winning of one of the players or a tie divided by each stage and 
each player. The results show that in the second level of the game, the percentage of the first 
player’s winning (WP11), second player’s winning (WP21) and the percentage of the 
occurrence of a tie (E1) are 28%, 26% and 23% respectively.  The third step is a general review 

Gall
ey

 Proo
f



 

166 
 

of the wins of each player in the game. at this stage, after completing 10 levels of 500 
repetitions, the percentage of the wins of each player is checked. the first player wins 40% of all 
repetitions and the second player wins 33.3%. The fourth stage is the analysis of ties in the 
game. the percentage of two players tie in the whole game is 25.7%. Also, by examining the ties 
of the game in different levels of the game, we concluded that more than 50% of the ties 
occurred in the first three levels. 
This article is mapped based on the general concept of a game and the Bit Torrent protocol. 
Moreover, we attempted in this study to enter the concept of zero-sum games to the 
performance of the Bit Torrent protocol. Zero-sum games are those games in which a player 
wins and the opponent loses. In other words, the game never ends with a tie result. 
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ABSTRACT 
In the unstable world of today, disruption is one of the most challenging yet important issues in supply 
chain management, which can reduce the overall cost of supply chain management by addressing and 
controlling supply disruptions. In this paper, due to the possibility of supplier disruption, the costs of 
supply chain disruption are controlled. In fact, this research focuses on determining the optimal 
combination of suppliers and assigning the appropriate share of order to each one by consideration of 
supplier disruption. The proposed multi-objective mathematical model for this paper is a mixed-integer 
programming (MIP) model with objective functions which is designed to minimize the cost of purchasing, 
the percentage of delayed products and the percentage of returned products, as well as maximizing 
capabilities of orders tracking by customers. This model has been investigated using the Multi-Objective 
Simulated Annealing Meta-heuristic Algorithm. In this method, it is possible to examine all functions 
simultaneously. This model is solved for numerical example. 
Keywords: Disruption, Meta-heuristic algorithms, Quota allocation, Supply chain management, 
Supplier selection. 
 
1. INTRODUCTION  
Supplier selection is an important part of the supply chain management process and will have a 
strategic role in determining the success of organizations. The choice of supplier is a multi-
criteria decision-making problem that measures qualitative and quantitative performance. 
Hence, the issue of choosing the appropriate supplier and determining the contribution to each 
of them become twofold. Also, Supply Chain Management is a structured and continuous 
process for analyzing the effects of disruptions on predetermined goals and managing 
disruptions throughout its life cycle in the every supply chain. This systematic process provides 
a perspective that can help you manage the disruption at the entire of its life cycle. For some 
disruptions, the concentration should be on prevention of the disruption, for others, it will focus 
on reducing its effects after the happening of disruption [1]. With regard to the disruptions in 
each supply chain, each customer tries to choose a supplier who has a lower cost and higher 
quality and assurance of product delivery. In this research, a multi-objective model for selecting 
the supplier and determining the quota of each order is presented. The proposed model of 
functions is to minimize cost of purchase, percentage of delayed products, and the percentage of 
returned products, as well as maximize capabilities of orders tracking by customers. In addition, 
the possibility of a disturbance in suppliers is also considered. 
In the next section, a brief outline of previous researches is mentioned. In the third section, the 
problem is defined and the symbols and formulation of the problem are expressed. In Section 
four, the solution to the algorithm is proposed, and in the five Section, the numerical results are 
indicated. Finally, a summary of the paper's process and its results and suggestions for future 
research are cited. 

2. LITERATURE REVIEW 
Due to the large number of articles in the field of supplier selection, in this section the articles 
are divided into several main branches according to the following: 
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• Mathematical modeling with an objective function (often objective function of cost) 
• Mathematical modeling with two objective functions (minimizing of the cost and 

maximizing of the quality) 
• Mathematical modeling with at least three objective functions (minimizing of the cost, 

delay in delivery of products and return items) 
• Mathematical modeling under fuzzy environments 
• Modeling with different types of discounts by the supplier 
• Modeling by taking into account of disruptions and risks in the supply chain 

In mathematical models, with an objective function, Mendoza and Ventura (2012) [2] proposed 
two Integer – complex nonlinear programming models to choose the best set of suppliers and 
assign the order value to each one. In the proposed models, the goal is to minimize the annual 
order quantity, inventory keeping, and purchase costs, by consideration of the quality and 
capacity constraints of the supplier. 
In mathematical modeling with two objective functions, Mafakheri et al. (2011) [3] proposed a 
two-step method for multi-criteria dynamic programming for the supplier and assignment of 
each order. In the first step, a hierarchical analysis is used to classify suppliers, and secondly, 
the assignment of orders to each one is made in such a way that the maximum utility function 
and supply chain costs are minimized. 
In mathematical models with at least three objective functions, Rezaei and Davoodi (2011) [4] 
presented two nonlinear Integers – complex models for the multi-cycle, multi-product, multi-
supplier and large accumulated size problem. Park and Ma (2018) [5] introduced a multi-
objective linear model with the aim of minimizing the cost of purchasing and environmental 
damage and maximizing the utility for selecting suppliers and adjusting the order share. 
In mathematical modeling under fuzzy environments, Sepúlveda and Derpich. (2014) [6] 
presented an automated supply chain evaluation argument. They used the fuzzy process to rank 
supplier. They considered three criteria of economy, service, and quality. Asim et al.(2019)[7] 
developed a multi-echelon and multi-item integrated production-transportation closed loop 
supply chain model that their  model included raw material suppliers, hybrid facilities, 
customers, collection centres, and disposal centres. 
In terms of discounts, Kamali et al. (2011)[8] proposed a non-linear integer-complex 
programming model for systems with a buyer and multi-suppliers under general discount policy 
and they used the two meta-huristic algorithms for solving the complexity. Mirzaee et al. 
(2018)[9] developed a multi-objective model with the aim of minimizing the total cost of 
inventory and maximizing the value of purchases under discounts as well as budget and 
capacity constraints for suppliers and buyers. 
In models by taking into account the risks and disruptions in the supply chain, Sawik (2018)[10] 
presented an innovative approach to randomized design for the selection of major suppliers, 
recycling centers, and assembly facilities under the dangers of the supply chain. Rohaninejad et 
al. (2018) [11] introduced the paper that considered the design of a multi-echelon supply chain 
network with unreliable facilities when the facilities can be “hardened” (their capacity increased 
and their probability of full or partial failures decreased) by more investment.  
According to previous studies, the importance of tracking orders by customers has not been 
mentioned so far. In fact, in the nowadays modern world, customers prefer the supplier to order 
a product that allows them to track the order and also they know about the process of their order 
since the moment of order to delivery of the production and they have possibility to change or 
cancel the order too. . With the possibility for the client, they are sure of the timely receipt of 
their order. In this paper, function of order tracking by the customer has been added to math 
modeling. In addition, in order to adapt the model to the real world, the probability of a supplier 
disruption is considered in the modeling. By considering the fact that there are two supplier 
groups in the real world (in the case of a disruption, some suppliers are not able to meet the 
customer's needs, Others guarantee the customer that they will be in charge of the problem in 
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case of a disruption and will provide 100% customer satisfaction). In this research, for the first 
time, two types of suppliers are defined in modeling. In addition, in order to reduce the costs of 
lack of supply demand, for all unreliable suppliers, the back-up supplier has been defined. Also, 
due to the fact that some suppliers have wholesale status, orders below their defined minimum 
are not taken. Therefore, the suppliers determine the minimum level to accept orders from 
customers. This matter may create a limitation for customer orders, which is considered in the 
model presented in this paper. Then, to demonstrate the performance of the proposed model, the 
model is solved by Multi-Objective Simulated Annealing Meta-heuristic Algorithm. 
 
3. NOTATION AND PROBLEM MODELING  
In this paper, a multi-objective integer-complex programming model is proposed for selecting 
the supplier and determining the optimal quota of order to each supplier by taking into account 
the supply disruptions. The objective functions of the proposed model include minimizing the 
cost of purchase, percentage of returning products, percentage of delayed products, and 
maximize traceability of the order by the customer. In this paper, the probability of a supplier's 
disruption is considered in all of the proposed objective functions. In general, two types of 
suppliers are defined for the issue: suppliers with reliability of one (reliable suppliers) and 
suppliers with reliability of less than one (unreliable suppliers). In the condition that the 
customer is assigned to reliable suppliers, he will receive his product with probability of 100%, 
but in the condition that the costumer is assigned to unreliable suppliers, by consideration the 
probability that the demand will not be met due to the uncertainty of the supplier; it will be 
necessity to backup supplier. Despite the supportive suppliers for unreliable suppliers, the 
customer's order is provided 100%, which prevents the cost of the disruption. In the following, 
the symbols are presented in accordance with Table 1 and relations 1 to 18. Also, the 
assumptions of the problem are as follows: 

− The parameters of the model are definite. 
− Lack of suppliers is allowed. 
− Delay of providing the order is allowed. 
− Returning product to suppliers by customers is allowed 
− There is no limitation on the number of selected backup suppliers. 
− Only reliable suppliers can be selected as a backup supplier. 
− Reliable suppliers do not need the backup supplier 
− The problem is investigated in a multi-period mode 

Table 1. Definite Model Symbols 

i: Reliable supplier index j: Product index 
k: Unreliable supplier index t: Time period index 
Parameters  
Djt: Demand of product j at period t Cijt:Supplier i capacity for delivering product j at 

period t 
Rk: Likelihood of disruption in supplier k CCkjt: Supplier k capacity for supplying product j at 

period t 
Pijt: Unit price of product j at period t supplied by 
supplier i 

OOkjt: Capability of orders tracking by customers 
from supplier k  for product j at period t 

PPkjt: Unit price of product j at period t supplied by 
supplier k 

Tj: Maximum acceptable percentage for delays in 
ordering product j 

Oijt: Capability of orders tracking by customers 
from supplier i   for product j at period t 

tijt: Percentage of orders with product j delay 
delivered by supplier i at period t 

Qj: Maximum acceptable percentage for product j 
return 

qijt: Return percentage of product j by buyer sent by 
supplier i at period t 

qqkjt: Return percentage of product j sent by ttkjt: Percentage of orders with product j delay 
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supplier k at period t delivered by supplier k at period t 
𝑳𝑳𝒊𝒊𝒊𝒊𝒊𝒊: Minimum authorized level for ordering from 
supplier i for product j at period t 

𝐿𝐿𝐿𝐿𝑘𝑘𝑘𝑘𝑘𝑘: Minimum authorized level for ordering from 
supplier k for product j at period t 

Variables  
X𝑖𝑖𝑗𝑗𝑡𝑡: Reliable supplier i selection variable at period 
t for supplying product j 

XXkjt: Unreliable supplier k selection variable at 
period t for supplying product j 

Yijt: Percentage of demand for product j that is met 
at period t by  supplier i as the main supplier 

YPkjt: Percentage of demand for product j that is 
met at period t by supplier k as the main supplier 

YBikjt: Percentage of  demand for product j that is 
met at period t by supplier i as the backup for 
supplier k 

 

(1) Min 𝑍𝑍1 = ∑ ∑ ∑ ∑ (𝑝𝑝𝑖𝑖𝑘𝑘𝑘𝑘(𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘 +  𝑌𝑌𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘𝑘𝑘(𝑅𝑅𝑘𝑘))𝑘𝑘 + 𝑝𝑝𝑝𝑝𝑘𝑘𝑘𝑘𝑘𝑘   𝑌𝑌𝑌𝑌𝑘𝑘𝑘𝑘𝑘𝑘(1 − 𝑅𝑅𝑘𝑘))𝑘𝑘𝑘𝑘𝑖𝑖 )𝐷𝐷𝑘𝑘𝑘𝑘 
(2) Min 𝑍𝑍2 ∶  ∑ ∑ ∑ ∑ (𝑞𝑞𝑖𝑖𝑘𝑘𝑘𝑘(𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘 + 𝑌𝑌𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘𝑘𝑘(𝑅𝑅𝑘𝑘))𝑘𝑘 + 𝑞𝑞𝑞𝑞𝑘𝑘𝑘𝑘𝑘𝑘   𝑌𝑌𝑌𝑌𝑘𝑘𝑘𝑘𝑘𝑘(1 − 𝑅𝑅𝑘𝑘))𝑘𝑘𝑘𝑘𝑖𝑖 )𝐷𝐷𝑘𝑘𝑘𝑘 
(3) Min 𝑍𝑍3  ∶  ∑ ∑ ∑ ∑ (𝑡𝑡𝑖𝑖𝑘𝑘𝑘𝑘(𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘 + 𝑌𝑌𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘𝑘𝑘(𝑅𝑅𝑘𝑘))𝑘𝑘 + 𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘𝑘𝑘   𝑌𝑌𝑌𝑌𝑘𝑘𝑘𝑘𝑘𝑘(1 − 𝑅𝑅𝑘𝑘))𝑘𝑘𝑘𝑘𝑖𝑖 )𝐷𝐷𝑘𝑘𝑘𝑘 
(4) Max 𝑍𝑍4 ∶  ∑ ∑ ∑ ∑ (𝑂𝑂𝑖𝑖𝑘𝑘𝑘𝑘  𝑋𝑋𝑖𝑖𝑘𝑘𝑘𝑘𝑘𝑘 + 𝑂𝑂𝑂𝑂𝑘𝑘𝑘𝑘𝑘𝑘  𝑋𝑋𝑋𝑋𝐾𝐾𝑘𝑘𝑘𝑘  )𝑘𝑘𝑘𝑘𝑖𝑖  

The formula of function (1) represents the objective function of minimizing the total cost of 
purchasing products. The function (2) is to minimize the total percentage of returned products 
that is considered as the second objective function. Formula (3), which is expressed as the third 
objective function, minimizes the total percentage of delayed products. Function (4) also serves 
as the fourth objective function for maximize traceability of the order by the customer.  
The constraints of model are also expressed in terms of relations (5) to (18). 
s.t. 

(5) ∀ 𝑗𝑗, 𝑡𝑡 ∑ ∑  (𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘 + 𝑌𝑌𝑌𝑌𝑘𝑘𝑘𝑘𝑘𝑘) = 1               𝑘𝑘𝑖𝑖   
(6) ∀𝑘𝑘, 𝑗𝑗, 𝑡𝑡   𝑌𝑌𝑌𝑌𝑘𝑘𝑘𝑘𝑘𝑘 − ∑ 𝑌𝑌𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘𝑘𝑘𝑖𝑖 = 0                      
(7) ∀ 𝑗𝑗 ∑ ∑ ∑ �𝑞𝑞𝑖𝑖𝑘𝑘𝑘𝑘 �𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘 + 𝑌𝑌𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘𝑘𝑘(𝑅𝑅𝑘𝑘)� + 𝑞𝑞𝑞𝑞𝑘𝑘𝑘𝑘𝑘𝑘  𝑌𝑌𝑌𝑌𝑘𝑘𝑘𝑘𝑘𝑘(1 − 𝑅𝑅𝑘𝑘)� ≤ 𝑄𝑄𝑘𝑘                 𝑘𝑘𝑘𝑘𝑖𝑖   
(8) ∀ 𝑗𝑗 ∑ ∑ ∑ �𝑡𝑡𝑖𝑖𝑘𝑘𝑘𝑘 �𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘 + 𝑌𝑌𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘𝑘𝑘(𝑅𝑅𝑘𝑘)� + 𝑡𝑡𝑡𝑡𝑘𝑘𝑘𝑘𝑘𝑘  𝑌𝑌𝑌𝑌𝑘𝑘𝑘𝑘𝑘𝑘(1 − 𝑅𝑅𝑘𝑘)� ≤ 𝑇𝑇𝑘𝑘     𝑘𝑘𝑘𝑘𝑖𝑖   
(9) ∀𝑖𝑖, 𝑗𝑗, 𝑡𝑡   𝐿𝐿𝑖𝑖𝑘𝑘𝑘𝑘  𝑋𝑋𝑖𝑖𝑘𝑘𝑘𝑘 ≤ �𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘 + ∑ (𝑅𝑅𝑘𝑘)𝑘𝑘 𝑌𝑌𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘𝑘𝑘  

�𝐷𝐷𝑘𝑘𝑘𝑘  ≤ 𝐶𝐶𝑖𝑖𝑘𝑘𝑘𝑘   𝑋𝑋𝑖𝑖𝑘𝑘𝑘𝑘   
(10) ∀ 𝑘𝑘, 𝑗𝑗, 𝑡𝑡 𝐿𝐿𝐿𝐿𝑘𝑘𝑘𝑘𝑘𝑘  𝑋𝑋𝑋𝑋𝑘𝑘𝑘𝑘𝑘𝑘 ≤ 𝑌𝑌𝑌𝑌𝑘𝑘𝑘𝑘𝑘𝑘(1 − 𝑅𝑅𝑘𝑘)𝐷𝐷𝑘𝑘𝑘𝑘 ≤ 𝐶𝐶𝐶𝐶𝑘𝑘𝑘𝑘𝑘𝑘  𝑋𝑋𝑋𝑋𝑘𝑘𝑘𝑘𝑘𝑘        
(11) ∀ 𝑖𝑖, 𝑗𝑗, 𝑡𝑡 𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘 ≤ 𝑋𝑋𝑖𝑖𝑘𝑘𝑘𝑘   
(14) ∀ 𝑘𝑘, 𝑗𝑗, 𝑡𝑡 𝑌𝑌𝑌𝑌𝑘𝑘𝑘𝑘𝑘𝑘 ≤ 𝑋𝑋𝑋𝑋𝑘𝑘𝑘𝑘𝑘𝑘        
(12) ∀ 𝑖𝑖, 𝑘𝑘, 𝑗𝑗, 𝑡𝑡 𝑌𝑌𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘𝑘𝑘 ≤ 𝑋𝑋𝑖𝑖𝑘𝑘𝑘𝑘  
(13) ∀ 𝑖𝑖, 𝑗𝑗, 𝑡𝑡     0 ≤ 𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘 ≤ 1  
(15) ∀ 𝑘𝑘, 𝑗𝑗, 𝑡𝑡      0 ≤  𝑌𝑌𝑌𝑌𝑘𝑘𝑘𝑘𝑘𝑘 ≤ 1  
(16) ∀ 𝑖𝑖, 𝑘𝑘, 𝑗𝑗, 𝑡𝑡      0 ≤  𝑌𝑌𝑌𝑌𝑖𝑖𝑘𝑘𝑘𝑘𝑘𝑘 ≤ 1  
(17) ∀ 𝑖𝑖, 𝑗𝑗, 𝑡𝑡     𝑋𝑋𝑖𝑖𝑘𝑘𝑘𝑘 ∈ {0,1} 
(18) ∀ 𝑘𝑘, 𝑗𝑗, 𝑡𝑡      𝑋𝑋𝑋𝑋𝑘𝑘𝑘𝑘𝑘𝑘 ∈ {0,1}  

Constraint (5) refers to providing the total customer demand for each product and per period. In 
fact, the limitation indicates that the percentage of total demand for orders to reliable and 
unreliable suppliers in each period and for each product is equal to one. Constraint (6) is chosen 
to balance the unreliable suppliers and their supportive suppliers; Indeed, it shows that the 
percentage of provided demand by primarily unreliable suppliers should be equally and 
completely available by the supportive supplier. Constraint (7) shows that the total return 
percentage for each product for all periods of time and all products from the whole supplier 
should not exceed the maximum acceptable percentage for the return of each product. 
Constraint (8) indicates that the total percentage of delay for each product for all periods of time 
and all products from whole supplier should not exceed the maximum acceptable latency for 
each product. Constraints (9) and (10) control the amount of orders that is allowed between the 
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maximum allowable level (supplier's capacity) and the minimum allowable level (Minimum 
authorized level for ordering) for each period and each product in the presence of the product. 
Constraints (11), (12) and (13) determine the allocation of orders to suppliers with respect to 
selected suppliers. Constraints (14), (15) and (16) indicate the possible range for assigning 
orders to suppliers and Constraints (17) and (18) is related to binary limitations (zero and one) 
of the supplier selection. 
 
4. SOLUTION ALGORITHM 
By taking into account the objective function of (1) and Constraint of (4), it can be concluded 
that a model such as the set covering location problem (SCLP) which is presented in Toregas et 
al. (1971) [12]. By consideration that the SCLP problem is known as NP-hard, the presented 
model in this problem is also considered as NP-hard. Due to the multiplicity of the proposed 
model, in this paper evolutionary multi-objective algorithm are used to solve. The algorithm 
imitate the laws of nature to search and optimize issues. Multi-objective simulated Annealing 
meta-heuristic algorithm is a randomized search of the solution space to find an optimal 
solution. This method was presented in 1983 by Kirkpatrick et al [13].  
The multi-objective simulated Annealing meta-heuristic algorithm is as follows. 
 First, suppose F= (𝑓𝑓1,𝑓𝑓2, … , 𝑓𝑓𝑀𝑀) :  
Step 1) Set the initial temperature and create an initial solution and evaluate it. 𝐹𝐹0, 𝑥𝑥0,𝑇𝑇0 
Step 2) first evaluate a new solution in the neighborhood of the initial answer ( 𝑥𝑥𝑛𝑛 → 𝑥𝑥𝑛𝑛+1) 
Step 3) Answer 𝑥𝑥𝑛𝑛+1with the probability 𝑒𝑒𝑥𝑥𝑝𝑝

−∆𝑓𝑓
𝑇𝑇� is accepted.  

Step 4) If the answer 𝑥𝑥𝑛𝑛+1 was accepted, update the archive using the archive storage strategy 
and  𝑥𝑥𝑛𝑛 = 𝑥𝑥𝑛𝑛+1  
Step 5) Perform the return strategy and 𝑥𝑥𝑛𝑛 = 𝑌𝑌𝑚𝑚 (𝑌𝑌𝑚𝑚 is the random member selected in the 
archive). Then, go to Step 2  
Step 6) Reduce the temperature (α < 1 ,𝑇𝑇𝑘𝑘+1 = 𝛼𝛼𝑇𝑇𝑘𝑘) 
Step 7) if the termination conditions were met, go to step 2, otherwise stop the process.  
In the following, numerical examples are solved. 
 
5. COMPUTATIONAL RESULTS 
This section, one numerical problem is solved that the heuristic algorithm is coded utilizing 
MATLAB 2008 software. That the parameters are considered with introduced data in the 
Table2. 

 
The following results is obtained by solving the model with the multi-objective simulated 
Annealing meta-heuristic algorithm in Table 3. 
 

Table 3. Objective function values 

𝒛𝒛𝟏𝟏 𝒛𝒛𝟐𝟐 𝒛𝒛𝟑𝟑 𝒛𝒛𝟒𝟒 
323 7.43 6.96 59042 

Given the results of numerical example, it is clear that solving by the algorithm method has 
been able to run all the functions simultaneously and optimize each of the 4 objectives. 
 

Table 2 .  Parameters 
qij , qqkj   = round(uniform(0.2, 0.7)) ; Djt = round(uniform(200,800)) ; 

tij , ttkj = round(uniform(0.2, 0.7)) ; Cijt , CCkjt  = round(uniform(50,100)); 
pijt , ppkjt: = round(uniform500,1000));  Lijt , LLkjt  = round(uniform(20,50)); 
Oijt , OOkjt = round(uniform(100,150)); Tj = round(uniform(0.5,0.8)); 
Rk= round(uniform(0.1,0.6)); Qj = round(uniform(0.5,0.8)); Gall
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6. CONCLUSION AND FURTHER RESEARCH 
The problem of order allocation to suppliers has designed with the aim of minimizing costs of 
purchase, percentage of returned products, percentage of delayed products, and maximizing the 
estimated value of suppliers. With regard to existing of supplier disruption in real world, the 
supply chain disruption has considered in the model. Indeed, the cost of disruption has 
controlled by adding the possibility of disruption in presented model. This research focuses on 
determining the optimal combination of suppliers and assigning the appropriate share of order to 
each one by consideration of supplier disruption. Given the multi-objective function and the 
inaccuracy of converting multi-objective models to single-objective models, multi-objective 
simulated Annealing meta-heuristic algorithm was used. Numerical results are indicative that 
the co-ordination of the introduced model with real-world problem by considering the supplier 
disruption has proper utility to perform, as well as, the multi-objective Annealing meta-
heuristic algorithm is important and reliable to solve the model. 
For future research, each supplier's capacity and the definitive values of the parameters for 
random function can be determined. 
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ABSTRACT 
In this paper, firstly, some relationships between 𝜀𝜀-upper regular convexificator notion and Greenberg–
Pierskalla subdifferentials are investigated. Then, we consider a constrained nonsmooth quasi-convex 
optimization problem. Utilizing 𝜀𝜀-upper regular convexificator notion and Greenberg–Pierskalla 
subdifferentials, we derive KKT type necessary optimality conditions for this problem without using 
constraint qualifications. The obtained outcomes extend some results existing in the literature. 
Keywords : Nonsmooth optimization, ε-upper regular convexificator, Quasi-convexity, Greenberg–
Pierskalla subdifferentials, KKT conditions. 
 

1. INTRODUCTION   

 The convexificator notion should be interesting to anyone who has ever had to deal with 
nonsmooth functions .  This notion might make a significant contribution to nonsmooth 
optimization ,  especially when discontinuous functions appear .  The main idea of convexificators 
returns to the definitions of   lower and upper convex approximations using convex and compact 
sets for a positive homogeneous  function ,  first introduced by Demyanov and Rubinov [1].   Since 
many kind of generalized directional derivatives are  positive homogeneous as a function of 
direction ,  in applications ,  particularly in optimization ,  one can consider convexificators for 
them .  A modified version of the convexificator notion was investigated by Jeyakumar and Luc 
[2]  where closed sets are considered instead of convex and compact sets. This notion has been 
widely considered in nonsmooth optimization and there are various publications dealing with 
optimality conditions for optimization problems in terms of convexificators [3-6]. Recently, 
Capătă [7] has introduced 𝜀𝜀-convexificator notion which is a development of convexificator 
notion in the sense of Jeyakumar and Luc [2]. In [7], Capătă provided some optimality 
conditions for an 𝜀𝜀-quasi solution of a scalar optimization problem and 𝜀𝜀-quasi efficient 
solutions of a vector equilibrium problem with constraints via 𝜀𝜀-convexificators.  
In this paper, firstly, a relationship between 𝜀𝜀-Upper Regular Convexificator (𝜀𝜀-URC) notion 
and Greenberg–Pierskalla subdifferentials for quasi-convex functions is proved which is a 
generalization of Theorem 3.1 in [8]. Then, we investigate the KKT optimality conditions for an 
optimization problem 

(1) 
min     𝑓𝑓(𝑥𝑥) 
 
𝑠𝑠. 𝑡𝑡.      𝑔𝑔𝑖𝑖(𝑥𝑥) ≤ 0,   𝑖𝑖 = 1, … ,𝑚𝑚, 
where 𝑓𝑓,𝑔𝑔𝑖𝑖: ℝ𝑛𝑛 → ℝ, (𝑖𝑖 ∈ 𝐼𝐼 ≔ {1, … ,𝑚𝑚}) are quasi-convex real-valued functions. The set of 
feasible solutions of (1) is 𝐾𝐾 ≔ �𝑥𝑥 ∈ ℝ𝑛𝑛: 𝑔𝑔𝑖𝑖(𝑥𝑥) ≤ 0,   𝑖𝑖 ∈ 𝐼𝐼�. For a given  �̅�𝑥 ∈ 𝐾𝐾, set 

(2) 𝐼𝐼(𝑥𝑥�) ≔ �𝑖𝑖 ∈ 𝐼𝐼:𝑔𝑔𝑖𝑖(𝑥𝑥�) = 0�. 

There are various publications dealing with optimality conditions and constraint qualifications 
for quasi-convex optimization Problem (1); see [9-11]. We obtain KKT type necessary 
optimality conditions for Problem (1) without using constraint qualifications. 
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The rest of the paper is organized as follows. Section 2 contains preliminaries. The relationship 
between ε-convexificator notion and Greenberg–Pierskalla subdifferentials for quasi-convex 
functions is introduced in Section 3. The optimality conditions are investigated in Section 4. 
Section 5 concludes the paper.  
 
2. PRELIMINARIES 

 Throughout the paper, the considered norm ‖⋅‖ is the Euclidean norm. For a set 𝐴𝐴 ⊆ ℝ𝑛𝑛, 𝑐𝑐𝑐𝑐 𝐴𝐴, 
𝑐𝑐𝑐𝑐 𝐴𝐴, and 𝑖𝑖𝑛𝑛𝑡𝑡 𝐴𝐴 denote the convex hull, the interior, and the closure of A, respectively. We set 
𝕊𝕊 = {𝑑𝑑 ∈ ℝ𝑛𝑛: ‖𝑑𝑑‖ = 1}. A nonempty set 𝐶𝐶 ⊆ ℝ𝑛𝑛 is called a cone if for each 𝑥𝑥 ∈ 𝐶𝐶 and scalar 
𝜆𝜆 ≥ 0, 𝜆𝜆𝑥𝑥 ∈ 𝐶𝐶. For a nonempty convex set 𝐴𝐴 ⊆ ℝ𝑛𝑛, the cone of feasible directions, the tangent 
cone, and the normal cone to 𝐴𝐴 at �̅�𝑥 ∈ 𝑐𝑐𝑐𝑐 𝐴𝐴, denoted by 𝐷𝐷𝐴𝐴(�̅�𝑥), 𝑇𝑇𝐴𝐴(�̅�𝑥), and 𝑁𝑁𝐴𝐴(�̅�𝑥), respectively, 
are defined as 

(3) 
𝐷𝐷𝐴𝐴(�̅�𝑥) = {𝑑𝑑 ∈ ℝ𝑛𝑛:∃𝛿𝛿 > 0 𝑠𝑠. 𝑡𝑡.∀𝜆𝜆 ∈ (0, 𝛿𝛿), �̅�𝑥 + 𝜆𝜆𝑑𝑑 ∈ 𝐴𝐴}, 
𝑇𝑇𝐴𝐴(𝑥𝑥�) = �𝑑𝑑 ∈ ℝ𝑛𝑛: ∃𝑡𝑡𝑛𝑛 ↓ 0,∃{𝑑𝑑𝑛𝑛} ⊆ ℝ𝑛𝑛,𝑑𝑑𝑛𝑛 → 𝑑𝑑,𝑥𝑥� + 𝑡𝑡𝑛𝑛𝑑𝑑𝑛𝑛 ∈ 𝐴𝐴� 
𝑁𝑁𝐴𝐴(𝑥𝑥�) = �𝑑𝑑 ∈ ℝ𝑛𝑛: 〈𝑑𝑑,𝑥𝑥 −  𝑥𝑥�〉 ≤ 0,∀𝑥𝑥 ∈ 𝐴𝐴�. 
The convex cone generated by 𝐴𝐴 ⊆ ℝ𝑛𝑛 is defined as follow: 

(4) 𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐(𝐴𝐴) ≔ �𝑦𝑦 ∈ ℝ𝑛𝑛:∃𝑐𝑐 ∈ ℕ;𝑦𝑦 = � 𝜆𝜆𝑖𝑖𝑦𝑦𝑖𝑖
𝑐𝑐

𝑖𝑖=1
, 𝜆𝜆𝑖𝑖 ≥ 0,𝑦𝑦𝑖𝑖 ∈ 𝐴𝐴, 𝑖𝑖 = 1, … , 𝑐𝑐�. 

The indicator function of 𝐴𝐴, denoted by 𝐼𝐼𝐴𝐴(·), defined by 

(5) 𝐼𝐼𝐴𝐴(𝑥𝑥) = � 0, 𝑥𝑥 ∈ 𝐴𝐴,
+∞ 𝑐𝑐.𝑤𝑤.

 

The polar cone and strict polar set of 𝐴𝐴 ⊆ ℝ𝑛𝑛 are defined, respectively, by: 

(6) 𝐴𝐴∘ = {𝑑𝑑 ∈ ℝ𝑛𝑛: 〈𝑑𝑑, 𝑥𝑥〉 ≤ 0,∀𝑥𝑥 ∈ 𝐴𝐴}, 𝐴𝐴𝑠𝑠 = {𝑑𝑑 ∈ ℝ𝑛𝑛: 〈𝑑𝑑, 𝑥𝑥〉 < 0,∀𝑥𝑥 ∈ 𝐴𝐴\{0}}. 

If 𝐴𝐴𝑠𝑠 ≠ ∅, then 𝑐𝑐𝑐𝑐 𝐴𝐴𝑠𝑠 = 𝐴𝐴∘. If 𝐴𝐴 ⊆ ℝ𝑛𝑛 is convex, then 𝑁𝑁𝐴𝐴(�̅�𝑥) and 𝑇𝑇𝐴𝐴(�̅�𝑥) are closed convex 
cones. Furthermore, 𝑁𝑁𝐴𝐴(�̅�𝑥) = �𝑇𝑇𝐴𝐴(�̅�𝑥)�∘. Moreover, 𝑐𝑐𝑐𝑐 𝐷𝐷𝐴𝐴(�̅�𝑥) = 𝑇𝑇𝐴𝐴(�̅�𝑥). 
We recall that  a function ℎ: ℝ𝑛𝑛 → ℝ is said to be quasiconvex if for each 𝑥𝑥,𝑦𝑦 ∈ ℝ𝑛𝑛 and 
𝜆𝜆 ∈ [0,1], ℎ(𝜆𝜆 𝑥𝑥 + (1 −   𝜆𝜆)𝑦𝑦) ≤ max{ℎ(𝑥𝑥) ,  ℎ(𝑦𝑦)}. 
  The sublevel set and strictly sublevel set of ℎ at �̅�𝑥 ∈ ℝ𝑛𝑛 are, respectively, defined as  

(7) 𝑆𝑆𝑥𝑥�(ℎ) = �𝑥𝑥 ∈ ℝ𝑛𝑛 ∶ ℎ(𝑥𝑥) ≤ ℎ(𝑥𝑥�)�, 𝑆𝑆𝑥𝑥�𝑠𝑠(ℎ) = �𝑥𝑥 ∈ ℝ𝑛𝑛 ∶ ℎ(𝑥𝑥) < ℎ(𝑥𝑥�)�. 

 If ℎ is a quasi-convex function,  then for each 𝑥𝑥 ∈ ℝ𝑛𝑛 ,  𝑆𝑆𝑥𝑥�𝑠𝑠(ℎ) and 𝑆𝑆𝑥𝑥�(ℎ) are convex sets . 
The upper Dini directional derivative of ℎ: ℝ𝑛𝑛 → ℝ at �̅�𝑥 ∈ ℝ𝑛𝑛 in the direction 𝑑𝑑 ∈ ℝ𝑛𝑛 is 
defined by  

(8) ℎ+(�̅�𝑥,𝑑𝑑) = 𝑐𝑐𝑖𝑖𝑚𝑚 𝑠𝑠𝑠𝑠𝑠𝑠
𝑡𝑡↓0

ℎ(�̅�𝑥 + 𝑡𝑡𝑑𝑑) − ℎ(�̅�𝑥)
𝑡𝑡

. 

Definition 1.  Let ℎ: ℝ𝑛𝑛 → ℝ and �̅�𝑥 ∈ ℝ𝑛𝑛 be given .  The closed set ∂ε∗ℎ(�̅�𝑥) ⊆ ℝn is called   an ε-
URC of ℎ at �̅�𝑥 if for each 𝑑𝑑 ∈ ℝ𝑛𝑛, 

(9) ℎ+(�̅�𝑥,𝑑𝑑) = 𝑠𝑠𝑠𝑠𝑠𝑠
η∈∂ε∗ℎ(�̅�𝑥)

⟨η, 𝑣𝑣⟩ + 𝜖𝜖‖𝑑𝑑‖. 
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3. THE RELATIONSHIPS BETWEEN 𝜺𝜺-CONVEXIFICATOR NOTION AND GREENBERG–PIERSKALLA 
SUBDIFFERENTIALS 

 Kabgani and Soleimani-damaneh [8] have proved some relationships between 0-URCs  and 
Greenberg-Pierskalla subdifferentials for quasi-convex functions .  In this section ,  we generalize 
some of their results for 𝜀𝜀-URCs .   
We recall that  for a quasi-convex function ℎ: ℝ𝑛𝑛 → ℝ ,  the Greenberg-Pierskalla's 
subdifferential [10] is defined as  

(10) 𝜕𝜕𝐺𝐺𝐺𝐺ℎ(�̅�𝑥) = {𝜂𝜂 ∈ ℝ𝑛𝑛: 〈𝜂𝜂, 𝑥𝑥 − �̅�𝑥〉 ≥ 0 ⇒ ℎ(𝑥𝑥) ≥ ℎ(�̅�𝑥)} 

 Based on this  subdifferential ,  the following subdifferential sets are defined [10]: 
  i) 𝜕𝜕∗ℎ(�̅�𝑥) ≔ {𝜂𝜂 ∈ ℝ𝑛𝑛\{0}: 〈𝜂𝜂, 𝑥𝑥 − �̅�𝑥〉 > 0 ⇒ ℎ(𝑥𝑥) ≥ ℎ(�̅�𝑥)} when �̅�𝑥 is not a minimizer of ℎ and 
𝜕𝜕∗ℎ(�̅�𝑥) = ℝ𝑛𝑛 when �̅�𝑥 is a minimizer of ℎ . 
  ii) 𝜕𝜕𝜈𝜈ℎ(�̅�𝑥) ≔ {𝜂𝜂 ∈ ℝ𝑛𝑛: 〈𝜂𝜂, 𝑥𝑥 − �̅�𝑥〉 > 0 ⇒ ℎ(𝑥𝑥) > ℎ(�̅�𝑥)}  
 We have 𝜕𝜕∗ℎ(�̅�𝑥) = 𝑁𝑁𝑆𝑆𝑥𝑥�

𝑠𝑠 (ℎ)(�̅�𝑥)\{0} when �̅�𝑥 is not a minimizer of ℎ; and 𝜕𝜕𝜈𝜈ℎ(�̅�𝑥) =

𝑁𝑁𝑆𝑆𝑥𝑥�(ℎ)(�̅�𝑥) .  Furthermore , 𝜕𝜕𝐺𝐺𝐺𝐺ℎ(�̅�𝑥) ⊆ 𝜕𝜕∗ℎ(�̅�𝑥)  and 𝜕𝜕𝜈𝜈ℎ(�̅�𝑥) ⊆ 𝜕𝜕∗ℎ(�̅�𝑥) ∪  {0}.  Also ,  if ℎ is radially 

upper semicontinuous on 𝑆𝑆�̅�𝑥𝑠𝑠(ℎ) ,  then 𝜕𝜕𝐺𝐺𝐺𝐺ℎ(�̅�𝑥) = 𝜕𝜕∗ℎ(�̅�𝑥) ; see [10]. 
  
Proposition 1.   Assume that ℎ :  ℝ𝑛𝑛 →  ℝ is a quasi-convex function and admits an 𝜀𝜀-URC at �̅�𝑥 
as 𝜕𝜕𝜀𝜀∗ℎ(�̅�𝑥) with 𝜀𝜀 > 0 . Then  𝜕𝜕𝜀𝜀∗ℎ(�̅�𝑥) ⊆ 𝜕𝜕𝐺𝐺𝐺𝐺ℎ(�̅�𝑥)  . 
  Proof. Let 𝑦𝑦 ∈ ℝ𝑛𝑛 such that ℎ(𝑦𝑦) < ℎ(�̅�𝑥 ) .  Then ,  by quasi-convexity of ℎ ,  we have 
 ℎ+(�̅�𝑥 ;  𝑦𝑦  −   �̅�𝑥 ) ≤  0 . Thus ,  〈 𝜂𝜂  ,  𝑦𝑦 − �̅�𝑥 〉  +   𝜀𝜀 ‖ 𝑦𝑦  −   �̅�𝑥 ‖ ≤  0 ,  for each 𝜂𝜂 ∈ 𝜕𝜕𝜀𝜀∗ℎ(�̅�𝑥) ,  which 
implies  〈 𝜂𝜂,  𝑦𝑦 − �̅�𝑥 〉 <  0 for each 𝜂𝜂 ∈ 𝜕𝜕𝜀𝜀∗ℎ( �̅�𝑥) .  Therefore , 𝜕𝜕𝜀𝜀∗ℎ( �̅�𝑥) ⊆ 𝜕𝜕𝐺𝐺𝐺𝐺ℎ( �̅�𝑥) .                           ▄ 

  
Theorem 1.  Assume that ℎ : ℝ𝑛𝑛 →  ℝ is a quasi-convex function and admits an 𝜀𝜀-URC at �̅�𝑥 as 
𝜕𝜕𝜀𝜀∗ℎ(�̅�𝑥) with 𝜀𝜀 ≥   0 .  If 𝑖𝑖𝑛𝑛𝑡𝑡 𝑆𝑆�̅�𝑥(ℎ) ≠ ∅ and (𝜕𝜕𝜀𝜀∗ℎ(�̅�𝑥) +  𝜀𝜀𝕊𝕊)𝑠𝑠 ≠ ∅ ,  then  

(11)  𝜕𝜕𝜈𝜈 ℎ(𝑥𝑥�) = 𝜕𝜕∗ℎ(𝑥𝑥�) ∪ {0} = 𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐 (𝜕𝜕𝜀𝜀
∗ℎ(𝑥𝑥�) +  𝜀𝜀  𝕊𝕊 ). 

 Proof. Let 𝑦𝑦 ∈ ℝ𝑛𝑛 such that ℎ(𝑦𝑦) ≤ ℎ(�̅�𝑥) .   Then ,  by quasi-convexity of ℎ ,  we have ℎ+(�̅�𝑥;  𝑦𝑦  −
�̅�𝑥) ≤  0 . Thus ,  〈 𝜂𝜂  ,  𝑦𝑦 − 𝑥𝑥�〉  +   𝜀𝜀 ‖ 𝑦𝑦  −   𝑥𝑥�‖ ≤  0 ,  for each 𝜂𝜂 ∈ 𝜕𝜕𝜀𝜀∗ℎ(�̅�𝑥) ,  which implies  
 〈 𝜂𝜂  +  𝜀𝜀𝑠𝑠  ,  𝑦𝑦 − �̅�𝑥〉 ≤  0 for each 𝜂𝜂 ∈ 𝜕𝜕𝜀𝜀∗ℎ(�̅�𝑥) and   𝑠𝑠 ∈ 𝕊𝕊   .  Therefore , 𝜕𝜕𝜀𝜀∗ℎ(�̅�𝑥) +  𝜀𝜀𝕊𝕊   ⊆ 𝜕𝜕𝜈𝜈ℎ(�̅�𝑥).  
 Now ,  we show that 𝜕𝜕∗ℎ(�̅�𝑥) ∪  {0} ⊆  𝑐𝑐𝑐𝑐   𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐 (𝜕𝜕𝜀𝜀∗ℎ(�̅�𝑥) +  𝜀𝜀𝕊𝕊  ).  Assume that   𝑑𝑑� ∈
 (𝜕𝜕𝜀𝜀∗ℎ(𝑥𝑥�) +  𝜀𝜀𝕊𝕊)𝑠𝑠 .  Thus ,  

(12) 
ℎ+��̅�𝑥 ;    �̅�𝑑�  = 𝑠𝑠𝑠𝑠𝑠𝑠𝜂𝜂 ∈ 𝜕𝜕𝜀𝜀∗ℎ(�̅�𝑥) 〈   𝜂𝜂 ,     �̅�𝑑   〉 +  𝜀𝜀   �   �̅�𝑑� ≤  0 , 

𝜀𝜀 + �𝜂𝜂  ,  �̅�𝑑
� �̅�𝑑 �

� <  0,         ∀𝜂𝜂 ∈ 𝜕𝜕𝜀𝜀∗ℎ(�̅�𝑥)  . 

 Now ,  assume that ,  𝑦𝑦 ∈  𝑖𝑖𝑛𝑛𝑡𝑡   𝑆𝑆𝑥𝑥�(ℎ) .  Thus ,  there exists 𝛿𝛿 > 0 such that  for  each    𝑑𝑑 ∈ ℝ𝑛𝑛  , 𝑦𝑦 −
𝛿𝛿 𝑑𝑑

‖ 𝑑𝑑 ‖
∈ 𝑆𝑆�̅�𝑥(ℎ) . Therefore ,  by quasi-convexity of ℎ , 

(13)  ℎ+ �𝑥𝑥�;   −  𝛿𝛿 
𝑑𝑑

‖ 𝑑𝑑 ‖
+   𝑦𝑦 −  𝑥𝑥�� ≤  0, ∀ 𝑑𝑑 ∈  ℝ𝑛𝑛. 

 Therefore  
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(14)  𝑠𝑠𝑠𝑠𝑠𝑠𝜂𝜂∈𝜕𝜕𝜀𝜀∗ℎ(𝑥𝑥�) �𝜂𝜂  ,  𝑦𝑦 −  𝑥𝑥� − 𝛿𝛿
𝑑𝑑�

‖ 𝑑𝑑� ‖
� + 𝜀𝜀 �  𝑦𝑦 − 𝑥𝑥� − 𝛿𝛿

𝑑𝑑�
‖ 𝑑𝑑� ‖

� ≤  0  

 This implies  

(15) 〈 𝜂𝜂  ,  𝑦𝑦 − �̅�𝑥〉 + 𝜀𝜀 ‖ 𝑦𝑦 −  �̅�𝑥‖ − 𝜀𝜀𝛿𝛿 ≤ �𝜂𝜂  ,  𝛿𝛿 �̅�𝑑
� �̅�𝑑 �

�  ,    ∀𝜂𝜂 ∈ 𝜕𝜕𝜀𝜀∗ℎ(�̅�𝑥) .      

  Thus  

(16)  〈 𝜂𝜂  ,  𝑦𝑦 − 𝑥𝑥�〉 + 𝜀𝜀 ‖  𝑦𝑦 −   𝑥𝑥�‖ ≤ 𝛿𝛿 �𝜀𝜀 + �𝜂𝜂  ,  
𝑑𝑑�

‖ 𝑑𝑑� ‖
�  �   ,      ∀  𝜂𝜂 ∈ 𝜕𝜕𝜀𝜀

∗ℎ(𝑥𝑥�) .   

 From ( 12),    

(17) ℎ+(�̅�𝑥;𝑦𝑦 − �̅�𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠𝜂𝜂∈𝜕𝜕𝜀𝜀∗𝑓𝑓(�̅�𝑥) 〈 𝜂𝜂  ,  𝑦𝑦 −   �̅�𝑥〉 + 𝜀𝜀 ‖  𝑦𝑦 − �̅�𝑥‖ <  0 . 

 Now , from (12) and (17)  for any 𝑡𝑡 > 0 , 

(18) 
ℎ+ ��̅�𝑥; �̅�𝑑 + 𝑡𝑡(𝑦𝑦 − �̅�𝑥)� = 𝑠𝑠𝑠𝑠𝑠𝑠𝜂𝜂∈𝜕𝜕𝜀𝜀∗ℎ(�̅�𝑥)〈𝜂𝜂, �̅�𝑑 + 𝑡𝑡(𝑦𝑦 − �̅�𝑥)〉 +  𝜀𝜀 ‖�̅�𝑑 + 𝑡𝑡(𝑦𝑦 − �̅�𝑥)‖  
                      ≤  𝑠𝑠𝑠𝑠𝑠𝑠𝜂𝜂∈𝜕𝜕𝜀𝜀∗ℎ(𝑥𝑥�)〈𝜂𝜂, 𝑑𝑑�〉 + 𝑡𝑡 𝑠𝑠𝑠𝑠𝑠𝑠𝜂𝜂∈𝜕𝜕𝜀𝜀∗ℎ(𝑥𝑥�)〈𝜂𝜂, 𝑦𝑦 − 𝑥𝑥�〉 + 𝜀𝜀 ‖𝑑𝑑�‖ + 𝑡𝑡𝜀𝜀 ‖ 𝑦𝑦 − 𝑥𝑥�‖ < 0 

  Hence , for each 𝑡𝑡 > 0  there exists some 𝛿𝛿𝑡𝑡′ > 0 such that , 

(19) ℎ ��̅�𝑥 + 𝜆𝜆 ��̅�𝑑 + 𝑡𝑡(𝑦𝑦 − �̅�𝑥)�� < ℎ(�̅�𝑥),      ∀ 𝜆𝜆 ∈  (0 , 𝛿𝛿𝑡𝑡′).   

 So ,  𝑑𝑑� + 𝑡𝑡(𝑦𝑦 − 𝑥𝑥�) ∈  𝐷𝐷𝑆𝑆𝑥𝑥�𝑠𝑠(ℎ)(𝑥𝑥�) for each 𝑡𝑡 > 0 ,  leading to �̅�𝑑 ∈  𝑐𝑐𝑐𝑐  𝐷𝐷𝑆𝑆𝑥𝑥�𝑠𝑠(ℎ)(�̅�𝑥) .  On the other 
hand ,  𝑐𝑐𝑐𝑐   𝐷𝐷𝑆𝑆𝑥𝑥�𝑠𝑠(ℎ)(�̅�𝑥) = 𝑇𝑇𝑆𝑆𝑥𝑥�𝑠𝑠(ℎ)(�̅�𝑥).    Therefore   (𝜕𝜕𝜀𝜀∗ℎ(�̅�𝑥) +  𝜀𝜀  𝕊𝕊)𝑠𝑠 ⊆  𝑇𝑇𝑆𝑆𝑥𝑥�𝑠𝑠(ℎ)(�̅�𝑥).    Now ,  we have   

(20)  𝜕𝜕∗ℎ(𝑥𝑥�) ∪ {0} = 𝑁𝑁𝑆𝑆𝑥𝑥�
𝑠𝑠(ℎ)(𝑥𝑥�) = �𝑇𝑇𝑆𝑆𝑥𝑥�𝑠𝑠(ℎ)(𝑥𝑥�)�

∘
⊆ (𝜕𝜕𝜀𝜀∗ℎ(𝑥𝑥�) +  𝜀𝜀  𝕊𝕊)𝑠𝑠∘ = (𝜕𝜕𝜀𝜀∗ℎ(𝑥𝑥�) +  𝜀𝜀  𝕊𝕊)∘∘

= 𝑐𝑐𝑐𝑐   𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐 (𝜕𝜕𝜀𝜀∗ℎ(𝑥𝑥�) +  𝜀𝜀  𝕊𝕊). 
▄ 

4. OPTIMALITY CONDITIONS  

In this section, we prove the KKT type necessary optimality conditions for Problem (1). 
Definition 2. We say that 𝑥𝑥 ∈ 𝐾𝐾 is a KKT point for Problem (1) if there exist 𝜆𝜆1, … , 𝜆𝜆𝑚𝑚 ≥ 0 not 
all zero, such that  

(21) 0 ∈ 𝑐𝑐𝑐𝑐 �𝑐𝑐𝑐𝑐�∂ε∗𝑓𝑓(𝑥𝑥)� + �𝜆𝜆𝑖𝑖𝑐𝑐𝑐𝑐�∂ε∗𝑔𝑔𝑖𝑖(𝑥𝑥)�
𝑚𝑚

𝑖𝑖=1

� , 

𝜆𝜆𝑖𝑖𝑔𝑔𝑖𝑖(𝑥𝑥) = 0,∀𝑖𝑖 ∈ 𝐼𝐼. 
Theorem 2. Assume that 𝑓𝑓 has an 𝜀𝜀-URC as ∂ε∗𝑓𝑓(𝑥𝑥) at 𝑥𝑥 ∈ 𝐾𝐾. Let 𝑔𝑔𝑖𝑖 for 𝑖𝑖 ∉ 𝐼𝐼(𝑥𝑥) be upper 
semi-continuous at 𝑥𝑥 and 𝑖𝑖𝑛𝑛𝑡𝑡 𝐾𝐾 ≠ ∅. If 𝑔𝑔𝑖𝑖 for 𝑖𝑖 ∈ 𝐼𝐼(𝑥𝑥) has an 𝜀𝜀𝑖𝑖-URC as ∂εi

∗ 𝑔𝑔(𝑥𝑥) at 𝑥𝑥 and 𝑥𝑥 is 
an optimal solution of Problem (1), then 𝑥𝑥 is a KKT point. 
Proof. 
In the first step we prove that 

(22) 𝑠𝑠𝑠𝑠𝑠𝑠
𝜂𝜂∈∂ε∗𝑓𝑓(𝑥𝑥)

⟨𝜂𝜂,𝑑𝑑⟩ + 𝜀𝜀‖𝑑𝑑‖ ≥ 0, ∀𝑑𝑑 ∈ 𝐷𝐷𝐾𝐾(𝑥𝑥). 
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Assume that there is some 𝑑𝑑 ∈ 𝐷𝐷𝐾𝐾(𝑥𝑥) such that 𝑓𝑓+(𝑥𝑥;𝑑𝑑) = 𝑠𝑠𝑠𝑠𝑠𝑠
𝜂𝜂∈∂∗𝑓𝑓(𝑥𝑥)

⟨𝜂𝜂,𝑑𝑑⟩ + 𝜀𝜀‖𝑑𝑑‖ < 0. Thus, 

for some 𝑡𝑡 > 0, 𝑥𝑥 + 𝑡𝑡𝑑𝑑 ∈ 𝐾𝐾 and 𝑓𝑓(𝑥𝑥 + 𝑡𝑡𝑑𝑑) < 𝑓𝑓(𝑥𝑥), which is a contradiction with optimality of 
𝑥𝑥. Thus, we have 

(23) 𝑠𝑠𝑠𝑠𝑠𝑠
𝜂𝜂∈∂ε∗𝑓𝑓(𝑥𝑥)

⟨𝜂𝜂,𝑑𝑑⟩ + 𝜀𝜀‖𝑑𝑑‖ + 𝐼𝐼𝐷𝐷𝐾𝐾(𝑥𝑥)(𝑑𝑑) ≥ 0,∀𝑑𝑑 ∈ ℝ𝑛𝑛. 

On the other hand, 

(24) 
𝑠𝑠𝑠𝑠𝑠𝑠

𝜂𝜂∈∂ε∗𝑓𝑓(𝑥𝑥)
⟨𝜂𝜂,𝑑𝑑⟩ + 𝜀𝜀‖𝑑𝑑‖ = 𝑠𝑠𝑠𝑠𝑠𝑠

𝜂𝜂∈∂ε∗𝑓𝑓(𝑥𝑥)
⟨𝜂𝜂,𝑑𝑑⟩ + 𝜀𝜀 �

𝑑𝑑
‖𝑑𝑑‖

,𝑑𝑑�

= 𝑠𝑠𝑠𝑠𝑠𝑠
𝜂𝜂∈∂ε∗𝑓𝑓(𝑥𝑥)

⟨𝜂𝜂,𝑑𝑑⟩ + 𝑠𝑠𝑠𝑠𝑠𝑠
𝜁𝜁∈𝜀𝜀𝕊𝕊

⟨𝜁𝜁,𝑑𝑑⟩,       ∀𝑑𝑑 ∈ ℝ𝑛𝑛.
 

Thus, from (23) 

(25) 𝑠𝑠𝑠𝑠𝑠𝑠
𝜂𝜂∈𝑐𝑐𝑐𝑐(∂ε∗𝑓𝑓(𝑥𝑥)+𝜀𝜀𝕊𝕊)

⟨𝜂𝜂,𝑑𝑑⟩ + 𝐼𝐼𝑇𝑇𝐾𝐾(𝑥𝑥)(𝑑𝑑) ≥ 0,∀𝑑𝑑 ∈ ℝ𝑛𝑛, 

By Example V.2.3.1 in [12], 𝐼𝐼𝑇𝑇𝐾𝐾(𝑥𝑥)(𝑑𝑑) = 𝑠𝑠𝑠𝑠𝑠𝑠𝜂𝜂∈𝑁𝑁𝐾𝐾(𝑥𝑥)⟨𝜂𝜂,𝑑𝑑⟩, for each 𝑑𝑑 ∈ ℝ𝑛𝑛. Therefore,  

(26) 𝑠𝑠𝑠𝑠𝑠𝑠
𝜂𝜂∈𝑐𝑐𝑐𝑐(∂ε∗𝑓𝑓(𝑥𝑥)+𝜀𝜀𝕊𝕊)+𝑁𝑁𝐾𝐾(𝑥𝑥)

⟨𝜂𝜂,𝑑𝑑⟩ ≥ 0,∀𝑑𝑑 ∈ ℝ𝑛𝑛. 

By Theorem V.3.3.1 in [12], 

(27) 0 ∈ 𝑐𝑐𝑐𝑐�𝑐𝑐𝑐𝑐(∂ε∗𝑓𝑓(𝑥𝑥) + 𝜀𝜀𝕊𝕊) + 𝑁𝑁𝐾𝐾(𝑥𝑥)�. 

Now, we claim that 

(29) 𝑁𝑁𝐾𝐾(𝑥𝑥) = 𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐 � � �∂εi
∗ 𝑔𝑔𝑖𝑖(𝑥𝑥) + 𝜀𝜀𝑖𝑖𝕊𝕊�

𝑖𝑖∈𝐼𝐼(𝑥𝑥)

� . 

Let 𝑖𝑖 ∈ 𝐼𝐼(�̅�𝑥) be arbitrary. For each 𝑥𝑥 ∈ 𝐾𝐾, 𝑔𝑔𝑖𝑖+(�̅�𝑥, 𝑥𝑥 − �̅�𝑥) ≤ 0. Thus, 

(30) 𝑠𝑠𝑠𝑠𝑠𝑠
𝜂𝜂∈∂εi

∗ 𝑔𝑔𝑖𝑖(𝑥𝑥)
⟨𝜂𝜂, 𝑥𝑥 − 𝑥𝑥⟩ + 𝜀𝜀𝑖𝑖‖𝑥𝑥 − 𝑥𝑥‖ ≤ 0,∀𝑥𝑥 ∈ 𝐾𝐾. 

This implies 

(31) 𝑠𝑠𝑠𝑠𝑠𝑠
𝜂𝜂∈∂εi

∗ 𝑔𝑔𝑖𝑖(𝑥𝑥)+𝜀𝜀𝑖𝑖𝕊𝕊
⟨𝜂𝜂, 𝑥𝑥 − 𝑥𝑥⟩ ≤ 0,∀𝑥𝑥 ∈ 𝐾𝐾. 

Therefore, ∂εi
∗ 𝑔𝑔𝑖𝑖(𝑥𝑥) + 𝜀𝜀𝑖𝑖𝕊𝕊 ⊆ 𝑁𝑁𝐾𝐾(𝑥𝑥). Since, 𝑁𝑁𝐾𝐾(𝑥𝑥) is a closed convex cone, we have, 

(32) 𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐 � � �∂εi
∗ 𝑔𝑔𝑖𝑖(𝑥𝑥) + 𝜀𝜀𝑖𝑖𝕊𝕊�

𝑖𝑖∈𝐼𝐼(𝑥𝑥)

� ⊆ 𝑁𝑁𝐾𝐾(𝑥𝑥). 

Now, define, 

(33) 𝔖𝔖 ≔ � �∂εi
∗ 𝑔𝑔𝑖𝑖(𝑥𝑥) + 𝜀𝜀𝑖𝑖𝕊𝕊�

𝑖𝑖∈𝐼𝐼(𝑥𝑥)
. 

Assume that 𝑑𝑑 ∈ 𝔖𝔖𝑠𝑠. Thus, for each 𝑖𝑖 ∈ 𝐼𝐼(𝑥𝑥), 

(34) 𝑔𝑔𝑖𝑖+�𝑥𝑥;𝑑𝑑� = 𝑠𝑠𝑠𝑠𝑠𝑠
𝜂𝜂∈∂εi

∗ 𝑔𝑔𝑖𝑖(𝑥𝑥)
�𝜂𝜂,𝑑𝑑� + εi�𝑑𝑑� ≤ 0, 

and 
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(35) εi + �𝜁𝜁,
𝑑𝑑
�𝑑𝑑�

� < 0,    ∀𝜁𝜁 ∈ ∂εi
∗ 𝑔𝑔𝑖𝑖(𝑥𝑥). 

Let 𝑦𝑦 ∈ 𝑖𝑖𝑛𝑛𝑡𝑡𝐾𝐾 be arbitrary. Consider 𝛿𝛿 > 0 such that for each 𝑑𝑑 ∈ ℝ𝑛𝑛 with ‖𝑑𝑑‖ ≤ 1, 𝑦𝑦 − 𝛿𝛿𝑑𝑑 ∈
𝐾𝐾. From quasi-convexity of 𝑔𝑔𝑖𝑖’s functions, for each 𝑖𝑖 ∈ 𝐼𝐼(𝑥𝑥) and 𝑑𝑑 ∈ ℝ𝑛𝑛 with ‖𝑑𝑑‖ ≤ 1, 

(36) 𝑔𝑔𝑖𝑖+(𝑥𝑥;−𝛿𝛿𝑑𝑑 + 𝑦𝑦 − 𝑥𝑥) ≤ 0, ∀𝑑𝑑 ∈ ℝ𝑛𝑛, ‖𝑑𝑑‖ ≤ 1. 

Thus, with 𝑑𝑑 ≔ 𝑑𝑑
�𝑑𝑑�

, 

(37) 𝑠𝑠𝑠𝑠𝑠𝑠
𝜂𝜂∈∂εi

∗ 𝑔𝑔𝑖𝑖(𝑥𝑥)
�𝜂𝜂, y − 𝑥𝑥 − 𝛿𝛿

𝑑𝑑
�𝑑𝑑�

� + εi �y − 𝑥𝑥 − 𝛿𝛿
𝑑𝑑
�𝑑𝑑�

� ≤ 0. 

Therefore,  

(38) ⟨𝜂𝜂, y − 𝑥𝑥⟩ + εi‖y − 𝑥𝑥‖ − 𝜀𝜀𝛿𝛿 ≤ �𝜂𝜂, 𝛿𝛿
𝑑𝑑
�𝑑𝑑�

� , ∀𝜂𝜂 ∈ ∂εi
∗ 𝑔𝑔𝑖𝑖(𝑥𝑥). 

Hence, 
 

(39) ⟨𝜂𝜂, y − 𝑥𝑥⟩ + εi‖y − 𝑥𝑥‖ ≤ 𝛿𝛿 �𝜀𝜀 + �𝜂𝜂,
𝑑𝑑
�𝑑𝑑�

�� , ∀𝜂𝜂 ∈ ∂εi
∗ 𝑔𝑔𝑖𝑖(𝑥𝑥). 

From (35), 

(40) 𝑔𝑔𝑖𝑖+(𝑥𝑥; y − 𝑥𝑥) = 𝑠𝑠𝑠𝑠𝑠𝑠
𝜂𝜂∈∂εi

∗ 𝑔𝑔𝑖𝑖(𝑥𝑥)
⟨𝜂𝜂, y − 𝑥𝑥⟩ + εi‖y − 𝑥𝑥‖ < 0. 

By (34) and (40), for each 𝑡𝑡 > 0, 

(41) 𝑔𝑔𝑖𝑖+ �𝑥𝑥;𝑑𝑑 + t(y − 𝑥𝑥)� = 𝑠𝑠𝑠𝑠𝑠𝑠
𝜂𝜂∈∂εi

∗ 𝑔𝑔𝑖𝑖(𝑥𝑥)
�𝜂𝜂,𝑑𝑑 + t(y − 𝑥𝑥)� + εi�𝑑𝑑 + t(y − 𝑥𝑥)� < 0. 

Therefore, for sufficiently small 𝜆𝜆 values, 𝑔𝑔𝑖𝑖(𝑥𝑥 + 𝜆𝜆(𝑑𝑑 + 𝑡𝑡(𝑦𝑦 − 𝑥𝑥))) ≤ 0 for each 𝑡𝑡 > 0 and 
𝑖𝑖 ∈ 𝐼𝐼(𝑥𝑥). With respect to upper semicontinuity assumption for each 𝑖𝑖 ∉ 𝐼𝐼(𝑥𝑥), for each 𝑡𝑡 > 0, 
𝑑𝑑 + 𝑡𝑡(𝑦𝑦 − 𝑥𝑥) ∈ 𝐷𝐷𝐾𝐾(𝑥𝑥). Thus, 𝑑𝑑 ∈ 𝑐𝑐𝑐𝑐 𝐷𝐷𝑘𝑘(𝑥𝑥). Since, 𝑐𝑐𝑐𝑐 𝐷𝐷𝑘𝑘(𝑥𝑥) = 𝑇𝑇𝐾𝐾(𝑥𝑥). Thus, 

(42) 𝔖𝔖𝑠𝑠 ⊆𝑇𝑇𝐾𝐾(𝑥𝑥). 

Now, we have, 

(43) 𝑁𝑁𝐾𝐾(𝑥𝑥) = �𝑇𝑇𝐾𝐾(𝑥𝑥)�∘ ⊆ 𝔖𝔖𝑠𝑠∘ = 𝔖𝔖∘∘ = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐(𝔖𝔖). 

Now, from (32) and (43), 

(44) 𝑁𝑁𝐾𝐾(𝑥𝑥) = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑛𝑛𝑐𝑐(𝔖𝔖). 

The proof is complete from Corollary 17.1.2 in [13].                                                                ▄ 
 
Remark 1. Using Proposition 1, Theorem 1, and Theorem 2, we can replace 𝜕𝜕𝐺𝐺𝐺𝐺   ,𝜕𝜕𝜈𝜈, and 𝜕𝜕𝜈𝜈 
with  𝜀𝜀-URCs in (29) and thus in (21). 
  

Gall
ey

 Proo
f



 

 
 

 
5. CONCLUSIONS  

In the first part of this paper, some relationships between 𝜀𝜀-upper regular convexificator notion 
and Greenberg–Pierskalla subdifferentials are proved. Then, using 𝜀𝜀-upper regular 
convexificator notion, a KKT type necessary optimality condition for a constrained nonsmooth 
quasi-convex optimization problem is derived without considering any constraint qualification.  
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ABSTRACT 
Two methods Choquet integral and TOPSIS are combined and applied to solve multi-attribute group 
decision making problems. Also, a new formulas based Hamming and Euclidean distances will be 
proposed to determine the distance between IFNs. In CI the inter-dependent or interactive characteristics 
between criteria are considered. Moreover, the output of CI of intuitionistic fuzzy numbers, is still an 
intuitionistic fuzzy number. Then, we can compute their distances from subjective alternatives positive 
ideal solution and negative ideal solution, by proposed distances formula, easily. The applicability of 
these methods are illustrated by numerical example.  
Keywords : Multi-attribute decision making, Choquet integral, Ranking function, Intuitionistic fuzzy 
numbers, Fuzzy measure. 
 

1. INTRODUCTION  

In real world, we are encountered with issues that we must choose the best alternative from a 
finite set of alternatives 1 2{ , ,..., }mA A A A= or rank them based on a finite set of criteria 

1 2{ , ,..., }nC C C C= , using human judgments which are displayed by decision matrix 
[ ] .ij m nD a ×= Such problems are called multi-attribute decision making (MADM) problems. 

Choquet integral (CI) is an important aggregation function that is used by many researchers to 
solve MADM problems [1,2], in both interactive and independent attributes.  
Since the assessment values are derived from human judgments, they may be expressed by 
inexact numbers and then have degrees of uncertainty. Fuzzy sets (FS) [3], and intuitionistic 
fuzzy set (IFS) [4], in different types, were defined to model uncertain information. In this paper 
we consider the triangular/trapezoidal IFSs (TrIFS/TIFNs), where their membership and non-
membership degrees are trapezoidal fuzzy numbers in [0,1] were defined [1]. In this case, we 
have two trapezoids and then, eight parameters to define the membership and non-membership 
functions. Aggregation operators on TrIFN were defined in [5]. 
Hwang and Yoon [6] presented TOPSIS method to solve MADM problems. The alternative that 
is closest to the positive ideal solution (PIS) and simultaneously has a maximum distance from 
the negative ideal solution (NIS) would be the best alternative. Many authors tried to model real 
problems based on intuitionistic fuzzy numbers (IFNs) [7], and then apply the TOPSIS method 
in intuitionistic fuzzy environments to solve them [ 1,8,9].  
In this paper, we investigate the CI based on the defined operators and the defined ranking 
function in [10]. Todays, because of the complexity of problems, it may be necessary to 
consider a group of decision-makers (DMs) [11]. Therefore, the new method we proposed in 
this paper is devoted to solving multi-attribute group decision making problems (MAGDM). 
The rest of the article is organized as follows: In Section 2, preliminaries, such as CI, TOPSIS 
method, TrIFNs, Hamming and Euclidean distances are presented. Section 3 proposes a new 
method to calculate Hamming and Euclidean distances of IFNs. In Section 4, a complex method 
based on TOPSIS and CI, called TOPSIS-CI, to solve MAGDM problems. A numerical 
example was given in Section 5.  
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2. PRILIMINARIES  

Choquet integral is based on the concept of fuzzy measure, which is a monotone set function µ  
with ( ) ( )0, 1.Cµ µΦ = =  Let 1 2{ , , ..., }nC C C C= with power set ( )P C , fuzzy measureµ on 

( )P C  and : [0,1]f C →  with values 1( ), ..., ( )nf C f C are given. Then CI of function f was 
defined as 

( ) ( ) ( )* * * *
1

1

( ) ,...,
n

i i i n
i

CI fd f C f C C Cµ µ−
=

= − ×  ∑∫  (1) 

Where ( )* *

1 , ..., nC C is a permutation of ( )1 , ..., nC C such that ( ) ( )* *

1 ... nf C f C≤ ≤ and ( )*

0 0.f C =  
TOPSIS method which is applied to solve MADM problems, defined as follows. Let we have 
m alternatives, n  criteria with positive (benefit) and negative (cost) aspects and weight vector

1( ,..., ).nw w w=  Then, at first step, we normalized decision matrix D  to [ ]ij m nN n
×

= in which 
max

max min

j ij

ij

j j

a a
n

a a

−
=

−
 for benefit criteria and 

min

max min

ij j

ij

j j

a a
n

a a

−
=

−
 for cost criteria. In the next steps, this 

matrix must be weighted using weight vector as [ ] [ ],ij i ijNW n w v= × = and construct positive and 

negative ideal solutions (PIS and NIS) A+  and A−  (are called subjective alternatives): 

1( , ..., )nA d d+ + +=  

1{(max | ) & (min | Co)}, ( , ..., ) {(min | ) & (max | Co)}ij ij n ij ijv j B v j A d d v j B v j− − −= ∈ ∈ = = ∈ ∈ ( B is 

the set of benefit criteria and Co is the cost criteria). Then, we calculate Euclidean distances of 
each other alternative from them: 

 

( ) ( )2 2

1 1
, ; 1,..., .

m m

i ij j i ij j
j j

s v d s v d i n+ + − −

= =

= − = − =∑ ∑  (2) 

Finally, i
i

i i

sr
s s

−

+ −=
+

 must be calculated with respect to each alternative and reorder them 

according to ir ’s ranking. In order to manage uncertain or vagueness information, there exist 
some methods. IFNs that have membership and non-membership functions, simultaneously, and 
carry out more information than fuzzy numbers, will be used in this paper. Let � be the 
universal set. A TrIFN is a special IFNs with membership function Am  and non-membership 

function An  that represented by ( )1 1 2 2 3 3 4 4, , , , , , , ; ,a aA b a b a a b a b w u=
�

such that 

1 1 1 2 3 3 4 4b a b a a b a b≤ ≤ ≤ ≤ ≤ ≤ ≤ and  

1 41 4

2 11
1 2 1 2

2 1 2 1

2 3 2 3

4 3 4
3 4 3 4

4 3 4 3

1; < > ,0; < < ,

( )
; , ; ,

( ) = ; ( ) =
; , ; ,

( )
; , .

a
a a

A A

a a

a
a a

x b or x bx a or x a

b x u x bx a
w a x a u b x b

a a b b
m x n x

w a x a u b x b

a x x b u b x
w a x a u b x b

a a b b

− + −−
≤ ≤ ≤ ≤

− −

≤ ≤ ≤ ≤

− − + −
≤ ≤ ≤ ≤

− −






 
 
 
 
 

Definition 2.1 [12] Let 1 2 3 4 1 1[ , , , ; , ]A a a a a µ ν=
�

and 1 2 3 4 2 2[ , , , ; , ]B b b b b µ ν=
�

be two TrIFNs. Then 
their Hamming and Euclidean distances between them are defined, respectively, as: 
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( ) ( ) ( ) ( )[

( ) ( ) ( ) ( ) ]

1 1 1 2 2 1 1 1 2 2 2 2

1 1 3 2 2 3 1 1 4 2 2 4

1
( , )

4hd A B a b a b

a b a b

µ ν µ ν µ ν µ ν

µ ν µ ν µ ν µ ν

= − − − + − − − +

− − − + − − −

� �

 (3) 

( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )

2 2

1 1 1 2 2 1 1 1 2 2 2 2

2 2

1 1 3 2 2 3 1 1 4 2 2 4

1

4( , )e

a b a b
d A B

a b a b

µ ν µ ν µ ν µ ν

µ ν µ ν µ ν µ ν

− − − + − − − +
=

− − − + − − −





� �

 (4) 

3. HAMMING AND EUCLIDEAN DISTANCES OF IFNS  

Computing the distance between IFNs is unavoidable in some real applications such as TOPSIS 
method. In this section, we propose a new method, based on the convex linear combination of 
Hamming and Euclidean distances of their membership and non-membership functions, to 
calculate the distance of two TrIFNs. 

Definition 3.1 Consider two TrIFNs ( ) ( )11 12 13 14 11 12 13 14, , , ; , , , , ;a aA a a a a m b b b b n=
�

 and

( ) ( )21 22 23 24 21 22 23 24, , , ; , , , , ;b bB a a a a m b b b b n=
�

. Then, their Hamming distance ( hd ) and Euclidean 
distance ( ed ) are defines as follows: 

[ ]

[ ]

( ) [ ]

11 21 12 2 2 13 23 14 2 4

11 21 12 2 2 13 23 14 2 4

( , )
4

( , )
4

( , ) ( , ) 1 ( , ), 0,1

a b
mh

a b
nh

h mh nh

m m
d A B a a a a a a a a

n n
d A B b b b b b b b b

d A B d A B d A Bλ λ λ

−
= − + − + − + −

−
= − + − + − + −

= + − ∈

� �

� �

� � � � � �

 (5) 

where mhd  and nhd  are Hamming distance between their membership and non-membership 
functions of two TrIFNs, respectively. In a similar manner, we can obtain the Euclidean 
distance, i.e., 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )

2 2 2 2

11 21 12 22 13 23 14 24

2 2 2 2

11 21 12 22 13 23 14 24

( , )
2

( , )
2

( , ) ( , ) 1 ( , )

a b
me

a b
ne

e me ne

m m
d A B a a a a a a a a

n n
d A B b b b b b b b b

d A B d A B d A Bλ λ

−
= − + − + − + −

−
= − + − + − + −

= + −

  

  

� �

� �

� � � � � �

 (6) 

The following Theorem shows that metric properties are established. 

Theorem 3.2 Let ,A B
� �

and C
�

 be three TrIFNs. Then 

1) ( ) ( ), , 0h ed A A d A A= =
� � � �

. 

2) ( ) ( ), ,h hd A B d B A=
� � � �

 and ( ) ( ), , .e ed A B d B A=
� � � �

 

3) ( ) ( ) ( ), , ,h h hd A C d A B d B C≤ +
� � � � � �

 and ( ) ( ) ( ), , , .e e ed A B d A B d B C≤ +
� � � � � �

 

Proof  We prove it only for Hamming distance (for Euclidean distance is similar). We know 

that mhd  and nhd  are satisfied in mentioned conditions. Then it is easy to prove properties 1) and 
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2). Also, for [ ]0,1λ ∈  we have 
( ) ( ) ( ), , ,mh mh mhd A C d A B d B Cλ λ λ≤ +

� � � � � �

 and 

( ) ( ) ( ) ( ) ( ) ( )1 , 1 , 1 , .ne ne ned A B d A B d B Cλ λ λ− ≤ − + −
� � � � � �

 By summing them, the part 3) will be 
proved. 

Example 1 Consider tree TrIFNs 1 2(0.1, 0.5, 0.5, 0.8);1, 0 , (0.1, 0.5, 0.5, 0.8); 0,1a a= =
� �

and 

3 (0.1, 0.5, 0.5, 0.8); 0, 0a =
�

. Then 
( )1 2, 0.5hd a a =

� �

and 
( )1 3, 0.25hd a a =

� �

. It is similar result as 

Wang et al. [27], i.e. 
( ) ( )1 2 1 3, ,h hd a a d a a>

� � � �

. 
4. MULTI ATTRIBUTE GROUP DECISION MAKING (MAGDM) PROBLEMS  

Consider a situation with m alternatives, 1 2{ , , ..., }mA A A A= to be ranked based on n  criteria, 
1 2{ , , ..., }nC B Co C C C= = . To this end, k  decision maker (DMs), { }1 , ..., kD d d= are invited. 

They evaluate alternatives against all criteria and then we have k  decision matrices with TrIFNs 

elements. These matrices will be aggregated to a single matrix, ( )1 2 3 4, , , ; ,ij ij ij ij ij ij m n
CD a a a a w u

×
=   

(collective decision matrix), using CI aggregator. Next, we define PIS and NIS as follows: 

( ){ ( ) }

1

1 4 1 4

, ...,

max , ..., max ; max , min | , min , ..., min ; min , max ,

n

i ij i ij i ij i ij i ij i ij i ij i ij

A a a

a a w u j B a a w u j C

+ + +=

= ∈ ∈

 
 
 

� �

 

 

( ){ ( ) }

1

1 4 1 4

, ...,

min , ..., min ; min , max | , max , ..., max ; max , min .

n

i ij i ij i ij i ij i ij i ij i ij i ij

A a a

a a w u j B a a w u j C

− − −=

= ∈ ∈

 
 
 

� �

 

Then, based on Def. 3.1, we construct  positive and negative distance matrices ijD d+ +=     and 

ijD d− −=    , where ijd +

 and ijd −

 are the distance between each elements of matrix CD from ja+
�

 

and ja−
�

, respectively. Now, in order to compute the distance of i th alternative from PIS and 

NIS, displayed by ir
+

and ir
−

 respectively, i th row of matrices D+
and D−

aggregated by CI as 
follows: 

{ } { }( ) ( ) ( 1) ( ) ( ) ( 1)( ) ( ), ..., ( ) ; ( ) ( ), ..., ( ) .i i i j i j i i i j i jr C d d d d j n r C d d d d j nµ µ µ µ+ + + + − − − −

− −
= = − = = −      ∑ ∑∫ ∫  

Finally,  the alternatives can be ranked based on the order of 
, 1, 2, ..., .i

i

i i

r
s i n

r r

−

+ −
= =

+  
 
 
 
 
 

Gall
ey

 Proo
f



 

 
 

Table 1: The determined decision matrix by the 1st DM 
 

1a  2a  3a  4a  5a  

1S  ( )3.1, 4.2, 9.2 ; .6, .3  ( )3.5, 5.1, 7 ; .5, .4  ( )5.2, 7.3, 8.4 ; .5, .2  ( )6.1, 8.0, 9.1 ; .7, .3  ( )4.6, 5.4, 6.3 ; .5, .3  

2S  ( )4.2, 5.2, 10 ; .5, .2  ( )5.3, 6.1, 7.3 ; .4, .2  ( )4.3, 5.3, 6.2 ; .5, .1  ( )6.0, 7.2, 8.1 ; .6, .2  ( )3.1, 4.5, 10 ; .6, .3  

3S  ( )2.3, 4.1, 5.3 ; .5, .3  ( )6.1, 8.2, 10 ; .7, .1  ( )4.1, 6.2, 8.3 ; .5, .1  ( )4.2, 6.5, 10 ; .5, .5  ( )4.4, 5.1, 6.2 ; .6, .2  

 
 

5. NUMERICAL EXAMPLE 

In this section we will solve an adapted problem from [13] using TOPSIS-CI method. 
Consider the problem of buying the best clothes from three clothing brand 1 2,S S and 3S . These 
brands evaluated according to criteria: product quality ( 1a ), service attitude ( 2a ), technology 
security ( 3a ), website design embodies appearance and ease use ( 4a ), and shipping speed ( 5a ), 

by four DMs. DMs are weighted by ( )0.2447; 0.2492; 0.2523; 0.2538W = , attributes are weighted by 
DMs as 1 2 W  = (0.2334; 0.5330; 0.0476; 0.1354; 0.1516), W  = (0.0254; 0.3971; 0.0712; 0.1783; 0.3280), 

3W  =(0.3011; 0.0276; 0.3603; 0.0851; 0.2258)  and 4W  = (0.1413; 0.1649; 0.4866; 0.0042; 0.2031) . Tables 1-4 
show the assessment values of alternatives against attribute, which are modeled by TIFNs. 
These values, using weight vector W  and CI operator, will be aggregated as in Table 5. PIS and 
NIS alternatives, are showed in Table 6, obtained from Table 5. 
 
 
 

Table 2: The determined decision matrix by the 2nd DM 
 

1a  2a  3a  4a  5a  

1S  ( )5.0, 6.0, 10 ; .3, .1  ( )4.0, 5.5, 7.2 ; .6, .4  ( )6.5, 7.1, 8.0 ; .5, .2  ( )4.5, 7.3, 8.2 ; .7, .3  ( )4.0, 5.7, 6.8 ; .4, .2  

2S  ( )3.4, 4.5, 7.8 ; .5, .2  ( )4.5, 5.6, 6.7 ; .5, .3  ( )3.4, 4.5, 10 ; .3, .1  ( )4.6, 5.7, 7.8 ; .4, .4  ( )5.3, 6.4, 10 ; .7, .1  

3S  ( )4.2, 5.4, 7.5 ; .5, .2  ( )5.6, 6.8, 10 ; .7, .1  ( )4.4, 5.6, 6.5 ; .6, .2  ( )5.4, 6.6, 10 ; .4, .3  ( )3.4, 6.5, 8.6 ; .5, .3  

 
 
 

Table 3: The determined decision matrix by the 3rd DM 
 

1a  2a  3a  4a  5a  

1S  ( )5.3, 6.4, 7.9 ; .4, .3  ( )4.3, 5.5, 6.7 ; .6, .2  ( )3.5, 6.7, 7.8 ; .3, .4  ( )2.6, 5.8, 6.9 ; .5, .1  ( )4.4, 5.0, 6.0 ; .3, .3  

2S  ( )3.4, 5.0, 10 ; .4, .3  ( )4.5, 6.6, 7.0 ; .5, .1  ( )2.4, 5.0, 6.6 ; .4, .4  ( )3.6, 5.7, 8.0 ; .6, .3  ( )4.3, 7.4, 10 ; .3, .4  

3S  ( )5.2, 6.4, 8.5 ; .7, .1  ( )3.6, 5.8, 10 ; .6, .4  ( )5.4, 6.0, 10 ; .4, .3  ( )2.4, 8.6, 10 ; .6, .3  ( )4.4, 5.0, 7.6 ; .5, .1  
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Table 4: The determined decision matrix by the 4th DM 

 
1a  2a  3a  4a  5a  

1S  ( )5.3, 6.4, 7.9 ; .4, .4  ( )3.7, 5.2, 7.1 ; .5, .2  ( )2.5, 4.7, 6.6 ; .3, .4  ( )3.8, 4.8, 7.9 ; .7, .3  ( )4.9, 5.8, 6.3 ; .3, .4  

2S  ( )5.4, 8.5, 10 ; .4, .2  ( )6.4, 7.6, 8.8 ; .4, .4  ( )5.4, 6.5, 10 ; .6, .4  ( )3.4, 5.7, 7.9 ; .7, .3  ( )5.3, 6.7, 10 ; .5, .4  

3S  ( )2.7, 4.8, 5.9 ; .6, .2  ( )6.3, 8.0, 10 ; .6, .2  ( )3.4, 4.6, 6.8 ; .7, .2  ( )5.4, 7.6, 10 ; .4, .3  ( )3.1, 6.4, 7.7 ; .5, .1  

 
Table 5: The aggregated weighted decision matrix 

 
1a  2a  3a  4a  5a  

1S  ( )4.8; 5.8; 8.7 ; .4, .2  ( )3.8, 5.3, 7.0 ; .5, .3  ( )4.4, 6.4, 7.7 ; .4, .3  ( )4.2, 6.5, 8.0 ; .7, .2  ( )4.5, 5.5, 6.3 ; .4, .3  

2S  ( )4.1, 6.0, 9.4 ; .4, .2  ( )5.2, 6.5, 7.5 ; .4, .2  ( )3.9, 5.3, 8.2 ; .4, .2  ( )4.4, 6.1, 8.0 ; .6, .3  ( )4.5, 6.3, 10 ; .5, .3  

3S  ( )3.6, 5.2, 7.8 ; .6, .2  ( )5.4, 7.2, 10 ; .6, .2  ( )4.3, 5.6, 8.0 ; .6, .2  ( )4.3, 5.6, 8.0 ; .5, .3  ( )3.8, 5.8, 7.5 ; .5, .2  

 
Table 6: Ideal solutions 

 
1a  2a  3a  4a  5a  

PIS  ( )4.8; 5.8; 8.7 ; .4, .2  ( )3.8, 5.3, 7.0 ; .5, .3  ( )4.4, 6.4, 7.7 ; .4, .3  ( )4.2, 6.5, 8.0 ; .7, .2  ( )4.5, 6.3, 10 ; .5, .2  

NIS  ( )4.5, 6.3, 10 ; .5, .3  ( )5.2, 6.5, 7.5 ; .4, .2  ( )3.9, 5.3, 8.2 ; .4, .2  ( )4.2, 6.5, 8.0 ; .6, .3  ( )3.8, 5.8, 7.5 ; .5, .2  

Based on the TOPSIS-CI method and Hamming distance ( 0.5λ = ), were proposed in this 
paper, D+  and D− are determined as follows: 

0.0 1.6 0.0 0.0 1.2 0.9 0.0 0.2 0.0 0.6
0.4 0.9 0.6 0.1 0.0 ; 0.9 0.7 0.0 0.2 0.9
0.7 0.0 0.2 0.3 1.0 0.0 1.1 0.2 0.4 0.0

D D+ −= =
   
   
      
   

 

Each row of the D+ and D− is aggregated by CI and arranged in vectors PCI and NCI, as the 
distance vectors from the PIS and NIS, respectively: [ ]0.7, 0.5, 0.4PCI = , [ ]0.3, 0.6, 0.4NCI = . 
Finally, the alternative are sorted using TOPSIS method with vectors PCI and NCI as:

1 3 2.S S S  The best alternative is similar to what proposed in [13]. 
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ABSTRACT 
One of the main objectives of supply chain management is to determine if the suppliers have been 
assessed and chosen in accordance with firms' strategic targets. In recent years, plenty of hybrid models 
have been suggested to pave the way for decision-makers to evaluate and select the best suppliers.  This 
paper presents a hybrid MCDM approach, developed by integrating SWARA and WASPAS 
techniques, to evaluate petrochemical suppliers of a stationery manufacturer (PAPCO) in Iran. First, a 
set of evaluation criteria was proposed; then the SWARA method was applied to find out the relative 
weight of criteria based on experts’ insights, finally the WASPAS technique was implemented to 
evaluate and prioritize the suppliers. For this case study, the results indicate that price, quality, and on-
time delivery are the most important criteria among the others; likewise, suppliers A1, A4, and A2 have 
been ranked as the top-priority petrochemical suppliers for PAPCO decision-makers. 
Keywords: Supply Chain Management, MCDM, SWARA, WASPAS. 
 
1. INTRODUCTION 

Supply chain is a multistage process that directly or indirectly plays a significant role in 
fulfilling customers’ needs. In other words, supply chain is a network of procurement of raw 
materials, transferring raw materials into products and distributing them among target customers 
[1]. A key element in implementing an effective supply chain is to select and evaluate suppliers 
since businesses are tied to suppliers for achieving the right quality and economic justification 
in their products. Furthermore, procurement and purchasing raw materials are one of the 
fundamental activities in any firm because the cost imposed on companies from purchase 
departments is more than half of all their costs [2]. 
The selection and evaluation of suppliers is a matter of recognizing the right suppliers because it 
reduces the purchasing costs and improves the competitiveness of the companies [3]. 
In supply chain management, suppliers have a critical role in the effectiveness of any business. 
Therefore, creating a process for assessing and selecting suppliers is an indispensable factor for 
the supply chain [4]. 
Supplier selection and evaluation is regarded as a multi-criteria decision making in which 
decision-makers have to evaluate different quantitative and qualitative factors [5]. To select and 
evaluate suppliers, companies typically consider economic, social, and environmental criteria. 
These criteria including price, quality, and on-time delivery guarantee if the selected supplier is 
compatible with business strategies and economic targets [6].  
Here, in a case study, two MCDM criteria, namely SWARA and WASPAS, are used for the 
evaluation of petrochemical suppliers in the stationery industry.  To do so, by a comprehensive 
literature review, first, we came to recognize appropriate criteria for effective suppliers’ 
evaluation. Then criteria are weighed by applying SWARA technique. In the next step, we 
evaluated suppliers by WASPAS technique and finally, the results are analyzed by performing 
the suggested algorithm in the case study.  
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2. LITERATURE REVIEW 

This paper examined petrochemical supplier evaluation of a manufacturing company active in 
plastic stationery production which has a developed supply chain and eventually a large network 
of suppliers. There are numerous studies concerning supply chain and vendor evaluation and 
selection criteria from which we found a few related to this paper. 
Rezaei recognized a three-fold supplier evaluation criteria including economic, social, and 
environmental criteria among which economic criteria are the most commonly used metric and 
in return it is divided into eight sub-criteria such as price, quality, timing, flexibility, and so on 
[6]. Wang, et al. has introduced a set of evaluation index inclusive of reliability, agility, 
responsiveness, costs, and management efficiency [5]. Wiedmann, et al. has presented price, 
suppliers’ credibility and credit, and on-time delivery as key evaluation criteria [7]. In another 
study, Fazli et al. announced the quality of the parts, reasonable price, competitiveness, 
delivery, after-sale service, and responsiveness as the most important criteria for supplier 
selection [8]. By the same token, some research deals with analyzing and weighting evaluation 
criteria in diversity of fields encompassing personnel selection, evaluation of service providers. 
Jayant et al used a hybrid MCDM model using MOORA, SWARA and  WASPAS techniques in 
addressing a method to evaluate and select the most reliable reverse logistics provider which 
helped to reduce the cost of supply chain including procurement, production, distribution, 
inventory, collection, disposal, dis-assembly, and recycling costs [9]. Karabašević et al also 
utilized a hybrid SWARA-WAPAS method in the selection of personnel [10]. Sremac et al used 
SWARA-WASPAS model in the evaluation of logistics providers [11].  
The purpose of this study is to present a hybrid model for assessing petrochemical vendors of a 
manufacturer of plastic stationery, named Parsa Plastic Company (PAPCO). The integrated 
method of SWARA-WASPAS is considered to be the ideal solution for ranking this company’s 
suppliers because of its efficiency and simplicity in managing unreliability and ambiguity. The 
findings of this study can help company managers especially in Iran and other developing 
countries to evaluate and select best suppliers in a time- and cost-saving manner. 
 
3. RESEARCH METHODOLOGY 

This paper’s methodology is three-fold. The first stage includes suppliers’ recognition and 
evaluation criteria. The second stage consists of preparation of questionnaire and interview with 
experts and elites to weigh criteria by the use of SWARA technique. And the final stage is 
comprised of ranking suppliers by the means of WASPAS technique.   
 
3.1. SWARA TECHNIQUE 

SWARA (Step-wise Weight Assessment Ratio Analysis) method was first introduced by 
Kersuliene, Zavadskas, and Turskis in 2010 for identifying the importance of criteria and 
relative weights of each criterion. SWARA is based on elites’ point of view and is considered as 
a judgmental approach. This method prioritizes the importance of each criterion based on the 
decision-maker’s experience and implicit knowledge so that they rank the most important 
criterion as first and the less important as last. Then, the decision-makers give a weight to each 
criterion based on an obtained average value in the preceding stage. In comparison with other 
MCDM methods, this technique could be regarded as a collective problem-solving method in 
that experts can consult and share ideas with each other to reach more precise results [12].  
SWARA is consisted of the following stages. Stage1: determining a set of related selection and 
evaluation criteria and ranking them in descending order according to expected targets. Stage 2: 
using criterion 𝑗𝑗 for determining its relative weight in relation to criterion j-1. Stage 3: 
determining  𝑘𝑘𝑗𝑗 ratio as follows:  
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(1) 
𝑘𝑘𝑗𝑗 = {1 𝑗𝑗 = 1 𝑆𝑆𝑗𝑗 + 1 𝑗𝑗 > 1  

Stage 4: calculating the amount of  𝑞𝑞𝑗𝑗 as follows: 

(2) 𝑞𝑞𝑗𝑗 = {1 𝑗𝑗 = 1 
𝑘𝑘𝑗𝑗 − 1
𝑘𝑘𝑗𝑗

 𝑗𝑗 > 1  

Final stage: determining criteria relative weight as following: 

(3) 𝑤𝑤𝑗𝑗 =
 𝑞𝑞𝑗𝑗

∑𝑛𝑛
𝑘𝑘=1 𝑞𝑞𝑗𝑗

 

Where 𝑤𝑤𝑗𝑗  shows relative weight of criteria𝑗𝑗. 
 
3.2. WASPAS TECHNIQUE 

WASPAS technique (Weighted Aggregated Sum Product Assessment) is one of the newest 
approaches in the decision-making process presented by Zavadskas in 2012. It combines two 
approaches of WSM and WPM which yields more precise results and presents a unique 
competency in solving single- and multiple- optimization problems and is also easily applicable 
in real situations [13]. WASPAS is a four-stage method that comes as follow:  
Stage1: forming a decision matrix D with m alternatives and n criteria. Stage 2: normalizing 
decision matrix for positive and negative criteria. Stage3: calculating normalized decision 
matrix and optimal function for WSM and WPM models. Stage 4: doing final calculations for 
evaluating and ranking the alternatives. 

(1)  𝑖𝑖 = 1,2, … ,𝑚𝑚 ,   𝑗𝑗 = 1,2, … ,𝑛𝑛 

                  𝐶𝐶1   𝐶𝐶2      ⋯   𝐶𝐶𝑛𝑛   
D = 
𝐴𝐴1 𝐴𝐴2   ⋮
 𝐴𝐴𝑚𝑚  [𝑥𝑥11 𝑥𝑥12 𝑥𝑥21 𝑥𝑥22   ⋯  𝑥𝑥1𝑛𝑛  ⋯  𝑥𝑥2𝑛𝑛   ⋮
 ⋮  𝑥𝑥𝑚𝑚1 𝑥𝑥𝑚𝑚2   ⋮ ⋮  ⋯  𝑥𝑥𝑚𝑚𝑛𝑛  ]                             
 

(2)  𝑥𝑥𝑖𝑖𝑗𝑗 =
𝑚𝑚𝑖𝑖𝑛𝑛 𝑥𝑥𝑖𝑖𝑗𝑗
𝑥𝑥𝑖𝑖𝑗𝑗

 𝑓𝑓𝑓𝑓𝑓𝑓 𝑛𝑛𝑓𝑓𝑛𝑛_𝑏𝑏𝑏𝑏𝑛𝑛𝑏𝑏𝑓𝑓𝑖𝑖𝑏𝑏𝑖𝑖𝑏𝑏𝑏𝑏 𝑏𝑏𝑓𝑓𝑖𝑖𝑐𝑐𝑏𝑏𝑓𝑓𝑖𝑖𝑏𝑏 𝑥𝑥𝑖𝑖𝑗𝑗 =
𝑥𝑥𝑖𝑖𝑖𝑖
𝑥𝑥𝑖𝑖𝑖𝑖 

 𝑓𝑓𝑓𝑓𝑓𝑓 𝑏𝑏𝑏𝑏𝑛𝑛𝑏𝑏𝑓𝑓𝑖𝑖𝑏𝑏𝑖𝑖𝑏𝑏𝑏𝑏 𝑏𝑏𝑓𝑓𝑖𝑖𝑐𝑐𝑏𝑏𝑓𝑓𝑖𝑖𝑏𝑏; 
 

 

(3)  𝑄𝑄𝑤𝑤𝑤𝑤𝑚𝑚
𝑖𝑖 = �

𝑛𝑛

𝑗𝑗=1

(𝑥𝑥𝑖𝑖𝑗𝑗)𝑤𝑤𝑖𝑖  𝑄𝑄𝑤𝑤𝑤𝑤𝑚𝑚
𝑖𝑖 = ∑𝑛𝑛

𝑗𝑗=1 𝑥𝑥𝑖𝑖𝑗𝑗𝑤𝑤𝑗𝑗; 
 

 

(4)  𝑄𝑄𝑖𝑖 = 0.5𝑄𝑄𝑤𝑤𝑤𝑤𝑚𝑚
𝑖𝑖 + 𝑄𝑄𝑤𝑤𝑤𝑤𝑚𝑚

𝑖𝑖 = 0.5�
𝑛𝑛

𝑗𝑗=1

𝑥𝑥𝑖𝑖𝑗𝑗𝑤𝑤𝑗𝑗 + 0.5�
𝑛𝑛

𝑗𝑗=1

(𝑥𝑥𝑖𝑖𝑗𝑗)𝑤𝑤𝑖𝑖  

Finally, 𝑄𝑄𝑖𝑖 amounts are ranked in a descending order. 
 
4. CASE STUDY 

Parsa Plastic Industrial and manufacturing Co., known as PAPCO, is located in the Industrial 
Zone of Pakdasht near Tehran is active in the production of plastic stationery and notebooks 
since 1985. This company is closely tied to petrochemical suppliers for producing its plastic 
products. For this case study, 12 criteria have been proposed including “price”, “flexibility”, 
“quality according to PAPCO standards”, “holding accredited quality certificates”, on-time 
delivery”, “reliability”, “packaging”, on-demand production”, “distance”, “payment terms”, 
“communication and technical assistance”, and “environmental considerations”  [6,7,8], [14, 15] 
. In addition, 12 experts (Table. 1) working in PAPCO have been asked to fill up a questionnaire 
to evaluate 7 petrochemical suppliers of PAPCO, here named as suppliers A1, A2, A3, A4, A5, 
A6, and A7. 
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Table 1: Information about Participated Experts 

Departments Production & 
Warehouse  

Logistic & 
Purchasing  

Finance & 
Marketing 

Number of participants 3 4 5 

Level of Education Bachelor Master Ph.D. 

Number of participants 7 4 1 

Position Supervisor Manager CEO 

Number of participants 6 5 1 
 
4.1. EVALUATING WEIGHT OF CRITERIA BY SWARA TECHNIQUE 

Identification of suppliers’ assessment criteria is the first step in assessing the suppliers. In this 
study, 12 criteria have been proposed to be assessed by the experts. In the next step, SWARA is 
used to obtain the weight of each criterion, and the result is shown in Table 2. The weight of the 
criteria is used in the WASPAS method for suppliers’ ratings. 

Table 2. Suppliers Assessment Criteria and Final Results of the SWARA Method 

Rank Criteria i Cost or 
Benefit js  1+= jj sk  

j

1-j

 
x
k

q j =
 ∑

=
j

j

q 
q

jw
 

1 Price (C1) Cost (-) - 1.00 1.00 0.226550 

2 Quality according to standards 
of PAPCO (C3) 

Benefit (+) 0.20 1.21 0.83 0.187922 

3 On-Time Delivery (C5) Cost (-) 0.26 1.27 0.65 0.148359 

4 Holding Accredited Quality 
Certificates (C4) 

Benefit (+) 0.4 1.40 0.47 0.105971 

5 Reliability (C2) Benefit (+) 0.22 1.22 0.38 0.086703 
6 Technical Assistance (C10) Benefit (+) 0.3 1.30 0.29 0.066695 
7 Environmental Considerations 

(C12) 
Benefit (+) 0.30 1.31 0.23 0.051085 

8 Payment Terms (C6) Benefit (+) 0.24 1.24 0.18 0.041051 
9 On-demand Production (C8) Benefit (+) 0.25 1.26 0.14 0.032695 

10 Packaging (C7) Benefit (+) 0.43 1.43 0.10 0.022811 
11 Flexibility (C11) Benefit (+) 0.31 1.32 0.08 0.017325 
12 Distance (C9) Cost (-) 0.35 1.35 0.06 0.012833 

4.2. RANKING OF SUPPLIERS BY WASPAS 

After recognizing petrochemical suppliers WASPAS technique was implemented to evaluate 
and rank them according to criteria proposed in earlier stages. Therefore, according to the 
research done in PAPCO 7 suppliers have been chosen and a questionnaire which was 
developed based on WASPAS was sent to experts’ emails. In this stage, the experts were asked 
to evaluate each supplier according to selected criteria and give a weight to each supplier. Table 
3 represents the results of WASPAS technique.  
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Table 3. The Results of the WASPAS Technique 

 
Alternatives (Petrochemical Companies) 

A1 A2 A3 A4 A5 A6 A7 

𝑄𝑄𝑤𝑤𝑤𝑤𝑚𝑚
𝑖𝑖 

0.755
0 

0.702
3 

0.581
6 

0.702
5 

0.641
6 

0.462
5 

0.423
8 

𝑄𝑄𝑤𝑤𝑤𝑤𝑚𝑚
𝑖𝑖 

0.657
8 

0.578
0 

0.507
7 

0.598
0 

0.557
8 

0.341
1 

0.287
4 

𝑄𝑄𝑖𝑖 
0.706

4 
0.640

2 
0.544

6 
0.650

2 
0.599

7 
0.402

8 
0.355

6 

Rank 1 3 5 2 4 6 7 

Based on the results, the first rank goes to Supplier A1 and the next two ranks belong to 
suppliers A4 and A2. And the results from respondents’ evaluation showed that suppliers A6 and 
A7 received the lowest ranks. 
 
5. CONCLUSIONS 

Supply Chain Management is an area of great significance in the field of management research. 
However not many efforts have been made to combine traditional techniques together with 
supply chain management. In this research, a new hybrid framework was developed by the use 
of integrating SWARA and WASPAS techniques to address petrochemical suppliers’ selection, 
evaluation and ranking issues by a group of 12 experts in PAPCO Company. 
Based on literature review, as well as expert views, few main criteria for supplier selection were 
identified and selected. Frist, a group of 12 people were asked to evaluate 12 criteria by filling a 
questionnaire according to SWARA technique. The results show that the criteria of “price”, on-
time delivery” and “quality according to standards of PAPCO” were the most effective criteria 
in choosing suppliers; then, chosen suppliers were assessed by the use of WASPAS technique 
by giving weight to each criterion. Finally, suppliers A1, A4, and A2 have been ranked as the 
top-priority petrochemical suppliers for PAPCO decision-makers. 
The results indicate that in comparison to other integrated MCDM methods SWARA-WASPAS 
is a powerful and convenient way in decision-making; because apart from its simplicity, it helps 
to prioritize and rank the alternatives operationally. 
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ABSTRACT 
In this paper, we present a new value of the parameter t in Dai–Liao Conjugate Gradient 
Method. Under mild assumptions, we establish the global convergence property of the 
proposed method. Numerical results on some test problems in the CUTEst library 
illustrate computational efficiency of the new method. 
Keywords: Unconstrained optimization , Conjugate gradient method, Secant equation, 
Global convergence 
 
1. INTRODUCTION  
 We consider the following unconstrained optimization problem  

min 𝑓𝑓(𝑥𝑥),              𝑥𝑥 ∈  ℝ𝑛𝑛 (1) 
 where 𝑓𝑓: ℝ𝑛𝑛 → ℝ is continuously differentiable and its gradient is denoted by 𝑔𝑔(𝑥𝑥) =
∇ 𝑓𝑓(𝑥𝑥).  Conjugate gradient (CG) methods are one of the most popular methods for 
solving (1) ,  some important properties of these methods are their low memory 
requirement and strong global convergence properties ,  which made them useful tools in 
solving large-scale optimization problems .  A CG method ,  starting from an initial point 
𝑥𝑥0 ∈ ℝ𝑛𝑛,  generates a sequence of points  𝑥𝑥𝑘𝑘  ,  obtained by  
𝑥𝑥𝑘𝑘+1 = 𝑥𝑥𝑘𝑘 + 𝛼𝛼𝑘𝑘 𝑑𝑑𝑘𝑘 (2) 
 where 𝑥𝑥𝑘𝑘 is the current iteration point ,  𝛼𝛼𝑘𝑘 > 0 is the step length that usually determined 
to fulfill the strong Wolfe line search conditions  
𝑓𝑓(𝑥𝑥𝑘𝑘 + 𝛼𝛼𝑘𝑘𝑑𝑑𝑘𝑘) − 𝑓𝑓(𝑥𝑥𝑘𝑘) ≤ 𝛿𝛿 𝛼𝛼𝑘𝑘𝑔𝑔𝑘𝑘𝑇𝑇𝑑𝑑𝑘𝑘, 
𝑔𝑔(𝑥𝑥𝑘𝑘 + 𝛼𝛼𝑘𝑘𝑑𝑑𝑘𝑘)𝑇𝑇𝑑𝑑𝑘𝑘 ≥ 𝜎𝜎 𝑔𝑔𝑘𝑘𝑇𝑇  𝑑𝑑𝑘𝑘 (3) 

 where 0 < 𝛿𝛿 < 𝜎𝜎 < 1, 𝑔𝑔(𝑥𝑥) = ∇ 𝑓𝑓(𝑥𝑥),  and the search direction 𝑑𝑑𝑘𝑘 is computed by  
𝑑𝑑𝑘𝑘+1 = −𝑔𝑔𝑘𝑘+1 + 𝛽𝛽𝑘𝑘  𝑑𝑑𝑘𝑘,        𝑑𝑑0 =  −𝑔𝑔0 (4) 

 in which 𝛽𝛽𝑘𝑘 is called the CG parameter . Different choices for the CG parameter lead to 
different CG methods. Dai and Liao (DL) [1] with modification of conjugate 
condition,  presented a family of CG methods and established their convergence for 
convex functions ,  in the DL method the CG parameter is computed by   
𝛽𝛽𝑘𝑘𝐷𝐷𝐷𝐷 =

𝑔𝑔𝑘𝑘+1𝑇𝑇 𝑦𝑦𝑘𝑘
𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘

− 𝑡𝑡
𝑔𝑔𝑘𝑘+1𝑇𝑇  𝑆𝑆𝑘𝑘
𝑑𝑑𝑘𝑘𝑇𝑇  𝑦𝑦𝑘𝑘

 (5) 

 where 𝑡𝑡 > 0 and 𝑠𝑠𝑘𝑘 = 𝑥𝑥𝑘𝑘+1 − 𝑥𝑥𝑘𝑘.  In order to establish the global convergence  of DL 
method for general functions ,  𝛽𝛽𝑘𝑘𝐷𝐷𝐷𝐷 is updated as below  
𝛽𝛽𝑘𝑘𝐷𝐷𝐷𝐷 = max �

𝑔𝑔𝑘𝑘+1𝑇𝑇 𝑦𝑦𝑘𝑘
𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘

, 0� − 𝑡𝑡
𝑔𝑔𝑘𝑘+1𝑇𝑇  𝑆𝑆𝑘𝑘
𝑑𝑑𝑘𝑘𝑇𝑇  𝑦𝑦𝑘𝑘

 (6) 

 In DL method ,  numerical performance is very dependent  on the parameter 𝑡𝑡  ,  and the 
search directions do not necessarily   satisfy the descent condition .  In [5] ,  Zhang and 
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Hager proposed a conjugate gradient method that is named CG-DESCENT ,  with the 
following CG parameter  
𝛽𝛽𝑘𝑘𝐻𝐻𝐻𝐻 =

𝑔𝑔𝑘𝑘+1𝑇𝑇 𝑦𝑦𝑘𝑘
𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘

− 2
‖𝑦𝑦𝑘𝑘‖2 𝑔𝑔𝑘𝑘+1𝑇𝑇  𝑑𝑑𝑘𝑘

(𝑑𝑑𝑘𝑘𝑇𝑇  𝑦𝑦𝑘𝑘)2   

 where ‖⋅‖ stands for Euclidean norm .  They showed that the search  direction of their 
method satisfies the sufficient descent condition 
𝑔𝑔𝑘𝑘+1𝑇𝑇  𝑑𝑑𝑘𝑘+1 ≤  −

7
8

 ‖𝑔𝑔𝑘𝑘+1‖2.  

 It is easy to see that 𝛽𝛽𝑘𝑘𝐻𝐻𝐻𝐻 is a version of 𝛽𝛽𝑘𝑘𝐷𝐷𝐷𝐷 with 𝑡𝑡 = 2 ‖𝑦𝑦𝑘𝑘‖2

𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

,  By seeking the conjugate 
gradient direction nearest to the direction of the scaled memory-less BFGS method ,  Dai 
and Kou (DK) [4] proposed the following CG parameter  

𝛽𝛽𝑘𝑘𝐷𝐷𝐷𝐷 =
𝑔𝑔𝑘𝑘+1𝑇𝑇 𝑦𝑦𝑘𝑘
𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘

− �𝜏𝜏𝑘𝑘 +
�𝑦𝑦𝑘𝑘�

2

𝑠𝑠𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘
−
𝑠𝑠𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘
‖𝑠𝑠𝑘𝑘‖2�

𝑔𝑔𝑘𝑘+1𝑇𝑇  𝑆𝑆𝑘𝑘
𝑑𝑑𝑘𝑘𝑇𝑇  𝑦𝑦𝑘𝑘

  

 where 𝜏𝜏𝑘𝑘 is corresponding to the scaling parameter in the self-scaling memory-less 
BFGS method . In [4] ,  it was shown that the DK method ,  as a member of Dai-Liao 

family with 𝑡𝑡 =  �𝜏𝜏𝑘𝑘 +
‖𝑦𝑦𝑘𝑘‖2

𝑠𝑠𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

− 𝑠𝑠𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

‖𝑠𝑠𝑘𝑘‖2
� outperforms many existing conjugate  gradient 

methods .  
 
2. NEW METHOD  

 As we know ,  in a small neighborhood of the current point 𝑥𝑥𝑘𝑘  ,  the nonlinear  objective 
function behaves such as a quadratic one .  Therefore ,  if the point 𝑥𝑥𝑘𝑘+1 is close enough to 
a local minimizer ,  then a good direction to follow is the Newton direction i.e . 
− ∇2 𝑑𝑑(𝑥𝑥𝑘𝑘+1)−1𝑔𝑔𝑘𝑘+1 .  Hence ,  it is reasonable to compute the parameter 𝑡𝑡 in such a 
manner that we have 𝑑𝑑𝑘𝑘+1 =  − ∇2 𝑓𝑓(𝑥𝑥𝑘𝑘+1)−1𝑔𝑔𝑘𝑘+1  or equivalently  
− ∇2 𝑓𝑓(𝑥𝑥𝑘𝑘+1)−1𝑔𝑔𝑘𝑘+1 =  −𝑔𝑔𝑘𝑘+1 +

𝑔𝑔𝑘𝑘+1𝑇𝑇  𝑦𝑦𝑘𝑘
𝑑𝑑𝑘𝑘𝑇𝑇  𝑦𝑦𝑘𝑘

𝑑𝑑𝑘𝑘 − 𝑡𝑡 
𝑔𝑔𝑘𝑘+1𝑇𝑇  𝑆𝑆𝑘𝑘
𝑑𝑑𝑘𝑘𝑇𝑇  𝑦𝑦𝑘𝑘

𝑑𝑑𝑘𝑘   

 After some algebra ,  we then obtain  

𝑡𝑡 =  
𝑠𝑠𝑘𝑘𝑇𝑇𝑔𝑔𝑘𝑘+1 − 𝑠𝑠𝑘𝑘𝑇𝑇∇2 𝑓𝑓(𝑥𝑥𝑘𝑘+1)𝑔𝑔𝑘𝑘+1 + 𝑔𝑔𝑘𝑘+1

𝑇𝑇  𝑦𝑦𝑘𝑘
𝑑𝑑𝑘𝑘
𝑇𝑇 𝑦𝑦𝑘𝑘

 𝑠𝑠𝑘𝑘𝑇𝑇∇2 𝑓𝑓(𝑥𝑥𝑘𝑘+1)𝑠𝑠𝑘𝑘
𝑔𝑔𝑘𝑘+1
𝑇𝑇  𝑦𝑦𝑘𝑘
𝑑𝑑𝑘𝑘
𝑇𝑇 𝑦𝑦𝑘𝑘

 𝑠𝑠𝑘𝑘𝑇𝑇∇2 𝑓𝑓(𝑥𝑥𝑘𝑘+1) 𝑔𝑔𝑘𝑘+1 
  (7) 

 Now ,  in order to avoid the exact computation of the Hessian matrix ∇2 𝑓𝑓(𝑥𝑥𝑘𝑘+1)  ,  we use 
Quasi-Newton direction . In the Quasi-Newton (QN) methods [8] ,  the search direction is 
computed by 𝐵𝐵𝑘𝑘𝑑𝑑𝑘𝑘 = 𝑔𝑔𝑘𝑘  where 𝐵𝐵𝑘𝑘 is an approximation of ∇2 𝑓𝑓(𝑥𝑥𝑘𝑘)  ,  such that the new 
matrix 𝐵𝐵𝑘𝑘+1 satisfies the secant equation  
𝐵𝐵𝑘𝑘+1𝑠𝑠𝑘𝑘 = 𝑦𝑦𝑘𝑘  

 As in the secant equation only the gradient values of the objective function are 
used ,  Zhang et al .  [2] proposed the following modified QN equation  
𝐵𝐵𝑘𝑘+1𝑠𝑠𝑘𝑘 =  𝜔𝜔𝑘𝑘 ,      𝜔𝜔𝑘𝑘 = 𝑦𝑦𝑘𝑘 +

𝜃𝜃𝑘𝑘
𝑠𝑠𝑘𝑘𝑇𝑇𝑢𝑢𝑘𝑘

𝑢𝑢 (8) 

 where 𝑢𝑢 = 𝑠𝑠𝑘𝑘 and 𝜃𝜃𝑘𝑘 = 6(𝑓𝑓𝑘𝑘 − 𝑓𝑓𝑘𝑘+1) + 3 (𝑔𝑔𝑘𝑘 + 𝑔𝑔𝑘𝑘+1)𝑇𝑇, for which the following 
estimations hold : 
𝑠𝑠𝑘𝑘𝑇𝑇(∇2𝑓𝑓(𝑥𝑥𝑘𝑘+1)𝑠𝑠𝑘𝑘 − 𝑦𝑦𝑘𝑘) = 𝑂𝑂(‖𝑠𝑠𝑘𝑘‖3) 

 

𝑠𝑠𝑘𝑘𝑇𝑇(∇2𝑓𝑓(𝑥𝑥𝑘𝑘+1)𝑠𝑠𝑘𝑘 − 𝜔𝜔𝑘𝑘) = 𝑂𝑂(‖𝑠𝑠𝑘𝑘‖4) 
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 Hence ,  taking advantage of the the modified secant equation ,  and using (8) to simplify 
(7) ,  we propose following formula for parameter 𝑡𝑡   

𝑡𝑡 =
� 1 − 𝜃𝜃𝑘𝑘

‖𝑠𝑠𝑘𝑘‖2
� 𝑠𝑠𝑘𝑘𝑇𝑇𝑔𝑔𝑘𝑘+1 + 𝑔𝑔𝑘𝑘+1

𝑇𝑇 𝑦𝑦𝑘𝑘
𝑠𝑠𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

 𝜃𝜃𝑘𝑘

𝑠𝑠𝑘𝑘𝑇𝑇𝑔𝑔𝑘𝑘+1 + 𝑔𝑔𝑘𝑘+1
𝑇𝑇 𝑠𝑠
𝑠𝑠𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

 𝜃𝜃𝑘𝑘
 (9) 

 Obviously ,  similar to [3] ,  to force the parameter  t  to be nonnegative and the search 
directions  satisfy the descent condition we should adjust  𝑡𝑡  as  

𝑡𝑡∗ = max � 𝑡𝑡 , 𝛾𝛾
‖𝑦𝑦𝑘𝑘‖2

𝑠𝑠𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘
� (10) 

 where 𝛾𝛾 is a nonnegative constant .  
 
 Now ,  we present the structure of the new algorithm : 
 
Algorithm 1:  A New Conjugate Gradient Method  
  Step 0  :  Consider constants 𝜀𝜀 > 0, 0 < 𝛿𝛿 < 𝜎𝜎 < 1,  choose an initial point 𝑥𝑥0 ∈ ℝ𝑛𝑛 and 
set 𝑘𝑘 = 0, − 𝑔𝑔0. 
 Step 1  :  Stop if ‖𝑔𝑔𝑘𝑘‖∞ ≤ 𝜀𝜀. 
 Step 2  :  Determine the step length 𝛼𝛼𝑘𝑘 by the strong Wolfe line search (3). 
 Step 3  :  Let 𝑥𝑥𝑘𝑘+1 = 𝑥𝑥𝑘𝑘 + 𝛼𝛼𝑘𝑘𝑑𝑑𝑘𝑘.  
 Step 4  :  Compute 𝑡𝑡 by (10), 𝛽𝛽𝑘𝑘 by (6) and 𝑑𝑑𝑘𝑘 by (4) . 
 Step 5  :  Set 𝑘𝑘 =  𝑘𝑘  +   1,  Go to Step 1. 
 
3. CONVERGENCE ANALYSIS  
 This section is devoted to the convergence analysis of the proposed method .  To this 
end ,  the  following assumptions are considered on the objective function. 
  
Assumption 1 The level set ℑ = {𝑥𝑥𝑘𝑘 ∈ ℝ𝑛𝑛|𝑓𝑓(𝑥𝑥) ≤ 𝑓𝑓(𝑥𝑥0)}  is bounded ,  where 𝑥𝑥0 is an 
initial point. 
  
Assumption 2 In some neighborhood 𝜒𝜒 of ℑ  ,  𝑓𝑓 is continuously differentiable and its 
gradient is Lipchitz continuous ,  namely ,  there exists a positive constant 𝐿𝐿 > 0  such that  
‖𝑔𝑔(𝑥𝑥) − 𝑔𝑔(𝑦𝑦)‖ ≤ 𝐿𝐿 ‖𝑥𝑥 − 𝑦𝑦‖,∀ 𝑥𝑥,𝑦𝑦 ∈ 𝜒𝜒 . 
 
 Theorem  Suppose that Assumptions 1 and 2 hold .  If 𝑥𝑥𝑘𝑘 are generated by Algorithm 
1 ,  then either ‖𝑔𝑔𝑘𝑘‖ = 0 for some 𝑘𝑘 or lim inf𝑘𝑘→∞  ‖𝑔𝑔𝑘𝑘‖ = 0  
 
 4. NUMERICAL RESULTS 
 In this section ,  we present and compare the computational results obtained from the 
implementation of the Algorithm 1 ,  denoted by   "MDL",   those of method [5] denoted 
by   "HZ+",   and those of method [4] denoted by  ''DK+'' .  All algorithms were written in 
MATLAB and ran on a PC (CPU 2.5 GHZ ,  RAM 3.8GB) with Linux operating 
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system .  The test problems were taken from the Cutest library [7] .  All   algorithms were 
stopped when the number of iteration exceeded 10000 or  ‖𝑔𝑔𝑘𝑘‖∞ ≤ 𝜀𝜀 . We utilized the 
performance profile of Dolan and More [6] to present numerical results of the 
algorithms .  The performance comparisons of  MDL  with those of  HZ+ and DK+ are 
reported in Fig. 1 in terms of number of iterations 𝑛𝑛𝑖𝑖, in Fig. 2 in terms of number of 
function evaluations 𝑛𝑛𝑓𝑓, and in Fig. 3 in terms of number of gradient evaluations 𝑛𝑛𝑔𝑔. As 
these figures illustrate, it can be seen that the method MDL perform better than the other 
methods with respect to the number of iterations, the number of function evaluations, 
and the number of gradient evaluations.  Numerical results showed that ''MDL''   method 
is the best about 65% of the test problems . 
  

 
Figure 1: Performance profile of methods in terms of number of iterations 

 

 
Figure 2: Performance profile of   methods in terms of number of function evaluations 
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Figure 3: Performance profile of methods in terms of number of gradient evaluations 
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