
A GRASP Algorithm for Pickup and Delivery Problem with 
Time Windows in Vessel Routing Problem 

Shirin Mardanpour Shahrekordi1, Koorush Ziarati2 
1 MSc Student; Shiraz University; (sh.mardanpour@shirazu.ac.ir)
2 Associate Professor; Shiraz University; (ziarati@shirazu.ac.ir) 

ABSTRACT 
In a recent study, researchers investigated a class of vessel routing problem and a benchmark suite based 
on real shipping segments considering incompatibility constraints. These constraints same as pickups and 
deliveries, cargoes selections, travel times and costs and time windows state considerable challenges for 
researchers. Considering the literature review on the subject and the frequent resolving of this problem 
with Adaptive Large Neighborhood Search (ALNS), we proposed a Greedy Randomized Adaptive Search 
Procedure (GRASP) to solve this problem. The algorithm was tested on 240 available benchmarks. As 
shown in our experimental results the GRASP outperforms all previous heuristics and generates near-
optimal solutions within minutes. These results are noteworthy since we have succeeded to improved 35 
large instances of this set.

Keywords: Vessel routing, Pickup and delivery, Maritime optimization, Adaptive large neighborhood 
search, Grasp.

1. INTRODUCTION

International trade depends heavily on vessel transportation, as it is the only cost-effective 
means for the transportation of large volumes over long distances. It is common to distinguish 
between three main modes of operation in maritime transportation: liner, industrial, and tramp 
shipping. Liner shipping, which includes container shipping, is similar to a bus service: fixed 
schedules and itineraries must be followed. In industrial shipping, the operator owns the cargoes 
and controls the fleet, trying to minimize the cargo transportation cost. Finally, a tramp shipping 
often transporting a mix of mandatory and optional cargoes with the goal of maximizing profit 
[1]. In this work, we focus on a class of industrial and tramp ship routing and scheduling 
problems (ITSRSPs).This class of problems typically arise in the shipping of bulk products.  
In a recent work in [2], a set of benchmark instances based on real shipping segments with 7 to 
130 cargoes (pickup-and-delivery pairs) has been made available to the academic community. 
The authors also designed an adaptive large neighborhood search (ALNS) heuristic and 
subsequently investigated the impact of randomization as well as that of various search 
operators [2]. However, due to the lack of available lower bounds or optimal solutions, the true 
performance of these methods is unknown for large problems. This article contributes to fill this 
methodological gap, from a metaheuristic standpoint.  

2. PROBLEM DESCRIPTION

The objective of ITSRSP is to form routes that minimize the sum of the total travel cost and the 
possible penalties in the case where charter vessels are used or some cargoes are not transported. 
The routes begin at their respective starting points but have no specified endpoint, since vessels 
operate around the clock. Every route must be feasible: vessels cannot exceed their capacity, 
cargoes can be serviced only within their prescribed time windows, and ships cannot transport 
incompatible cargoes. Furthermore, the routes must respect pairing and precedence constraints. 
We consider a shipping company in which take place orders for the pickup and delivery. In the 
following mathematical formulation shown for the routing and scheduling of vessels. If we let i 
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define a cargo, there is a node i (same index for p-d pairs) related to the loading port and a node 
i+n related to the unloading port, with n being the number of cargoes. The set of loading and 
unloading nodes shows with  𝑁𝑁𝑃𝑃 and  𝑁𝑁𝐷𝐷, respectively. A set of a visited node by the vessel v is 
considered to be 𝑁𝑁𝑣𝑣, and this set contains an origin node o(v) and a destination node d(v). The 
set of arcs that vessel v can pass through is 𝐴𝐴𝑣𝑣. We also introduce 𝑁𝑁𝑣𝑣𝑃𝑃 = 𝑁𝑁𝑃𝑃 + 𝑁𝑁𝑣𝑣 ,  𝑁𝑁𝑣𝑣𝐷𝐷 = 𝑁𝑁𝐷𝐷 +
𝑁𝑁𝑣𝑣  for loading and unloading nodes can be visited by vessel v, respectively.  
Each node in the search space has a time window. The cost of shipping from i to j using vessel v 
is Cijv, and the relevant travel time is Tijv. The time at which service starts at node i using vessel 
v is tiv, and liv is the total load on board after completing service at node i using vessel v. The 
variables xijv are binary flow variables, denoting whether vessel v moves directly from node i to 
node j. Binary variables yi show whether cargo i is transported by the available vessel fleet. If 
the cargo is not transported with the available ship fleet, a cost 𝐶𝐶𝑖𝑖𝑆𝑆 is incurred. The mathematical 
formulation for the vessel routing problem is given below [3]. 
Min ∑ ∑ 𝐶𝐶𝑖𝑖𝑖𝑖𝑣𝑣 𝑋𝑋𝑖𝑖𝑖𝑖𝑣𝑣 + ∑ 𝐶𝐶𝑖𝑖 𝑆𝑆𝑖𝑖∈𝑁𝑁𝑃𝑃(𝑖𝑖,𝑖𝑖)∈𝐴𝐴𝑣𝑣𝑣𝑣∈𝑉𝑉 𝑦𝑦𝑖𝑖                                                                                                    (1) 
S.t. 
∑  𝑣𝑣𝑣𝑣𝑉𝑉 ∑ 𝑥𝑥𝑖𝑖𝑖𝑖𝑣𝑣 + 𝑦𝑦𝑖𝑖 = 1 ,𝑖𝑖𝑣𝑣𝑁𝑁𝑣𝑣                                                                       i∈𝑁𝑁𝑃𝑃 ,                                          (2) 
∑ 𝑋𝑋0(𝑣𝑣)𝑖𝑖𝑣𝑣 = 1 , 𝑖𝑖∈𝑁𝑁𝑣𝑣                                                                                   v ∈ V,                                          (3) 
∑ 𝑋𝑋𝑖𝑖𝑖𝑖𝑣𝑣 − ∑ 𝑋𝑋𝑖𝑖𝑖𝑖𝑣𝑣 = 0 , 𝑖𝑖∈𝑁𝑁𝑣𝑣                                                                          𝑖𝑖∈𝑁𝑁𝑣𝑣 𝑣𝑣 ∈ 𝑉𝑉, 𝑖𝑖 ∈ 𝑁𝑁𝑣𝑣\ {𝑜𝑜(𝑣𝑣),𝑑𝑑(𝑣𝑣)},        (4) 
∑ 𝑋𝑋𝑖𝑖𝑗𝑗(𝑣𝑣)𝑣𝑣 = 1 , 𝑖𝑖∈𝑁𝑁𝑣𝑣                                                                                  v ∈ V,                                           (5) 
𝑙𝑙𝑖𝑖𝑣𝑣 + 𝑄𝑄𝑖𝑖 − 𝑙𝑙𝑖𝑖𝑣𝑣 ≤ 𝐾𝐾𝑣𝑣�1 − 𝑥𝑥𝑖𝑖𝑖𝑖𝑣𝑣�,                                                                       𝑣𝑣 ∈ 𝑉𝑉, 𝑗𝑗 ∈ 𝑁𝑁𝑣𝑣𝑃𝑃 , (𝑖𝑖, 𝑗𝑗) ∈ 𝐴𝐴𝑣𝑣,             (6) 
𝑙𝑙𝑖𝑖𝑣𝑣 − 𝑄𝑄𝑖𝑖 − 𝑙𝑙(𝑛𝑛+𝑖𝑖)𝑣𝑣 ≤ 𝐾𝐾𝑣𝑣�1 − 𝑥𝑥𝑖𝑖(𝑖𝑖+𝑛𝑛)𝑣𝑣�,                                                        𝑣𝑣 ∈ 𝑉𝑉, 𝑗𝑗 ∈ 𝑁𝑁𝑣𝑣𝑃𝑃 , (𝑖𝑖,𝑛𝑛 + 𝑗𝑗) ∈ 𝐴𝐴𝑣𝑣,     (7) 
0≤𝑙𝑙𝑖𝑖𝑣𝑣≤𝐾𝐾𝑣𝑣 ,                                                                                                            𝑣𝑣 ∈ 𝑉𝑉, 𝑖𝑖 ∈ 𝑁𝑁𝑣𝑣𝑃𝑃 ,                                 (8) 
𝑡𝑡𝑖𝑖𝑣𝑣 + 𝑇𝑇𝑖𝑖𝑖𝑖𝑣𝑣 − 𝑡𝑡𝑖𝑖𝑣𝑣 ≤ � 𝑇𝑇𝚤𝚤� + 𝑇𝑇𝑖𝑖𝑖𝑖𝑣𝑣��1 − 𝑥𝑥𝑖𝑖𝑖𝑖𝑣𝑣�,                                                    𝑣𝑣 ∈ 𝑉𝑉, 𝑗𝑗 ∈ 𝑁𝑁𝑣𝑣𝑃𝑃 , (𝑖𝑖,𝑛𝑛 + 𝑗𝑗) ∈ 𝐴𝐴𝑣𝑣,      (9) 
∑ 𝑋𝑋𝑖𝑖𝑖𝑖𝑣𝑣 − ∑ 𝑋𝑋(𝑛𝑛+𝑖𝑖)𝑖𝑖𝑣𝑣 = 0 , 𝑖𝑖∈𝑁𝑁𝑣𝑣 𝑖𝑖∈𝑁𝑁𝑣𝑣                                                                𝑣𝑣 ∈ 𝑉𝑉, 𝑖𝑖 ∈ 𝑁𝑁𝑣𝑣𝑃𝑃 ,                                 (10) 
𝑡𝑡𝑖𝑖𝑣𝑣 + 𝑇𝑇𝑖𝑖(𝑛𝑛+𝑖𝑖)𝑣𝑣 − 𝑡𝑡(𝑛𝑛+𝑖𝑖)𝑣𝑣 ≤ 0,                                                                           𝑣𝑣 ∈ 𝑉𝑉, 𝑖𝑖 ∈ 𝑁𝑁𝑣𝑣𝑃𝑃 ,                                 (11) 
𝑇𝑇𝑖𝑖≤𝑡𝑡𝑖𝑖𝑣𝑣≤𝑇𝑇𝚤𝚤�  ,                                                                                                           𝑣𝑣 ∈ 𝑉𝑉, 𝑖𝑖 ∈ 𝑁𝑁𝑣𝑣,                                  (12) 
𝑦𝑦𝑖𝑖 ∈ {0,1} ,                                                                                                         𝑖𝑖 ∈ 𝑁𝑁𝐶𝐶 ,                                              (13) 
𝑋𝑋𝑖𝑖𝑖𝑖𝑣𝑣 ∈ {0,1},                                                                                                     𝑣𝑣 ∈ 𝑉𝑉, (𝑖𝑖, 𝑗𝑗) ∈ 𝐴𝐴𝑣𝑣,                            (14) 
 
The objective function is to minimize sums up the costs from operating the fleet plus the cost of 
spot charters. Constraints (2) show that all cargoes must either be picked up by a vessel or 
transported using spot charter. Constraints (3), (5) state the movements of the vessels. The 
vessel's load in the loading and unloading nodes is indicated through constraints (6) and (7). 
Constraints (8) assure that the load does not exceed the vessel capacity. Constraints (9) make 
sure that the time at which service starts is possible with respect to travel times. Constraints (10) 
sure that if cargo is loaded, its unloading port is also visited by the same vessel. Precedence 
requirements are imposed through constraints (11). Time windows are shown by constraints 
(12), finally, binary requirements on the spot charter and flow variables are given by constraints 
(13) [3]. 
The above model is both credible for deep sea and short sea problems. It is also credible-both 
for the full load and the mixed load case, though more impressive formulations can be obtained 
for the full load case, see for example[4]. The industrial and tramp vessel cargo routing and 
scheduling problem is NP-hard, being more common than the TSPTW [5][3].  
To our knowledge, the study of researchers [3] is the only one to report lower bounds and 
optimal solutions for these benchmark instances, obtained by solving a mixed-integer 
programming (MIP) formulation. Exact methods like MIP could solve the majority of the 
instances, but their CPU time becomes widely vary, even for instances with similar 
characteristics. Therefore, fast metaheuristic solutions remain indispensable for applications 
requiring a response in a guaranteed short time. For this purpose, we have examined the GRASP 
metaheuristic to solve this problem. Our reason for choosing the GRASP algorithm was to pick 
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out a metaheuristic that is close to the successful heuristic previously presented for this problem 
so that we can use the powerful operators of the previous method[2][3]. The second reason for 
choosing this algorithm was to solve the vessel routing problem based on our previous 
experience that generally this algorithm generates good solutions to the routing problems.  
 
3. PROPOSED ALGORITHM  

GRASP [6] is a multi-start metaheuristic that has been widely used for finding good quality 
solutions in high variety to many hard combinatorial optimization problems. It relies on greedy 
randomized constructions and local search phase. The problem involves many decisions at 
different levels. The main idea is first to estimate point-to-point requests and then, based on this 
information, to apply the iterative GRASP phases of construction and local search. Each of 
these phases is described next.  

a) Construction phase: Add-Node procedure 
A solution consists of a set of routes followed by the number of ships and cargoes. In each 
route, some cargoes are transported by a specific vessel. The sequence of loading and unloading 
cargo is represented by using the cargo number twice, first for the pickup and then for the 
delivery of the cargo. The initial which ensures that the solution is feasible at each stage. In the 
constructive phase, we find all feasible positions for each cargo. Since the search space of a 
problem for generating the initial solution is very large and gradually expanding, we start with 
the empty solution. For this purpose, we used the idea presented in the ALNS operators [7] to 
perform a gradual solution phase. The sequence is that we select a list of cargoes at random. 
These requests represent the removal of cargoes from the problem space and their placement 
elsewhere in the candidate solution. The removal operator is performed with the random 
selector. After remove requests, the cargoes will be gradually reinserted to the candidate 
solution. The insertion operation is to consider all the locations that lead to a feasible solution. 
Note that at this point we will add to each candidate list any places that incur a lower 
incremental cost for pickup and delivery positions. Then we sort the candidate list in ascending 
order, and according to the input parameter RCL from a percentage of the list members, a 
solution is chosen at random. The same goes for the rest of the cargo. 

b) Local search phase: Remove-Reinsert procedure 
A solution generated by the constructive phase might not necessarily satisfy the capacity 
constraints. Therefore, the goal of the local search is to improve the quality of the solution or to 
repair infeasibility if needed. The proposed local search that depicted in Figure 3 is ALNS 
without Adaptive factor. After we implemented ALNS heuristic to apply the local search phase 
of GRASP, we found that the adaptive weight factor makes the algorithm to slow down so we 
used large neighborhood search (LNS) with 5 operators to explore and exploit the search space. 
In this phase, we perform a local search step with respect to the solution of the previous step. 
For local search, we use one of the three removal operators in ALNS[7].   
The local search used in the proposed method has all the operators expressed in [7], except that 
the adaptive weight procedure for selecting each operator in each iteration not used. The 
procedure is to select a random number between [0, 1] and select one of the available operators. 
It should be noted that since the Shaw operator yields better results in the ALNS method, it has 
a higher chance of selection (1% chance of selection) and two Random and Worst operators of 
equal chance (1% chance of choice) for the cargo removal operation. To perform the local 
search phase, a variable called the neighborhood radius is used to specify our local search range. 
In the local search phase, we found the solutions that make a decision using the acceptance 
criterion in the ALNS heuristic [7], [3]. Below we discuss the acceptance criterion factor. 
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c) Acceptance and stopping criterion
Simple acceptance criteria would be to only accept solutions that are better than the current 
solution. We used the acceptance criterion in simulated annealing which accepts solutions that 
are worse than the current solutions too with probability 𝑒𝑒−|𝑓𝑓−𝑓𝑓𝑛𝑛𝑛𝑛𝑛𝑛|/𝑇𝑇, where T > 0 is the 
temperature. To do this in the first iterations which the difference in the cost of solutions is 
increased should limit the acceptance of worse solutions and in the last iteration which 
converges almost to the best solution, we have the chance of moving zigzag in the search space.  
This criterion is set for the first 20 iterations. We calculate the average difference of the 
worsening of the solutions. This average as the feedback of the first 20 first repetitions along 
with the initial temperature parameter T can be used in the acceptance probability formula. 
Therefore, based on the benchmark size, we set the initial temperature as follows: 
Tstart = number of cargoes × 1000 + avg (Σ𝑓𝑓𝑖𝑖 − 𝑓𝑓𝑖𝑖+1) 

According to our investigations, the initial temperature T for benchmarks with a cargo size of 
over 50 is more significant. Because there is a possibility that there will be no feedback from the 
worsening of the responses in 20 iterations in large benchmarks.  

4. EXPERIMENTAL RESULTS

The proposed algorithm in this paper was coded in C++ and executed on an Intel Cori7 with 
2.10 GHz CPU, 8 GB RAM, and a 64-bit operating system. As described before, there are 240 
standard instances of this problem. The GRASP was executed ten times for each benchmark, 
each run including 25,000 iterations. These instances are divided into four groups of 60, 
according to problem topology and cargo type. The mixed load instances have up to 130 
cargoes and 40 vessels, whereas the full load instances have up to 100 cargoes and 50 vessels. 
So far, 123/240 instances remain open [2]. In the full-load instances, each delivery should be 
visited immediately after its associated pickup due to the absence of residual capacity for other 
loads. This property is no longer valid for mixed load instances. Furthermore, short and deep-
sea instances consider different geographical regions. The short sea instances represent 
shipments among European ports, whereas the deep sea instances involve long-distance ships 
[3]. This will indicate how difficult industrial and tramp vessel routing and scheduling problems 
are to solve to optimality, although we solved larger instances by using a tailored method. 
According to Table 1 and focusing on large-sized instances, 35 instances with 50 and 130 
cargoes and between 20 and 40 vessels improved. Instances consist of both short-sea and deep-
sea shipping benchmarks.  
This section reports our computational experiments with the two ALNS algorithms and the 
GRASP[3], [2]. Our aim is twofold: 
• We compare the proposed algorithms, and evaluate their ability to solve practical-size vessel
routing problems to optimality in limited time
• In situations where a faster response is sought, we evaluate the quality of the solutions
produced by the GRASP metaheuristic. Obtaining a good sequence of cargoes during
constructing a route is the main difference between this algorithm and its priors. In Table 1, the
first column shows the number of benchmarks and the second one presents the name of
instances in each group. The old and new best-known solutions and the average gap in each
group can be seen in the next column repeatedly. The following formula is used for calculating
the gap between the optimal solution and the obtained solution for each benchmark:
Gap =  (𝑜𝑜𝑜𝑜𝑗𝑗 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏−𝑘𝑘𝑛𝑛𝑜𝑜𝑤𝑤𝑛𝑛)−(𝑛𝑛𝑏𝑏𝑤𝑤 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏−𝑘𝑘𝑛𝑛𝑜𝑜𝑤𝑤𝑛𝑛)

(𝑜𝑜𝑜𝑜𝑗𝑗 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏−𝑘𝑘𝑛𝑛𝑜𝑜𝑤𝑤𝑛𝑛)
×100

Furthermore, among 2400 runs (10 runs of 240 instances) of each benchmark, the best 
performance with is 0.64 % where the performance is calculated based on the gap to the best-
known solutions. The results of the tests also led to finding some new best results for the data 
instances used. 
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Table 1- Experimental results 
Number of 
Instances 

#Instance Old Best Cost New Best Cost Average GA
(%) ALNS GRASP 

1 SHORTSEA_MUN_C23_V13_HE_2 2255870 2255469 -0.018
2 SHORTSEA_MUN_C80_V20_HE_3 9763401 9726826 -0.375
3 SHORTSEA_MUN_C80_V20_HE_5 10983117 10948325 -0.317
4 SHORTSEA_MUN_C100_V30_HE_1 12845591 12780320 -0.508
5 SHORTSEA_MUN_C100_V30_HE_2 13057536 13000084 -0.440
6 SHORTSEA_MUN_C100_V30_HE_3 12088444 12082339 -0.051
7 SHORTSEA_MUN_C100_V30_HE_4 13791917 13765993 -0.188
8 SHORTSEA_MUN_C130_V40_HE_1 16524192 16505513 -0.113
9 SHORTSEA_MUN_C130_V40_HE_2 16713067 16651942 -0.366

10 SHORTSEA_MUN_C130_V40_HE_3 15862154 15786198 -0.479
11 SHORTSEA_MUN_C130_V40_HE_4 17305841 17194544 -0.643
12 SHORTSEA_FUN_C70_V30_HE_1 10088768 10074896 -0.137
13 SHORTSEA_FUN_C70_V30_HE_3 10314521 10309352 -0.050
14 SHORTSEA_FUN_C70_V30_HE_4 10910832 10909957 -0.008
15 SHORTSEA_FUN_C90_V40_HE_3 12767716 12703025 -0.507
16 SHORTSEA_FUN_C90_V40_HE_5 13720466 13654943 -0.478
17 SHORTSEA_FUN_C100_V50_HE_1 13893237 13864911 -0.204
18 SHORTSEA_FUN_C100_V50_HE_3 13206559 13189976 -0.126
19 SHORTSEA_FUN_C100_V50_HE_4 14936198 14921380 -0.099
20 SHORTSEA_FUN_C100_V50_HE_5 14106741 14059978 -0.331
21 DEEPSEA_MUN_C60_V13_HE_1 81709586 81518899 -0.233
22 DEEPSEA_MUN_C80_V20_HE_3 78918099 78687219 -0.293
23 DEEPSEA_MUN_C100_V30_HE_2 154533570 153998958 -0.346
24 DEEPSEA_MUN_C100_V30_HE_4 157017186 157010893 -0.004
25 DEEPSEA_MUN_C130_V40_HE_1 239877031 239326604 -0.229
26 DEEPSEA_FUN_C50_V20_HE_1 41398100 41377030 -0.051
27 DEEPSEA_FUN_C50_V20_HE_2 37872273 37870753 -0.004
28 DEEPSEA_FUN_C50_V20_HE_3 39916853 39910778 -0.015
29 DEEPSEA_FUN_C70_V30_HE_1 142923793 142813482 -0.077
30 DEEPSEA_FUN_C70_V30_HE_4 156541043 156449624 -0.058
31 DEEPSEA_FUN_C90_V40_HE_4 211046180 210828532 -0.103
32 DEEPSEA_FUN_C100_V50_HE_1 207105715 206778407 -0.158
33 DEEPSEA_FUN_C100_V50_HE_3 218438412 217835593 -0.276
34 DEEPSEA_FUN_C100_V50_HE_4 221248187 221112912 -0.061
35 DEEPSEA_FUN_C100_V50_HE_5 224430601 223341048 -0.485

According to Table 1 and Figure 2, not only our proposed method decreased the average gaps 
especially in large instances but also improved convergence time for the optimal solution. As 
you can see, as the number of cargoes increases, the convergence time for the optimal solution 
increases exponentially. In this environment, the use of operators to generate solutions gradually 
can lead to a prolonged implementation process and slow convergence. We also observed the 
effect of exploring problem space with insertion operators in the present study. This was done 
by the initial phase of the GRASP algorithm in the form of inserting cargoes into the routes. 
Figure 2 displays the number of instances solved by GRASP and ALNS as a function of the 
CPU time limit. GRASP visibly produces superior results, its performance depends on the 
ability to do a complete route enumeration at the root node within the optimality gap. The 
difference is that in large size cargo instances are easier for GRASP to solve, finding optimal 
solutions of instances with up to 60 cargoes. Among the other instances with 7-35 cargoes, the 
ALNS and GRASP have equal execution time. 
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Figure 2.  Convergence time comparison between GRASP and ALNS. 

GRASP has been widely used for finding good quality solutions in high variety to many hard 
combinatorial optimization problems. As the runtime exponentially increases as the instance 
size grows, GRASP not only succeeded in producing 35 quality samples but also reduced the 
time to find the optimal solution compared with the ALNS. 

5. CONCLUSION

As demonstrated in this paper, the best method that has been published for solving the vessel 
routing problem with pickup and delivery (VRPPDPs) was an ALNS heuristic. Our proposed 
method was the GRASP algorithm which could improve the results in 35 instances. In the 
ALNS method, removal operators played the role of randomization and insertion operators were 
used for greediness. The adaptive weight factor was used to make a tradeoff between the 
randomization and greediness. These properties are clearly present in the GRASP algorithm, 
which performs both randomization and greediness using both phases and performs adaptive 
weigh with a strict candidate list. According to the literature in [4], the authors underlined the 
importance of the acceptance criterion in finding optimal solutions. Also, after fine-tuning the 
parameters in the acceptance criterion in ALNS, we used this factor to accept solutions in the 
GRASP algorithm. Statistical analysis revealed that our proposed method improved the quality 
and convergence of the solutions compared to the ALNS algorithm [4]. The results indicate that 
the proposed method improved the 35 instances from the large size of the cargoes. 
Future works include using the novel metaheuristics for improving the sequence of cargoes in 
other problems that are almost similar to the VRPPDPs. 
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ABSTRACT 
This paper addresses an inventory-location problem in pharmaceutical logistics field. For this purpose, a 
multi-objective mixed integer programming model proposed in order to design a pharmaceutical network 
considering social impacts. The first objective function aims to minimize total costs, the second objective 
function is optimized the social impact of network. In order to more similarity to real world, in this study 
disruptions in capacity of the facilities are considered. Then, the proposed multi-objective model converted 
to single-objective model using LP-metric method and solved by LINGO software. Finally, a sensitivity 
analysis is done in some parameters of the proposed mode and results are reported. results showed with 
increasing amount of demand the value of first objective function increased and increasing amount capacity 
of 1DCs the value of first objective function decrease. 

Keywords: Pharmaceutical supply chain network design, Multi-objective optimization, LP-Metric

1. INTRODUCTION
A supply chain is usually considered as an integrated process in which a group of organizations
such as suppliers, producers, distributors and retailers work together to convert the raw
materials into the end products, and distribute them to the end customers. Supply chain network
design as one of the key decision problems in supply chain management, has an important role
in the performance of supply chains. Mousazadeh et al. [1] a bi-objective mixed integer linear
programming model is developed for a pharmaceutical supply chain network design problem.a
multi-objective 2MILP model was presented with the target of cost and unfulfilled demand
reduction. It aims to concurrently minimize the total costs and unfulfilled demands. it was tested
on a real case study, i.e. the supply chain network design of amoxicillin 500 mg Cap in Islamic
Republic of Iran.

The general location-inventory models, author can consult Farahani et al. [2] Although 
distribution network design becomes more sophisticated  when products are perishable. Zahiri at 
al [3] a multi-objective integrated sustainable-resilient mixed integer linear programming model 
for designing a pharmaceutical supply chain network under uncertainty is presente. Due to 
NPhard nature of the problem, we propose a novel Pareto-based lower bound method as well as 
a new meta-heuristic algorithm. Among the few papers, only Hiassat and Diabat, Firoozi et al. 
and Zahiri et al.(4)  have considered perishability in their proposed location-inventory problem, 
Among the studies that focus on the network design only a few numbers directly deal with the 
pharmaceutical sector. A combination of processes, Operations and organizations involved in 
the discovery, development and manufacture of medicines can be the definition of the 
pharmaceutical industry. Mousazadeh et al.; Torabi et al.(5) could be viewed as a suitable 
uncertainty method when dealing with imprecise input data formulated as fuzzy variables. 
Nematollahi et al.(6) Different decisions made throughout a PSC can affect a drug's shortage 
either directly or indirectly. Zhalechian et al. (7) attempted to maximize the satisfaction of SR 
factors in the field of strategic decisions in their study related to designing a hub-and-spoke 
network. Zahiri et al.(8) in an inspiring study in this field, sought to reduce the unmet demand 
by considering the substitutability of drugs so that, in a case of drug shortage, an alternative 
drug with similar characteristics could be sent to demand zones. The remainder of this paper is 

1 Distribution center 
2 Mixed Integer Linear Programming 
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organized as follows. In section 2, we define the problem and present a mathematical model. 
Section 3, gives the experimental results. Finally, in section 4, a discussion and some 
suggestions for future works are offered.                                                                                                                

 
2.   Problem definition 
In this paper, addresses an inventory-location problem in pharmaceutical field. The design of a 
multi-product, multi-period three-echelon perishable consisting of multiple manufacturers, DCs, 
and customer zones is addressed. Considering the continuous inventory review (r,Q) policy (the 
inventory level is compared to the reorder point at the beginning of each period and the order 
will be placed if the inventory level is less than the reorder point), The model aims at 
determining the network design decisions (i.e. the number and location of the 
manufacturers/DCs, the assignments of each customer to each opened DC, and the optimum 
flow of products in the network) as well as the inventory control decisions. The main purpose of 
this model is to minimizing the total cost consisting of fixed manufacturer/DC opening costs, 
total product’s flow costs, ordering costs, shortage costs, inventory storage costs, and expiration 
costs. The second objective function is optimized the social impact of network. And also more 
similarity to real world, in this study disruptions in capacity of the facilities are considered. The 
proposed collection network is illustrated in Fig. 1. 

 
                                                   Fig. 1 pharmaceutical network design 

2.2. Indices 
k: index of manufacturers, k ∈{1,.., K} 
j: index of DCs, j ∈{1,.., J} 
i: index of customer zones, i ∈{1,..,I} 
n: index of capacity levels, n ∈{1,..,N} 
p: index of products, p∈{1,..,P} 
t,r: index of periods, t,r∈{1,..,T} 

w: index of the remaining lifetime of pharmaceutical items, ( ){ }1,..., max { }p pw w LF∈ =  

2.3. Parameters  

kpnGu : fixed opening cost of manufacturer k 
with capacity level n for producing a unit of 
pharmaceutical item p 

jpnFu : fixed opening cost of DC j with capacity 
level n for storing pharmaceutical item p 

jkpPu : unit transportation cost of 
pharmaceutical item p between manufacturer k 
and DC j in period t 

ijpCu : unit transportation cost of pharmaceutical 
item p between DC j and customer I in period t 

jpth : unit inventory holding cost of 
pharmaceutical item p for period t at DC j 

 
kptβ : 

 

LE and 

DE : 
 
FJ : 
 

'FJ : 
 
VJ : 
 

ptB : 
 

Percentage of decrease in capacity of 
production Center k for pharmaceutical 
p in period t 
The weights given to the elements of social 
impacts objective:(1) created job 
opportunities,     (2)  worker’s lost days, 
respectively. 
The number of fixed job opportunities 
created by establishing manufacturer k 
The number of fixed job opportunities 
created by establishing distributer j 
 
The number of variable job opportunities 
created through manufacturing plant k 
 
Rate of the percent of waste production for 
manufacturing k and pharmaceutical type p 
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2.4. Decision variables 

 
2.5.  Model formulation 

 

ptOd : unit outdate cost of pharmaceutical item p 
that perishes in stock in period t 
 

iptSc : unit shortage cost of unmet demand for 
pharmaceutical item p at customer i in period t 
 

jnpCd : capacity of DC j at level n for 
pharmaceutical item p in period t 
 

kpnCm : capacity of manufacturer k at level n for 
pharmaceutical item p in period t 
 

iptD : demand of customer zone i for 
pharmaceutical item p at period t 
 

pLF : shelf life of pharmaceutical item p (in 
months) 
 

  
K
kpCap : 

 
'VJ : 

 
 

J
jpcap : 

 
VL : 
 
 
 

'VL : 
 
 
M : 
 

jptφ : 

 
Capacity of manufacturer k for 
pharmaceutical type p 
 
The number of variable job 
opportunities created through working of 
distributer j 
 
Capacity of distributer j for pharmaceutical 
type p 
 
The lost of days caused work’s damages 
during the manufacturing  p pharmaceutical 
at manufacturer k 
 
The lost of days caused work’s damages 
during the handling of pharmaceutical type p 
at distributer j 
 
A big number 
 
Percentage of decrease  in capacity of 
Distribution Center j for pharmaceutical 
p in period t 

TC : Total cost of network 
 

kpnZ :1, if manufacturer k with capacity level n 
is established for producing pharmaceutical item 
p, 0, otherwise. 
 

jpnU :1, if DC j with capacity level n is 
established for storing pharmaceutical item p, 0, 
otherwise. 
 

jkpY :1, if DC j is assigned to manufacturer k for 
pharmaceutical item p, 0, otherwise. 
 

ijpX :1, if customer i is assigned to DC j for 
pharmaceutical item p, 0, otherwise. 
 

w
kjptQ : order quantity of pharmaceutical item p 

with w period remaining lifetime which is sent 
from manufacturer k to DC j in period t 
 

jprtEXI :   order quantity of pharmaceutical item 
p at DC j which is received at the beginning of 
period r and expired at the end of period t 
 

 w
jiprtqs : order quantity of pharmaceutical item p 

with w period remaining lifetime which is 
received in period r and is sent to customer i in 
period t 
 

jpro : reorder point of pharmaceutical item p at 
DC j 
 

jptI + : positive inventory level of pharmaceutical 
item p at DC j at the end of period t 
 

jiptI − :shortage quantity of pharmaceutical item 
p from the demand of customer i at DC j at the 
end  of period t   
 

jptα :1, if the beginning inventory level of 
pharmaceutical item p at DC j is less than the 
reorder point  in period  t, 0, otherwise. 
 


, , , , , , , , , , , , , ,

, , , 1 , , , , 1

( 1) . . . . . .

. .   
p p

jptkpn kpn jpn jpn jpt jpt jipt ipt pt jprt
k n p j n p j p t i j p t j p t j p r tjpt

LF LF
w w
kjpt jkp jiprt ijp

k j p t w i j p r t w

Min z Gu Z Fu U I h I Sc o Od EXI

Q Pu qs Cu

α+ −

= =

= + + + + +

+ +

∑ ∑ ∑ ∑ ∑ ∑

∑ ∑ ∑ ∑
  

 
 
 
(1) 
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   s.t 
  1                                                                             i,p  ijp

j
X = ∀∑                                            (3) 

  1                                                                              j,p jkp
k

Y ≤ ∀∑                                            (4) 

  X                                                                         i,j,p   ijp jpn
n

U≤ ∀∑                                        

(5) 

           Y                                                                  j,k,p  jkp kpn
n

Z≤ ∀∑                                         

(6) 
  1                                                                             j,p jpn

n
U ≤ ∀∑                                            

(7) 
  1                                                                             k,p  kpn

n
Z ≤ ∀∑                                          (8)  

X                                                                        i=j,p ijp jpn
n

U≥ ∀∑                                            (9) 

.                                                             j=k,p  kpn jpn jkp
n n

Z U Y= ∀∑ ∑                                       

(10) 

, 1
1

 .(1 ).                          j,p,r 
pLF

w
kjpr jp r jpn jpt jnp

k w n
Q I U Cdφ+

−
=

+ ≤ − ∀∑∑ ∑                                         

(11) 

1 1
.(1 ).                                      k,p,r    

pLF N
w
kjpr kpn kpt knp

j w n
Q Z Cmβ

= =

≤ − ∀∑∑ ∑                                    

(12) 
qs .                                                                        i,j,p,r,t,1 w  w

jiprt ijp pM X LF≤ ∀ ≤ ≤            
(13) 

     Q .                                                                      k,j,p,r,1 w  w
kjpr jkp pM Y LF≤ ∀ ≤ ≤              

(14) 

1 1
.                                                   i,j,p,t  

pLFt
w
jiprt jipt ipt ijp

r w
qs I D X−

= =

+ ≥ ∀∑∑                                   (15) 

1 1 1 1 1 1 1
        j,p,t 

p pLF LFt k I t t t t
w w
kjpr jiprt jprt jpt

r k w i r w c r r c r
Q qs EXI I +

= = = = = = = = =

− − = ∀∑∑∑ ∑∑∑∑ ∑∑                                      (16) 

( 2) ( ) ( . ) FJ VJ VL
L DMax z E Z Z E Z= + −                                                                                                                                                                                                                          (2) 

'
2

1 1
. .

K J
FJ

kpn jpn
k j

Z FJ Z FJ U
= =

= +∑ ∑       

'
2

1 1 1 1 1 1
.( .(1 ) / ) .( / )

K J P J L P
VJ w K w J

kjpt pt kp jiprt jp
k j p j l p

Z VJ Q B cap VJ qs cap
= = = = = =

= − +∑ ∑∑ ∑ ∑∑   

'
2

1 1 1 1 1 1
.( .(1 / ) .( / )

K P J J P L
VL w K w J

kjpt pt kp jiprt jp
k p j j p l

Z VL Q B cap VL qs cap
= = = = = =

= − +∑∑ ∑ ∑∑ ∑                                                                                                                

 
(2-1) 
 
 
(2-2) 
 
 
(2-3)  
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1 1
                                                             j,p,r,w

I T K
w w
jiprt kjpr

i t r k
qs Q

= = =

≤ ∀∑∑ ∑                                   (17) 

, 1 I 1 .                                                          j,p,tjp t jp jptro M α+
− − + ≤ ∀                                      (18) 

, 1ro .                                                               j,p,t     jp jp t jptI M α+
−− ≤ ∀                                  (19) 

1 1
 .                                                           j,p,t 

pLFt k
w
kjpr jpt

r t k w
Q M α

= = =

≤ ∀∑∑∑                                      (20) 

1 1

1 1
 EXI                                     j,p,1 r t T    

K I t
w t r w t r

jprt kjpr jiprc
k i c r

Q qs= − + = − +

= = =

= − ∀ ≤ ≤ ≤∑ ∑∑               

(21) 

1
0                                                                     j,p,1 w LF ,1

I T
w
jiprt p

i t r w
qs r T

= = +

= ∀ ≤ ≤ ≤ ≤∑ ∑   

(22) 
{ } Z , , , , 0,1  kpn jpn jkp ijp jptU Y X α ∈                                                                                                  (23) 

 Q , , , , 0 w w
kjpt jiprt jp jpt jprtqs ro I EXI+ ≥                                                                                                (24) 

Equation (1) shows the first objective function that to minimize the total cost of the supply 
chain network, Equation (2) optimizes the social dimension of the proposed model including the 
weights of job opportunities and worker’s lost days by EL and ED, respectively. Equations (2-1) 
and (2-2) consider the fixed and variable job opportunities for supply chain network. Moreover, 
equations (2-3) are the fixed lost days for work during the establishment of facilities. Constraint 
set (3) and (4) guarantee the single sourcing strategy for each DC and customer. Constraint sets 
(5) and (6) ensure that each customer/DC can be assigned to a given DC/manufacturing center if 
that facility is already opened. Constraint sets (7) and (8) ensure that each facility could be 
opened in one of its possible capacity levels. Constraint sets (9) and (10) ensure that facilities in 
the same candidate location should be assigned together if they are already opened. Constraint 
sets (11) and (12)   disruptions in capacity of the facilities are considered. Constraint sets (13) 
and (14) imply that a customer receives products from a DC. Constraint sets (15) states that the 
total number of received products by a customer and its shortage will be greater than or equal to 
its demand. Constraint sets (16) is a cumulative inventory balance equation. Constraint sets (17) 
ensures that the amount of sent products from a DC to the customers cannot exceed its input in 
each period. Constraint sets (18)-(20) address the relationship between on-hand inventory and 
ordering status in a given period. Constraint sets (21) and (22) address the perishability of 
products. constraint sets (23) and (24) show the type of decision variables. 
 
2.6.  LP-metric method 
Since MILP model is a multi-objective, mixed integer Linear programming model whose 
objective functions are completely inconsistent, we used the LP-metrics method which is one of 
the famous Multi-Criteria Decision Making (MCDM) methods for solving multi-objective 
problems with conflicting objectives simultaneously. we used the LP-metrics method which is 
one of the famous Multi-Criteria Decision Making (MCDM) methods for solving multi-
objective problems with conflicting objectives simultaneously. According to this method, a 
multi-objective problem is solved by considering each objective function separately and then a 
single objective is reformulated which aims to minimize the summation of normalized 
differences between each objective and the optimal values of them. In our proposed model, just 
you can assume that two objective functions are named as Z1, Z2. Based on LP-metrics method, 
MILP should be solved for each one of these two objectives separately Assume that the optimal 
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values for these two problems are Z1*,Z2*. Now the LP-metrics objective functions can be 
formulated as follows: 

* *
1 1 2 2

3 * *
1 2

( ) [ . (1 ). ]Z Z Z ZMin Z w w
Z Z
− −

= + −                                                                      (25) 

Where 0 1w≤ ≤  are the relative weight of components of the objective function (25) which 
given by the decision maker. Using LP-metrics objective function and considering MILP model 
constraints, we have a single objective mixed integer programming model, which can be 
efficiently solved by linear programming solvers. 
3. Computational results 
In this section, numerical experiments are conducted to investigate the performance of the 
proposed model. 
3.1 Report of results 
In this section results of solving problem in 5 test problem reported and analyzed. It should be 
noted that the necessary data is taken from the similar research in this field. Table 1 shows the 
results of experiments. 

Table 1- Results of experiments 
T.P |k| × |j| × |i| × |n| × |p| ×|t|×|w| F. O. V. S. O. V. CPU 

1 |1|×|1|×|2|×|1|×|1|×|2|×|1| 3677712 50.6 1.7 
2 |1|×|1|×|2|×|1|×|1|×|2|×|2| 3987991 67.3 4.5 
3 |2|×|1|×|2|×|2|×|1|×|2|×|3| 4565724 75.2 8 
4 |3|×|1|×|3|×|2|×|2|×|2|×|3| 4936541 83.5 15.6 
5 |3|×|2|×|3|×|3|×|2|×|3|×|3| 5135895 94.9 24.9 

Where in Table 1, T. P denote the number of test problem, second column show size of 
problem, F. O. V. is first objective function value, S. O. V. denote second objective function 
value and last column showed computational times of solving model. The CPU times of the test 
problems illustrated in Fig. 2. As can be seen in Fig. 2 the CPU time of solving the model 
increased with increasing in size of the problem. 

 
Figure 2.CPU time of the problem 

 
 
3.2 Sensitivity analysis 
In this section the sensitivity of the first objective function on demand and capacity of the 
distribution center are examined. Sensitivity analysis  the values of the objective function in five 
different model (Based case, -20%, -10%, +10% and +20%) are examined. The sensitivity 
analysis results are illustrated in Fig. 3. and Fig. 4. 
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                                     Figure.3 The total cost versus demand changes. 
 
According to Fig. 3 with increasing the quantity of demand the value of first objective function 
increased. 
 

 
Figure.4 The total cost versus change on the capacity of DCs 

According to Fig. 4 with increasing the quantity of capacity of DCs the value of first objective 
function decrease. 
 
4. Conclusions  
This paper presents a novel a multi-period, multi-product location inventory model for 
designing a three-echelon pharmaceutical logistics supply chain, considering perishability of 
pharmaceutical items. In the proposed model, some strategic network design decisions (i.e. the 
number and location of the manufacturers/DCs, the assignments of each customer to each 
opened DC, and the optimum flow of products in the network) as well as the tactical/operational 
inventory control decisions, will be made, while minimizing the total costs consisting of fixed 
manufacturer/DC opening costs, total product’s flow costs, ordering costs, shortage costs, 
inventory storage costs, and expiration costs. The second objective function is optimized the 

2,850,000
2,900,000
2,950,000
3,000,000
3,050,000
3,100,000
3,150,000
3,200,000
3,250,000
3,300,000

0% 100% 200% 300% 400% 500% 600% 700% 800% 900%

To
ta

l c
os

t 

Demand 

-20% -10% base case 10% 20% 

0

1,000,000

2,000,000

3,000,000

4,000,000

5,000,000

6,000,000

0 1 2 3 4 5 6 7 8 9

5,000 

10,000 

15,000 

20,000 

25,000 

30,000 

35,000 

    -20% -10%     base case         +10%     +20% Gall
ey

 Proo
f



 

 

social impact of network. In this study disruptions in capacity of the facilities are considered. 
The multi-objective model solved using LP-metric method and results are reported. 
Suggestion for future adopting routing and shipment related decisions in the proposed model 
and Considering lateral transshipments between the facilities of the same echelons in the supply 
chain. 
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ABSTRACT 
A U-shaped assembly line is one of the essential tools, which increases the production efficiency of 
companies. Due to the importance of the U-shaped assembly line and robotic assembly line in recent 
years, we merge two points into one and model a new problem as U-shaped robotic mixed-model 
assembly line balancing. In this study, two different modeling approaches proposed for this problem. 
Also, we consider three objective functions (i.e., cycle time, robot failure rate and purchasing cost of 
robot). An augmented ε-constraint method is used to solve a numerical example of the problem to show 
the validity of our presented model. 
Keywords: Line balancing, U-shaped robotic mixed-model assembly line balancing, Augmented ε-constraint 
method. 
 
1. INTRODUCTION AND LITERATURE REVIEW 

In 1913, Henry Ford introduced a production system called the assembly line, which was 
designed as a moving belt, to revolutionize production systems and production costs. One of the 
practical and essential problems regarding assembly line is the balancing of this lines. The 
balancing of assembly lines involves covering the activities between the workstations so that the 
objective function is optimized according to the problem constraints. 
The fundamental problem in this area is the balancing of a high-volume assembly line for a 
product called the balancing problem of the simple assembly line. Salveson [1] formulated the 
first mathematical model for the SALB problem. In these assembly lines, each job, such as a, is 
assigned to a workstation, and the time it takes, Pa, is matched to the working time of that 
station. The workstation, which has the most significant accumulation time, is known as the 
bottleneck, and the time associated with that cycle time of the assembly line. Given the current 
market conditions of consumers and the decline in the product lifecycle, flexible manufacturing 
systems are needed to produce products with different characteristics in a single line. In the 
literature, assembly lines that produce products with different characteristics in a single line are 
called mixed-model assembly lines [2]. 
In the advanced industry, a different type of assembly line is used as robotic assembly lines. In 
RAL instead of using workforce, a robot is used to do things that increase productivity, 
increases product quality, increases flexibility and safety, and reduces the need for skilled labor. 
Another critical benefit of RAL is robot can work 24-h a day without stresses or weakness [3]. 
In RALB, apart from allocating tasks to the workstations, the robot must also be assigned to the 
workstations, and the robot is responsible for the dedicated works of that station [4]. In this 
case, robots are generally heterogeneous, and the processing time of task depends on the type of 
robot and its features. There are two types of RALB problems. The first type of them RALB-I 
with the given of cycle time, minimize the number of workstations, and in the second type 
RALB-II, the goal is to minimize the cycle time by given the number of workstations [5]. 
As it was said, assembly lines that produce products with different characteristics in a single 
line are called mixed-model assembly lines. Simaria and Vilarinho [6] considered a mixed-
model assembly line balancing problem. In their formulation of the problem, in the case of the 
number of operators it is specified, the maximization of the production rate presented with a 
genetic algorithm. Yagmahan [7] investigated a problem of type I mixed-model assembly line 
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balancing. The goals they considered include, minimizing the number of workstations, 
maximizing communication between workstation in line. To solve this problem, they used a 
multi-objective ant colony algorithm. Akpınar and Bayhan [8] presented a hybrid genetic 
algorithm for solving the type I assembly line balancing problem. They considered three 
objective functions, minimizing the number of workstations, maximizing the work connection 
between workstations, and maximizing the work connection within the stations. In addition, 
they considered a zoning restriction on their problem. Definite zoning is the case where two 
activities must be assigned to a station, and contrary zoning prevents the allocation of two 
incompatible activities to a station. 
 

Workstation

Robot

Product flow

 
Figure 1. U-shape assembly line 

 
Considering the new generation of industrial developments (Industry 4.0), the robotic assembly 
line balancing problem has introduced. Gao et al. [9] investigated a problem with the RALB-II 
for a single product. They provided a new genetic algorithm combined with a local search 
algorithm to solve the problem. Yoosefelahi et al. [10] modelled a multi-objective RALB-II to 
mixed integer programming. The goals they were considering were minimizing the cycle time, 
the cost of the robot, and the cost of purchasing the robot. Given the NP-hardness of the 
problem, they used three multi-objective evolution strategies algorithms. Aghajani et al. [11] 
investigated the type II robotic mixed-model assembly line balancing of the two-sided line. The 
two-sided assembly line is suitable for large-sized and high-volume products such as cars, 
buses, and trucks. In this type of production line, right, left, or both sides of the production line 
have used simultaneously. To find the optimal solution they presented an efficient simulated 
annealing algorithm to solve the problem. Rabbani et al. [5] formulated a U-shaped type II 
robotic assembly line balancing problem with three objective functions, minimize cycle time, 
cost of robot purchase and the cost of purchasing robot. They used two different evolutionary 
algorithms, NSGA-II and MOPSO, and they demonstrate that the NSGA-II algorithm performs 
better than MOPSO. 
We organize the remainder of this paper as follows. Section 2 presents the problem definition 
and mathematical formulation of the problem. In Section 3, we offer two multi-objective 
programming to solve the problem. To show the efficiency of our model, in Section 4 have used 
a case study to illustrate the capability of the proposed model. We offer concluding remarks and 
directions for future research in Section 5. 
 
2. PROBLEM DESCRIPTION AND MATHEMATICAL MODELING 

Robotic mixed-model assembly line balancing problem divided into two subproblems; one, 
assign a task to workstation and two, assign robot to workstation considering robot feature. In 
this article, the problem is type II robotic mixed-model assembly line balancing witch is multi-
objective one. The goal of the problem is to minimize cycle time, robot failure rates, and robot 
purchasing costs. Type II RMALB problem is to minimize cycle time with a given number of 
the workstation. U-shape assembly line is suitable for communication between workstations.   
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Indices: 
𝒊𝒊 Set of assembly tasks; 𝑖𝑖 = 1, 2, … , 𝐼𝐼 
𝒋𝒋 Set of workstations; 𝑗𝑗 = 1, 2, … , 𝐽𝐽 
𝒎𝒎 Set of product model; 𝑚𝑚 = 1, 2, … , 𝑀𝑀 
𝒓𝒓 Number of robot types; 𝑟𝑟 = 1, 2, … , 𝑅𝑅 
Parameters: 
𝒑𝒑𝒓𝒓𝒑𝒑(𝒊𝒊) Set of immediate predecessors of task 𝑖𝑖 
𝑪𝑪𝒓𝒓 Cost of a robot type 𝑟𝑟,t o be purchased 
𝑹𝑹𝑹𝑹𝒓𝒓 Working time of robot 𝑟𝑟   
𝝀𝝀𝒓𝒓 The initial rate of failures in robot 𝑟𝑟 
𝑺𝑺𝑹𝑹𝒊𝒊𝒓𝒓  Setup time of a robot of type 𝑟𝑟, for processing task 𝑖𝑖 
𝑺𝑺𝑹𝑹𝒊𝒊 Sequence-dependent setup time for processing task 𝑖𝑖 
𝑹𝑹𝒊𝒊𝒎𝒎𝒓𝒓 The processing time of task 𝑖𝑖 for model 𝑚𝑚 by robot 𝑟𝑟 
𝑴𝑴𝑴𝑴𝑴𝑴𝒓𝒓 The maximum length of a robot of type 𝑟𝑟 
𝑴𝑴𝑴𝑴𝑴𝑴𝒓𝒓 Maximum width of a robot of type 𝑟𝑟  
𝑴𝑴𝑴𝑴𝑴𝑴𝒋𝒋 Minimum length of a workstation 𝑗𝑗  
𝑴𝑴𝑴𝑴𝑴𝑴𝒋𝒋 Minimum width of a workstation 𝑗𝑗 
𝑪𝑪𝑹𝑹𝒎𝒎𝒎𝒎𝒎𝒎 Maximum station time among all stations 
𝑫𝑫𝒎𝒎 Demand quantity for product model 𝑚𝑚 
w Expert decided weight for weighted-workload parameter 
Decision variables: 
𝑪𝑪𝑹𝑹 Total cycle time 
𝑹𝑹𝑹𝑹 Robots failure rates 
𝑷𝑷𝑪𝑪 Robots purchasing costs 
𝑿𝑿𝒊𝒊𝒋𝒋𝒎𝒎𝒓𝒓 1, if the special task 𝑖𝑖 is assigned to the workstation 𝑗𝑗 and the robot type 𝑟𝑟 is allocated to the workstation 

𝑗𝑗 for model 𝑚𝑚 of product, 0, otherwise 
𝑿𝑿𝒊𝒊𝒋𝒋𝒓𝒓 1, if the common task 𝑖𝑖 is assigned to workstation 𝑗𝑗 and robot 𝑟𝑟 is assigned, 0 otherwise 
𝒀𝒀𝒋𝒋𝒓𝒓 1, if the robot type 𝑟𝑟 is allocated to the workstation 𝑗𝑗, 0, otherwise 
𝑪𝑪𝑹𝑹𝒎𝒎 Cycle time for product model 𝑚𝑚 
Purposed objective functions are as given below: 

(1) Min  𝐶𝐶𝐶𝐶 = � 𝐶𝐶𝐶𝐶𝑚𝑚

𝑀𝑀1

𝑚𝑚=1

 

(2) 
Min  𝑅𝑅𝑅𝑅 = �(1 − 𝑒𝑒𝜆𝜆𝑟𝑟∗𝑅𝑅𝑅𝑅𝑟𝑟

𝑅𝑅

𝑟𝑟=1

) 

(3) 
Min  𝑃𝑃𝐶𝐶 = � � 𝐶𝐶𝑟𝑟 ∗ 𝑌𝑌𝑗𝑗𝑟𝑟

𝐽𝐽

𝑗𝑗=1

𝐼𝐼

𝑖𝑖=1

 

Eq. (1) is to minimize the cycle time of the assembly line. Eq. (2) minimizes the summation of 
each selected robot. Eq. (3) minimizes the purchasing cost of robots. Furthermore, to describe 
the problem, considered assembly line constraints are as given: 

� �(𝐶𝐶𝑖𝑖𝑚𝑚𝑟𝑟 + 𝑆𝑆𝐶𝐶𝑖𝑖𝑟𝑟 + 𝑆𝑆𝐶𝐶𝑖𝑖) ∗ (
𝑅𝑅

𝑟𝑟=1

𝐼𝐼

𝑖𝑖=1

𝑋𝑋𝑖𝑖𝑗𝑗𝑚𝑚𝑟𝑟 + 𝑋𝑋𝑖𝑖𝑗𝑗𝑟𝑟) ≤ 𝐶𝐶𝐶𝐶𝑚𝑚 ∀𝑗𝑗 ∈ 𝐽𝐽, 𝑚𝑚 ∈ 𝑀𝑀 (4) 

� (
𝐷𝐷𝑚𝑚

∑ 𝐷𝐷𝑚𝑚
𝑀𝑀
𝑚𝑚=1

� � 𝐶𝐶𝑖𝑖𝑚𝑚𝑟𝑟(𝑋𝑋𝑖𝑖𝑗𝑗𝑚𝑚𝑟𝑟 + 𝑋𝑋𝑖𝑖𝑗𝑗𝑟𝑟))
𝑅𝑅

𝑟𝑟=1

𝐼𝐼

𝑖𝑖=1

𝑀𝑀

𝑚𝑚=1
≤ (𝑤𝑤)(𝑊𝑊𝑊𝑊𝑚𝑚𝑖𝑖𝑚𝑚) + (1 − 𝑤𝑤)(𝑊𝑊𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚) 

∀𝑗𝑗 ∈ 𝐽𝐽 (5) 

� � � (𝐶𝐶𝑖𝑖𝑚𝑚𝑟𝑟) ∗ 𝑌𝑌𝑗𝑗𝑟𝑟 ∗ (𝑋𝑋𝑖𝑖𝑗𝑗𝑚𝑚𝑟𝑟 + 𝑋𝑋𝑖𝑖𝑗𝑗𝑟𝑟)
𝑀𝑀

𝑚𝑚=1

𝐽𝐽

𝑗𝑗=1

𝐼𝐼

𝑖𝑖=1

= 𝑅𝑅𝐶𝐶𝑟𝑟 ∀𝑟𝑟 = 1, 2, … , 𝑅𝑅 (6) 

� � 𝑗𝑗 ∗ 𝑋𝑋ℎ𝑔𝑔𝑚𝑚𝑟𝑟

𝑅𝑅

𝑟𝑟=1

𝐽𝐽

𝑔𝑔=1

− � � 𝑗𝑗 ∗ 𝑋𝑋𝑖𝑖𝑗𝑗𝑚𝑚𝑟𝑟

𝑅𝑅

𝑟𝑟=1

𝐽𝐽

𝑗𝑗=1

≤ 0 ∀ℎ ∈ 𝑝𝑝𝑟𝑟𝑝𝑝(𝑖𝑖), 𝑚𝑚 ∈ 𝑀𝑀 (7) 

� 𝑌𝑌𝑗𝑗𝑟𝑟

𝑅𝑅

𝑟𝑟=1

≥ 1 ∀𝑗𝑗 ∈ 𝐽𝐽 (8) 
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� � 𝑋𝑋𝑖𝑖𝑗𝑗𝑚𝑚𝑟𝑟 ≥ 1
𝑅𝑅

𝑟𝑟=1

𝐽𝐽

𝑗𝑗=1

 ∀𝑖𝑖 ∈ 𝐼𝐼, 𝑚𝑚 ∈ 𝑀𝑀 (9) 

� 𝑀𝑀𝑀𝑀𝑀𝑀𝑟𝑟

𝑅𝑅

𝑟𝑟=1

∗ 𝑌𝑌𝑗𝑗𝑟𝑟 ≤ 𝑀𝑀𝐼𝐼𝑊𝑊𝑗𝑗 ∀𝑗𝑗 ∈ 𝐽𝐽 (10) 

� 𝑀𝑀𝑀𝑀𝑊𝑊𝑟𝑟

𝑅𝑅

𝑟𝑟=1

∗ 𝑌𝑌𝑗𝑗𝑟𝑟 ≤ 𝑀𝑀𝐼𝐼𝑊𝑊𝑗𝑗 ∀𝑗𝑗 ∈ 𝐽𝐽 (11) 

� � 𝑌𝑌𝑗𝑗𝑟𝑟

𝑅𝑅

𝑟𝑟=1

≥ 1
𝐽𝐽

𝑗𝑗=1

  (12) 

𝑋𝑋𝑖𝑖𝑗𝑗𝑚𝑚𝑟𝑟 ∈ {0,1} 𝑖𝑖 = 1, 2, … , 𝐼𝐼; 𝑗𝑗 = 1, 2, … , 𝐽𝐽 
𝑚𝑚 = 1, 2, … , 𝑀𝑀; 𝑟𝑟 = 1, 2, … , 𝑅𝑅 

(13) 

𝑋𝑋𝑖𝑖𝑗𝑗𝑟𝑟 ∈ {0,1} 𝑖𝑖 = 1, 2, … , 𝐼𝐼; 𝑗𝑗 = 1, 2, … , 𝐽𝐽 
𝑟𝑟 = 1, 2, … , 𝑅𝑅 

(14) 

𝑌𝑌𝑗𝑗𝑟𝑟 ∈ {0,1} 𝑗𝑗 = 1, 2, … , 𝐽𝐽; 𝑟𝑟 = 1, 2, … , 𝑅𝑅 (15) 

Eq. (4) measures the cycle time. Eq. (5) takes in control the weighted-workload of each station 
and should be lesser than the expert decided range by min and mix weighted-workload. Eq. (6) 
calculates each selected working time. Eq. (7) ensures all precedence relations among tasks 
between workstations. Eq. (8) shows one or more than one robot can assign to workstations. Eq. 
(9) Shows one or more than one tasks can assign to workstations. Eq. (10) moreover, Eq. (11) 
show that assigned robots cannot exceed the area length and width range. Eq. (12) shows a total 
number of used robots can be one or more than one.  
 
3. AUGMENTED 𝜺𝜺-CONSTRAINT METHOD  

This section presents a multi-objective model. To examine this problem, the ε-augmented 
constraint method is used. The model has conflicts in its three objectives; thus, the ε-augmented 
constraint method gives Pareto zone solutions. The ε-augmented constraint is a method for 
multi-objective problems that produces the Pareto optimal solutions. Mavrotas [12] showed the 
effective implementation by avoiding the production of weakly Pareto-optimal solutions and 
accelerating the whole process by averting unnecessary iterations. Following the model 
represents the base function of this model: 

(16) 

Min  𝑔𝑔1(𝑥𝑥) − 𝑒𝑒𝑝𝑝𝑒𝑒 ∗ (𝑆𝑆2

𝑟𝑟2
+ 𝑆𝑆3

𝑟𝑟3
+ ⋯ + 𝑆𝑆𝑝𝑝

𝑟𝑟𝑝𝑝
) 

s.t. 
𝑔𝑔2 + 𝑆𝑆2 = 𝜀𝜀2 
𝑔𝑔3 + 𝑆𝑆3 = 𝜀𝜀3 

… 
𝑓𝑓𝑝𝑝 + 𝑆𝑆𝑝𝑝 = 𝜀𝜀𝑝𝑝 

𝑟𝑟𝑝𝑝 = 𝑔𝑔𝑝𝑝
𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑔𝑔𝑝𝑝

𝑚𝑚𝑖𝑖𝑚𝑚     , 𝑗𝑗 = 2, … , 𝑝𝑝 

𝜀𝜀𝑝𝑝 = 𝑔𝑔𝑝𝑝
𝑚𝑚𝑚𝑚𝑚𝑚 −

𝑟𝑟𝑝𝑝

𝑝𝑝 ∗ 𝑗𝑗    , 𝑗𝑗 = 2, … , 𝑝𝑝 

where 𝑒𝑒𝑝𝑝𝑒𝑒 indices a small number between 10−3 and 10−6; 𝜀𝜀𝑝𝑝 is the DMs accepted tolerance in 
𝑝𝑝th objective function; and j is total objective function interval grids points. Therefore, we have 
used this method for presented MOP in our paper to find Pareto solutions, and the given model 
is given by: 
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(17) 

Min  𝐶𝐶𝐶𝐶 − 𝑒𝑒𝑝𝑝𝑒𝑒 ∗ (S2

r2
+ S3

r3
) 

𝑆𝑆. 𝑝𝑝. 
𝑅𝑅𝑅𝑅 + 𝑆𝑆2 = 𝜀𝜀2 
𝑃𝑃𝐶𝐶 + 𝑆𝑆3 = 𝜀𝜀3 

𝑟𝑟𝑝𝑝 = 𝑔𝑔𝑝𝑝
𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑔𝑔𝑝𝑝

𝑚𝑚𝑖𝑖𝑚𝑚 , 𝑝𝑝 = 2, 3, 

𝜀𝜀𝑝𝑝 = 𝑔𝑔𝑝𝑝
𝑚𝑚𝑚𝑚𝑚𝑚 −

𝑟𝑟𝑝𝑝

𝑝𝑝 ∗ 𝑗𝑗, 𝑝𝑝, 𝑗𝑗 = 2, 3 

By considering the conflict in our objectives, will have Pareto optimal solutions but just a few 
would be most preferred based on DM opinion, hence, in next step will integrate DM opinions 
in our model to examine solutions. 
 
4. A CASE STUDY AND ANALYTICAL RESULTS 

This section considers a case study, in which a manufacture has five tasks (𝑖𝑖 = 5) to process, 3 
workstations (𝑗𝑗 = 3) to do the assigned tasks, 2 kind of product (𝑚𝑚 = 2) are considered to 
produce, and 5 robots (𝑟𝑟 = 5) are in list the to be purchased or not. 
Table 1 illustrates the payoff table between the objectives and Table 2 shows the efficient 
solutions generated by the augmented ε-constraint method. As presented in this table, the 
augmented ε-constraint method generates 34 solutions that all have the same utility for the 
decision maker. 
 

Table 1. Pay-off table for numerical example 
Objective function 𝑍𝑍1 𝑍𝑍2 𝑍𝑍3 

Min 𝑍𝑍1 807 495 0.09 

Min 𝑍𝑍2 927 145 0.12 

Min 𝑍𝑍3 1216 285 0.05 
 

Table 2. Efficient solutions for numerical example 

No. �1 �2 �3  No. �1 �2 �3  No. 𝑍𝑍1 𝑍𝑍2 𝑍𝑍3 

1 807 495 0.09  13 889 170 0.08  24 845 220 0.08 
2 808 435 0.08  14 810 395 0.08  25 891 175 0.05 
3 809 395 0.09  15 813 355 0.08  26 816 435 0.07 
4 810 355 0.09  16 816 305 0.08  27 817 385 0.07 
5 811 315 0.09  17 819 295 0.07  28 818 335 0.07 
6 815 300 0.1  18 829 250 0.08  29 822 295 0.07 
7 826 260 0.1  19 811 435 0.08  30 836 240 0.07 
8 877 180 0.1  20 814 385 0.07  31 852 220 0.07 
9 927 145 0.12  21 816 345 0.08  32 824 285 0.06 

10 880 180 0.1  22 818 330 0.07  33 839 230 0.06 
11 813 315 0.09  23 831 255 0.07  34 858 210 0.06 
12 818 300 0.09           

 
Figure 2 represents the generated efficient solutions and Pareto fronts of the main objectives. In 
this figure, we show the diversity of our solutions. 
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Figure 2. Pareto frontier of a numerical example 

 
5. CONCLUSION 

In recent years, industries have found their need to develop their production lines. Due to the 
efficiency and flexibility of the U-shaped lines, we have worked on U-shaped robotic assembly 
lines. By considering robotic lines in our work, we have taken in account the cycle time, robots 
purchasing costs, and robots failure rates by time as our primary objectives. To achieve the best 
assignments of tasks and workstations, augmented ε-constraint method. For future research, 
there exits exciting points, which can develop the presented model in a fuzzy model and develop 
an efficient meta-heuristic algorithm to generate Pareto fronts. By the importance of robots in 
production lines in the future, it is better to have more online data so can test the efficiency of 
our model.  
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ABSTRACT 
In today's world, transportation is one of the most important sectors of the economy that influence the 
process of economic development and is the core of business and the key to economic and social 
development. For this reason, researchers have focused on the issue of vehicle planning to reduce 
transportation costs and reduce pollution and traffic. In this study, a mathematical model for multi-
objective transport optimization in the form of a mixed integer linear programming model is proposed. 
This thesis presents a multi-objective planning model for the green routing problem considering the time 
window for customer service and service time dependent on the amount of loading Also, a robust 
optimization approach has been used to address the uncertainties in the nature of the problem, which is 
another of the objectives of the present study Also, the first objective function is financial function and 
maximizes the problem of profit from the transport network, the second objective function is time 
function and minimizes the working time duration, the third objective function is also environmental 
function and the total amount of pollution created Minimizes Due to the uncertainty in the nature of the 
problem, in this research the problem under uncertainty is investigated and a robust optimization approach 
is used to deal with the uncertainty. The LP_metric approach is also used to solve the multi-objective 
model Plastonic Co. is considered as the case study of the present study. The research problem is solved 
in different dimensions and the results are reported. The results show that the developed algorithm offers 
optimal / near-optimal solutions at the right time than Lingo software. 
Keywords : Green routing, robust optimization, time window, multi-purpose 
 
1. INTRODUCTION 

Transport plays an important role in the economic, manufacturing and service systems and 
accounts for a significant portion of each country's GDP. For this reason, researchers have 
sought to improve routes and eliminate unnecessary travel or alternate short paths. The problem 
of routing vehicles is to optimize the product distribution system so that the distribution costs 
and other goals of the organization are optimized. The increasing development of urbanization, 
especially support industries, has made human and commodity transportation an issue whose 
complexity is constantly increasing. On the other hand, urban growth has driven demand and 
increased distribution companies in the transportation industry. Each of the distributors on the 
one hand is looking for maximum profit and on the other hand with problems such as traffic 
congestion, air pollution, wasting time on people's daily commute routes, increased fuel 
consumption and depreciation of vehicles to distribute goods. And gain liquidity. The transport 
problem was first investigated by Hitchcock [1]. Koopmans also wrote an article entitled 
"Transport Network Optimization" and Kantarowicz on "Mathematical Methods and Product 
Planning and Planning" in which he examined the topic of transportation. And have applied 
mathematical methods Danzing first used the simplex method to get answers to transportation 
problems for the first time in years .In recent years the problem of transportation has attracted 
the attention of many scholars, which has led to the development of various algorithms and 
solutions in this field. 
Tattengio [1] presented a random greedy algorithm with a search for adaptive memory 
programming for the problem of vehicle routing with heterogeneous fleets of vehicles, and the 
same algorithm was applied to HFFVRPB. He has implemented this approach as an intuitive 
decision-making system and has enabled individuals to incorporate different decision-making 
alternatives in the field under consideration. Mirabi, Fatemi Qomi, and July [2] considered the 
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MDVRP problem, in addition to routing and scheduling, they also posed the problem of 
grouping. They developed a possible hybrid heuristic to solve their proposed model, which is 
one of the best heuristics available.Bentley et al. [3] proposed this problem by considering 
different time windows and vehicles and presented a detailed approach to solve the problem 
using the branching algorithm.Zakaradis et al. [4] developed an efficient local search algorithm 
for the VRPB, which examines neighborhoods in a robust solution consisting of exchanges 
between sequences of clients with variable path lengths. Operational costs related to vehicles 
and manpower to deliver goods are important costs in the production process.Sankar et al.[5] 
have used two modified heuristic saving algorithms along with a genetic algorithm for a dual-
purpose VRPB problem including minimizing the total cost of routing and the cost of traveling 
a tour.Criticus et al. [6] presented a new model for the VRPTW problem considering different 
vehicles and attempted to solve it through the innovative insertion method.Zhang et al. [7] used 
a synthetic method (ant colony system and forbidden search) to solve TDVRP. As can be seen, 
studies in this area are scarce and of course increasing.Tavakoli Moghadam [8] introduced a 
multi-purpose vehicle routing problem with uncertainties in customer demand and priority, 
which seek to minimize the number of vehicles, mileage, and waiting time imposed on vehicles. 
As well as maximizing customer satisfaction.MohammadAsghari et.al [9] In this paper, we 
address a green delivery-pickup problem for Home Hemodialysis Machines (HHMs) 
categorized as scarce commodities. The system supplies the HHMs either from the central depot 
of the company or from the individual owners. Based on the sharing economy concept, the 
individuals who own the HHM devices can involve in this home health care system and share 
them with others through the fleet of the company to make money. After delivery of portable 
HHM devices to the clients (patients), they will be collected, disinfected and reallocated to 
fulfill the demands of the other customers.MansourehNaderipour et.al[10]  In this paper, a new 
comprehensive model has been presented for the measurement, evaluation and minimization of 
CO2, NOx and CO as three important emissions (emitted from vehicles) in the open time 
dependent vehicle routing problem (OTDVRP). In the OTDVRP, traffic properties of congested 
regions like city centers are considered. Travel time between two points depends on the time of 
departure, and the vehicles do not come back to the depot.RaminRaeesi et.al[11] the paper 
focuses on a key complication arising from emissions minimisation in a time and load 
dependent setting, corresponding to the identification of the full set of the eligible road-paths 
between consecutive truck visits a priori, and to tackle the issue proposes new combinatorial 
results leading to the development of an exact Path Elimination Procedure (PEP). A PEP-based 
Mixed Integer Programming model is further developed for the SPRP and embedded within an 
efficient mathematical programming technique to generate the full set of the non-dominated 
points on the Pareto frontier of the SPRP.ZhitaoXu.et.al[12] the GVRP is developed as a multi-
objective mixed integer nonlinear programming (MINLP) model that incorporates a fuel 
consumption calculation algorithm. The proposed model considers the vehicle load and capacity 
as well as time-varying speed in order to account for traffic congestion. An improved non-
dominated sorting genetic algorithm (NSGA-II) with adaptive strategies and greedy strategies is 
developed to solve the GVRP.Therefore, the main purpose of this thesis is to present a multi-
objective planning model for the green routing problem considering the time window for 
servicing, the service time dependent on the amount of loading and to deal with the uncertainty 
in the problem using the optimization approach.The rest of this paper is organized as follows. 
Section 2 states the problem and formulations, Section 3 indicates uncertainty modeling. The 
solution methodology (LP-metrics) is presented in Section 4, the results are reported in Section 
5 and finally, in Section 6 the conclusions and future suggestion are provided. 
 
2. PROBLEM DEFINITION 

In this section, the research problem is defined and a mathematical model for the VRP 
management network is presented. Suppose we have n nodes and m vehicles and each node has 
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a certain degree of demand and the vehicles are also heterogeneous. And each vehicle has a 
different capacity and speed, and the demand for each node is met by the central warehouse. 
Similarly, in some areas of demand, in addition to delivering goods, vehicles at the same node 
also load some of the goods that must be returned to the warehouse. For each vehicle, the travel 
time between the two nodes and the service time is considered to be the demand point. Two 
virtual nodes with n and 1 are used to represent the central point, which is the starting and 
ending point of the envelopes. The demand and service time at these locations are zero and only 
travel time from warehouse to nodes and from node to central warehouse is calculated. The time 
window is also considered in this issue and the service time of the demand points must be set at 
a specific time. It should be noted that the service time in this study depends on the amount of 
loading per node. Also, with fluctuations in the business environment, there is uncertainty in the 
Tumble Chain problem, and it is difficult to estimate parameters such as demand and transport 
costs. To make the problem more similar to the real world and increase the performance of the 
proposed model, we investigate the problem under uncertainty in this research and use a robust 
optimization approach to avoid uncertainty. And to solve the proposed multi-objective 
mathematical model, we use the approaches in the science of multi-objective programming  The 
proposed VRP network is illustrated in Fig.1. How nodes are assigned to vehicles is illustrated 
below.  The red arrow is the first vehicle, the green is the second type of vehicle, and the black 
is the third vehicle. 

  
Fig. 1- The proposed VRP network design 

In this study, the following assumptions are considered: 
1. The capacity of vehicles is limited and is defined as weight capacity.  
2. All points of demand must be met by vehicles.  
3. Each customer receives service only from one vehicle and multiple servicing is not allowed. 
4. Service time depends on the amount of downloads done. 
 5. The time to start servicing each node must be within the time limit of that node.Due to 
aforementioned definitions, the research problem can be formulated as follows: 
2-1. Notation 
Sets 

,i j  Index of node (i,j=1,…,n) 
P Index of vehicles  (k=1,…,m) 
k Index of Products  (p=1,…,P) 

Parameters 
CaPK The amount of vehicle capacity k 

Sik Standard time required for k vehicle to service node i 
Dip The amount of node demand for product p 

[Ei ,  Li ] Node Time Window i 
a Coefficient of Effect of Loading at Service Time 

Revp Return on earnings per unit product p 
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Tijk Travel time required for vehicle k to travel between two nodes i and j 
Cijk Cost of shipping the product between points i and j via vehicle k 
Pip The amount of product loading p in node i 
 λijk The amount of pollution created by vehicle k at a distance i to j 
M Large positive number 

Decision variables 
Xijkp 1 If vehicle k carries product p from node i to node j 1 0 otherwise 
Zijkp The amount of product p delivered by vehicle k traveling between nodes i and j 
RSik Actual service time to node i by rescue unit k 
STik Time to start service to node i by vehicle k 
Yijkp The amount of product p loaded by the k vehicle for traveling between nodes i and j 

 
2-2. Mathematical Model 
According to the above definitions and symbols, the MOMINLP is a mathematical model of 
nonlinear mixed integer programming (MOMINLP) for the research problem as follows. 
 

1 . .p ijkp ijk ijkp
i j p i j k p

Max Z Rev Y C X= −∑∑∑ ∑∑∑∑  (1) 

2 ( 1) 0n k kMin Z ST ST+= −  

3 .ijk ijkp
i j k p

Min Z Xλ= ∑∑∑∑                                                          

(2) 
 
      
(3) 
 

Subject to:  
1

1
1

n

jkp
j p

X
+

=

=∑∑  1,...,k m=  (4) 

( 1)
0

1
n

i n kp
i p

X +
=

=∑∑  1,...,k m=  (5) 

0
1

n

ijkp
i k

X
=

=∑∑  1,..., ; 1,...,i n p P= =  (6) 

1

1
1

n

ijkp
j k

X
+

=

=∑∑  1,..., ; 1,...,i n p P= =  (7) 

1

0 1
0

n n

ijkp jhkp
i p h p

X X
+

= =

− =∑∑ ∑∑  1,..., ; 1,...,j n k m= =  (8) 

1

0
0

0
n

jkp
j k p

Y
+

=

=∑∑∑   (9) 

1

( 1)
0

0
n

i n kp
i k p

Z
+

+
=

=∑∑∑   (10) 

1

1 0

n n

jhkp ijkp jp
h k i k

Y Y P
+

= =

− =∑∑ ∑∑  1,..., ; 1,...,j n p P= =  (11) 

1

0 1

n n

ijkp jhkp jp
i k h k

Z Z D
+

= =

− =∑∑ ∑∑  1,..., ; 1,...,j n p P= =  (12) 

.ijkp ijkpY M X≤  
0,..., ; 1,..., 1;
1,..., ; 1,...,

i n j n i j
k m p P
= = + ≠
= =

 (13) 

Gall
ey

 Proo
f



 

 
 

.ijkp ijkpZ M X≤  
0,..., ; 1,..., 1;
1,..., ; 1,...,

i n j n i j
k m p P
= = + ≠
= =

 (14) 

( ).ijkp ijkp ijkp k
p

Z Y X Cap+ ≤∑  , 0,..., 1, ; 1,...,i j n i j k p= + ≠ =  (15) 

1 1

1 1
( . ).

n n

ik ik ijkp ijkp
p j p j

RS s Y Xα
+ +

= =

= + ∑∑ ∑∑  0,..., 1; 1,...,i n k m= + =  (16) 

( ).jk ik ik ijk ijkp
p

ST ST RS T X≥ + + ∑  , 0,..., 1; 1,...,i j n k p= + =  (17) 

i ik iE ST L≤ ≤  0,..., 1; 1,...,i n k m= + =  (18) 

{0,1}
, , 0

ijkp

ijkp ijkp ik

X
Y Z ST

∈

≥
 , , ,i j k p∀  (19) 

 
 
 
Equation (1): The first objective function represents the maximum that denotes the Torque's 
profit from the difference in revenue from expenses. Equation (2): Objective The second 
objective is to minimize the duration of the work period. Equation (3): Objective Function The 
third objective is to minimize the emissions created by the transportation network. 
Constraint sets (4) ensures that all vehicles start their journey from the origin (central 
warehouse). Constraint sets (5) states that all vehicles return to the destination after the service 
operation is completed. Constraints (6) and (7) indicate that all demand points must be serviced 
and each node assigned to a vehicle. In equation (8) the equilibrium flow of the problem is 
stated. Constraints (9-14) calculate the rate of delivery and loading of items. Equation (15) 
shows the limited capacity of vehicles.In limitation (16) the service time is calculated depending 
on the amount of loading. Constraint (17) calculates the start time of service to each node by 
each vehicle. Equation (18) gives the time window constraint. Constraint (19) specifies the 
range of decision variables. 
 
3. ROBUST PROGRAMMING 

Consequently, the robust equivalence model of the research problem is as follows: 
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4. LP-METRICS 

Since the proposed model is a multi-objective MILP model whose objective functions are 
completely inconsistent, we used the LP-metrics method which is one of the famous Multi-
Criteria Decision Making (MCDM) methods for solving multi-objective problems with 
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conflicting objectives simultaneously. According to this method, a multi-objective problem is 
solved by considering each objective function separately and then a single objective is 
reformulated which aims to minimize the summation of normalized differences between each 
objective and the optimal values of them. In our proposed model, you can assume that two 
objective functions are named as Z1, Z2. Based on LP-metrics method, MILP should be solved 
for each one of these two objectives separately Assume that the optimal values for these two 
problems are *

1Z , *
2Z . Now the LP-metrics objective functions can be formulated as follows: 
* *

1 1 2 2
3 * *

1 2

( ) [w . (1 w). ]Z Z Z ZMin Z
Z Z
− −

= + −
 

(41) 

Where 0 1w≤ ≤  are the relative weight of components of the objective function (31) which 
given by the decision maker(s). Using LP-metrics objective function and considering MILP 
model constraints, we have a single objective, MILP model, which can be efficiently solved by 
linear programming solvers. 
 
5. COMPUTATIONAL RESULTS 

In this section, numerical experiments are conducted to investigate the performance of the 
proposed model. 

5-1. Report of Results 
In this section, results of solving problem in 6 test problem reported and analyzed. It should be 
noted that the necessary data is taken from the similar research in this field (like [4], [15]) Table 
1 shows the results of experiments. 

Table 1- Results of experiments 

T. P | | | | | |i k p× ×  L.O.U T.F.V LP-
Metric 

CPU 
time (s) 

1 | 5 | | 2 | |1|× ×  0.1ρ =  0.071 3 
2 | 7 | | 3 | |1|× ×  0.1ρ =  0.130 75.3 
3 |11| | 4 | |1|× ×  0.3ρ =  0.153 582.3 
4 |12 | | 5 | | 2 |× ×  0.3ρ =  0.233 1328.2 
5 
6 

|15 | | 6 | | 2 |× ×  
|15 | | 6 | | 3 |× ×  

0.5ρ =  
0.5ρ =  

0.3 
0.338 

2442 
3078.4 

 
Where in Table 1, T. P denote the number of test problem, second column shows the size of 
problem, L.O.U is Level of uncertainty, T.F.V. denote second Target function value LP-Metric 
objective function value and last column showed computational times of solving model. The 
CPU times of the test problems illustrated in Fig. 2. As can be seen in Fig. 2 the CPU time of 
solving the model increased with increasing in size of the problem. 

 
Fig. 2- CPU time of the problem 
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5-2. Sensitivity analysis 
In this section the sensitivity of the first objective function on demand of recycled materials and 
total amount of waste are examined. 
 

Sensitivity analysis for demands  
We examined the values of the objective function in five different modes for the demands 
(Based case, +10% . +20% .+30%). The sensitivity analysis results are illustrated in Fig. 3. 

 
Fig. 3- Sensitivity analysis for demands 

According to Fig. 3 with decreasing the quantity of demand the value of first objective function 
decreased. 
Sensitivity analysis of the second objective function on the service time parameter 
We examined the values of the objective function in four different modes for the total amount of 
service time (Based case, -20%, -10%, +10% and +20%). The sensitivity analysis results are 
illustrated in Fig. 4. 
 

 
Fig. 4- Sensitivity analysis of the second objective function on the service time parameter 

According to Fig. 4 with increasing the quantity of total amount of service time the value of first 
objective function increased. 
 
6. CONCLUSIONS  

In this study, a bi-objective MILP model for designing a robust MSW management network is 
presented.In this research the problem of green routing of vehicles in heterogeneous state, 
considering time window and loading and delivery That heterogeneous vehicles include 
vehicles that have different capacities and speeds and that the time window means that the 
service of the nodes should start at a certain time. The proposed model considers the first 
objective function is the financial function and maximizes the problem of profit from the 
transport network. The second objective function is the time function and minimizes the 
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duration of the work period. The third target function is the environmental function and 
minimizes the total amount of pollution created.In this study, a Robust Programming approach 
applied in order to tackle the uncertainty in the parameter of the model. Then, the multi-
objective model solved using LP-metric method and results are reported. Future studies can 
develop metaheuristic algorithms to solve the proposed model in large-sized instances. 
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ABSTRACT 
An optimization problem with a geometric function provided to a system of bipolar fuzzy relation 
equations (BFREs) is presented. In this paper, its feasible domain is firstly characterized and then a lower 
and upper bound on its feasible solution set is determined. Some conditions are presented to check its 
feasibility. A value matrix is proposed using a useful property of the problem and the branch and bound 
approach is applied to solve the problem based on the matrix.  
Keywords : Bipolar fuzzy relation programming, Branch and bound approach, Geometric programming, 
max-product operator.  
 
1. INTRODUCTION   

Sanchez [1] firstly studied the fuzzy relation equations in 1976. FREs and fuzzy relation 
inequalities (FRIs) and its related problems have been investigated by many researchers [2-3]. 
The above FREs and FRIs are increasing with respect to the variables. In some applications in 
management, we need systems of FREs or FRIs which contain both the decision variables and 
their negation, simultaneously. These systems are said BFREs or BFRIs. The linear 
programming problem subject to BFRE constraints was studied by Freson et al. [4]. They 
decomposed the BFRE system to several FRE and FRI system. The set of effective elements 
was traced to optimize the problem. This work is very time-consuming. A step-by-step method 
was proposed in [5] to overcome the difficulty by transforming it to a 0-1 integer linear 
programming problem. The resolution algorithms of integer programming problems may have a 
high computational complexity. To overcome it, some researchers proposed some rules to 
simplify the problem [6]. However, we cannot formulate all phenomena of real world in terms 
of linear optimization. Zhou et al. [7] considered the nonlinear programming problem with a 
system of bipolar max-lukasiewicz triangular norm FREs. They converted the problem to a 0-1 
mixed integer programming problem and applied classic optimization techniques to solve it. 
Unfortunately, the existing methods are suitable only for the problems with small scale. 
Therefore, the researchers tried to study the nonlinear programming problem in the different 
classes and used its especial structure to find its optimal solution. One of the most important 
models is the geometric programming problem subject to the max-product BFRE constraints. In 
this paper, we firstly formulate a special kind of the problem. Section 2 studies the structure of 
its feasible domain and presents some necessary and sufficient conditions to check its 
consistency. Section 3 presents an algorithm to solve the problem using a value matrix and the 
branch and bound method.  
 
2. FORMULATION OF BIPOLAR FUZZY RELATION GEOMETRIC OPTIMIZATION  

Let 𝐴𝐴+ = [𝑎𝑎𝑖𝑖𝑖𝑖+ ]𝑚𝑚×𝑛𝑛, 𝐴𝐴− = [𝑎𝑎𝑖𝑖𝑖𝑖− ]𝑚𝑚×𝑛𝑛, and 𝑏𝑏 = [𝑏𝑏𝑖𝑖]𝑚𝑚×1 where components 𝑎𝑎𝑖𝑖𝑖𝑖+ ,𝑎𝑎𝑖𝑖𝑖𝑖− , 𝑏𝑏𝑖𝑖 ∈ [0,1] for 
each 𝑖𝑖 ∈ 𝐼𝐼 = {1,2, … ,𝑚𝑚} and 𝑗𝑗 ∈ 𝐽𝐽 = {1,2, … ,𝑛𝑛}. Then the problem of bipolar fuzzy relation 
geometric optimization is formulated as follows:  

𝑀𝑀𝑖𝑖𝑛𝑛  𝑍𝑍(𝑥𝑥) = ��𝑐𝑐𝑗𝑗�𝑥𝑥𝑗𝑗�
𝑛𝑛

𝑗𝑗=1

, 
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𝑠𝑠. 𝑡𝑡.     𝑥𝑥 ∈ 𝑆𝑆(𝐴𝐴+,𝐴𝐴−, 𝑏𝑏) = {𝑥𝑥 ∈ [0,1]𝑛𝑛 |    𝐴𝐴+∎𝑥𝑥 ⋁𝐴𝐴−∎¬𝑥𝑥 = 𝑏𝑏}, 
 
where 𝑐𝑐 = [𝑐𝑐𝑖𝑖]1×𝑛𝑛  and 𝑟𝑟 = [𝑟𝑟𝑖𝑖]1×𝑛𝑛 with 𝑐𝑐𝑖𝑖 ≥ 0 and  𝑟𝑟𝑖𝑖 ≥ 0 for each 𝑗𝑗 ∈ 𝐽𝐽. The notations ⋁,∎, 
and ¬𝑥𝑥 denote the maximum operator, max-product operator, and ¬𝑥𝑥 = (1 − 𝑥𝑥1, … ,1 − 𝑥𝑥𝑛𝑛)𝑇𝑇, 
respectively. The system (2) is to find the vector 𝑥𝑥 = [𝑥𝑥𝑖𝑖]𝑛𝑛×1 ∈ [0,1]𝑛𝑛 such that the following 
equalities hold: 

max
𝑖𝑖∈𝐽𝐽

𝑚𝑚𝑎𝑎𝑥𝑥�𝑎𝑎𝑖𝑖𝑖𝑖+ . 𝑥𝑥𝑖𝑖 ,𝑎𝑎𝑖𝑖𝑖𝑖− . �1 − 𝑥𝑥𝑖𝑖�� = 𝑏𝑏𝑖𝑖 ,      ∀𝑖𝑖 ∈ 𝐼𝐼. 

 
Lemma 1. The vector 𝑥𝑥 ∈ [0,1]𝑛𝑛 is a solution for system (2) if and only if (i) 
𝑚𝑚𝑎𝑎𝑥𝑥�𝑎𝑎𝑖𝑖𝑖𝑖+ . 𝑥𝑥𝑖𝑖   𝑎𝑎𝑖𝑖𝑖𝑖− . �1 − 𝑥𝑥𝑖𝑖�� ≤ 𝑏𝑏𝑖𝑖 ,∀𝑖𝑖 ∈ 𝐼𝐼 𝑎𝑎𝑛𝑛𝑎𝑎 𝑗𝑗 ∈ 𝐽𝐽. (ii) ∀𝑖𝑖 ∈ 𝐼𝐼,   ∃𝑗𝑗𝑖𝑖 ∈ 𝐽𝐽 s.t. 𝑚𝑚𝑎𝑎𝑥𝑥�𝑎𝑎𝑖𝑖𝑖𝑖+ . 𝑥𝑥𝑖𝑖   𝑎𝑎𝑖𝑖𝑖𝑖− . �1 −
𝑥𝑥𝑖𝑖�� = 𝑏𝑏𝑖𝑖 .  
 
The system (2) is called consistent if 𝑆𝑆(𝐴𝐴+,𝐴𝐴−, 𝑏𝑏) ≠ ∅, otherwise it is inconsistent.  
 
Lemma 2. [8] Each vector 𝑥𝑥 ∈ 𝑆𝑆(𝐴𝐴+,𝐴𝐴−, 𝑏𝑏) is bounded between two vectors 𝑥𝑥� = [𝑥𝑥�𝑖𝑖]𝑛𝑛×1 and 

𝑥𝑥� = [𝑥𝑥�𝑖𝑖]𝑛𝑛×1, lower and upper bound vectors, respectively, where 𝑥𝑥�𝑖𝑖 = max𝑖𝑖∈𝐼𝐼 �1 −
𝑏𝑏𝑖𝑖
𝑎𝑎𝑖𝑖𝑖𝑖
−   �  𝑎𝑎𝑖𝑖𝑖𝑖− > 𝑏𝑏𝑖𝑖� , for each 𝑗𝑗 ∈ 𝐽𝐽 and  𝑥𝑥�𝑖𝑖 = min𝑖𝑖∈𝐼𝐼 �

𝑏𝑏𝑖𝑖
𝑎𝑎𝑖𝑖𝑖𝑖
+   �  𝑎𝑎𝑖𝑖𝑖𝑖+ > 𝑏𝑏𝑖𝑖�, for each 𝑗𝑗 ∈ 𝐽𝐽. Also, max∅ =

0 and min∅ = 1 is assumed. 
 
Some the especial cases are expressed in the following lemmas. 
 
Lemma 3. If there is some 𝑗𝑗 ∈ 𝐽𝐽  such that  𝑥𝑥�𝑖𝑖 = 𝑥𝑥�𝑖𝑖, then for each solution 𝑥𝑥, we have 𝑥𝑥𝑖𝑖 = 𝑥𝑥�𝑖𝑖 =
𝑥𝑥�𝑖𝑖. Thus, variable 𝑥𝑥𝑖𝑖 and the equations which 𝑚𝑚𝑎𝑎𝑥𝑥�𝑎𝑎𝑖𝑖𝑖𝑖+ . 𝑥𝑥�𝑖𝑖  ,𝑎𝑎𝑖𝑖𝑖𝑖− . �1 − 𝑥𝑥�𝑖𝑖�� = 𝑏𝑏𝑖𝑖 can be removed. 
Proof. It can be obtained with regard to equations (3) and ref. [6]. 
 
Lemma 4. All the equations with zero right hands can be deleted once two vectors 𝑥𝑥� and  𝑥𝑥� have 
been computed. 
Proof. It can be obtained in a similar to [6]. 
 
Without loss of generality, 𝑥𝑥�𝑖𝑖 < 𝑥𝑥�𝑖𝑖, for each 𝑗𝑗 ∈ 𝐽𝐽, and 𝑏𝑏𝑖𝑖 > 0, for each 𝑖𝑖 ∈ 𝐼𝐼, are assumed with 
regard to Lemmas 2 and 3. On the other hand, since each equation in the system of (2) can be 
satisfied by 𝑥𝑥�𝑖𝑖 and 𝑥𝑥�𝑖𝑖, we focus on these values to check consistency.  
 
Definition 1.[8] (i) Matrix characteristic matrix 𝑄𝑄� = [𝑞𝑞�𝑖𝑖𝑖𝑖] based on system (2) is defined as 
follows: 

𝑞𝑞�𝑖𝑖𝑖𝑖 =

⎩
⎪
⎨

⎪
⎧�𝑥𝑥�𝑖𝑖�                              𝑖𝑖𝑖𝑖 𝑎𝑎𝑖𝑖𝑖𝑖+ . 𝑥𝑥�𝑖𝑖  ≠ 𝑏𝑏𝑖𝑖 =  𝑎𝑎𝑖𝑖𝑖𝑖− . �1 − 𝑥𝑥�𝑖𝑖�,

�𝑥𝑥�𝑖𝑖�                            𝑖𝑖𝑖𝑖 𝑎𝑎𝑖𝑖𝑖𝑖+ . 𝑥𝑥�𝑖𝑖 = 𝑏𝑏𝑖𝑖 ≠  𝑎𝑎𝑖𝑖𝑖𝑖− . �1 − 𝑥𝑥�𝑖𝑖�,

�𝑥𝑥�𝑖𝑖 , 𝑥𝑥�𝑖𝑖�                         𝑖𝑖𝑖𝑖 𝑎𝑎𝑖𝑖𝑖𝑖+ . 𝑥𝑥�𝑖𝑖 = 𝑏𝑏𝑖𝑖 =  𝑎𝑎𝑖𝑖𝑖𝑖− . �1 − 𝑥𝑥�𝑖𝑖�,
∅                                                                𝑜𝑜𝑡𝑡ℎ𝑒𝑒𝑟𝑟𝑒𝑒𝑖𝑖𝑠𝑠𝑒𝑒.

 

 
For each 𝑖𝑖 ∈ 𝐼𝐼 and 𝑗𝑗 ∈ 𝐽𝐽. (ii) Two 𝑚𝑚 × 𝑛𝑛 matrices 𝑄𝑄+ = �𝑞𝑞𝑖𝑖𝑖𝑖+� and 𝑄𝑄− = �𝑞𝑞𝑖𝑖𝑖𝑖−� are defined as: 

𝑞𝑞𝑖𝑖𝑖𝑖+ = �
1         𝑖𝑖𝑖𝑖 𝑥𝑥�𝑖𝑖 ∈ 𝑞𝑞�𝑖𝑖𝑖𝑖 ,
0         𝑜𝑜𝑡𝑡ℎ𝑒𝑒𝑟𝑟𝑒𝑒𝑖𝑖𝑠𝑠𝑒𝑒,

    and  𝑞𝑞𝑖𝑖𝑖𝑖− = �
1         𝑖𝑖𝑖𝑖 𝑥𝑥�𝑖𝑖 ∈ 𝑞𝑞�𝑖𝑖𝑖𝑖 ,
0         𝑜𝑜𝑡𝑡ℎ𝑒𝑒𝑟𝑟𝑒𝑒𝑖𝑖𝑠𝑠𝑒𝑒,

  for each 𝑖𝑖 ∈ 𝐼𝐼 and 𝑗𝑗 ∈ 𝐽𝐽. Let 𝐼𝐼𝑖𝑖+(𝑥𝑥) =

�𝑖𝑖 ∈ 𝐼𝐼  �  𝑥𝑥𝑖𝑖 = 𝑥𝑥�𝑖𝑖   𝑎𝑎𝑛𝑛𝑎𝑎 𝑞𝑞𝑖𝑖𝑖𝑖+ = 1 �,  𝐽𝐽𝑖𝑖+(𝑥𝑥) = �𝑗𝑗 ∈ 𝐽𝐽  �  𝑥𝑥𝑖𝑖 = 𝑥𝑥�𝑖𝑖   𝑎𝑎𝑛𝑛𝑎𝑎 𝑞𝑞𝑖𝑖𝑖𝑖+ = 1 �, 𝐼𝐼𝑖𝑖−(𝑥𝑥) =

Gall
ey

 Proo
f



 

 
 

�𝑖𝑖 ∈ 𝐼𝐼  �  𝑥𝑥𝑖𝑖 = 𝑥𝑥�𝑖𝑖   𝑎𝑎𝑛𝑛𝑎𝑎 𝑞𝑞𝑖𝑖𝑖𝑖− = 1 �, and 𝐽𝐽𝑖𝑖−(𝑥𝑥) = �𝑗𝑗 ∈ 𝐽𝐽  �  𝑥𝑥𝑖𝑖 = 𝑥𝑥�𝑖𝑖   𝑎𝑎𝑛𝑛𝑎𝑎 𝑞𝑞𝑖𝑖𝑖𝑖− = 1 �. Also, let 𝐼𝐼𝑖𝑖(𝑥𝑥) =
𝐼𝐼𝑖𝑖+(𝑥𝑥)⋃𝐼𝐼𝑖𝑖−(𝑥𝑥), 𝐼𝐼𝑖𝑖+ = 𝐼𝐼𝑖𝑖+(𝑥𝑥�), 𝐼𝐼𝑖𝑖− = 𝐼𝐼𝑖𝑖−(𝑥𝑥�), 𝐽𝐽𝑖𝑖+ = 𝐽𝐽𝑖𝑖+(𝑥𝑥�), and 𝐽𝐽𝑖𝑖− = 𝐽𝐽(𝑥𝑥�), for each 𝑖𝑖 ∈ 𝐼𝐼 and 𝑗𝑗 ∈ 𝐽𝐽. 
 
We can now present the necessary and sufficient conditions to check the feasibility of the 
problem (1)-(2). To do this, the values 𝑥𝑥�𝑖𝑖 and 𝑥𝑥�𝑖𝑖  are labeled by positive literal 𝑦𝑦𝑖𝑖 and negative 
literal ¬𝑦𝑦𝑖𝑖 .  
 
Theorem 1. [8] The problem (1)-(2) is feasible if and only if its Boolean formula 𝐶𝐶 = ⋀ 𝐶𝐶𝑖𝑖𝑖𝑖∈𝐼𝐼  is 
well defined and satisfiable where 𝐶𝐶𝑖𝑖 = ⋁ 𝑦𝑦𝑖𝑖𝑖𝑖∈𝐽𝐽𝑖𝑖

+ ⋁⋁ ¬𝑦𝑦𝑖𝑖𝑖𝑖∈𝐽𝐽𝑖𝑖
−  and 𝑦𝑦𝑖𝑖  𝑎𝑎𝑛𝑛𝑎𝑎 ¬𝑦𝑦𝑖𝑖 ∈ {0,1}.  

 
3. AN ALGORITHM FOR RESOLUTION OF PROBLEM (1)-(2)  

In this section, a value matrix is introduced and then the branch and bound method is run on the 
matrix. If 𝑆𝑆(𝐴𝐴+,𝐴𝐴−, 𝑏𝑏) ≠ ∅, an optimal solution 𝑥𝑥∗ exists for the optimization problem such that 
𝐼𝐼𝑖𝑖(𝑥𝑥∗) = 𝐼𝐼𝑖𝑖+ or 𝐼𝐼𝑖𝑖(𝑥𝑥∗) = 𝐼𝐼𝑖𝑖− for each  𝑗𝑗 ∈ 𝐽𝐽. Hence, the search of optimal solution is limited to 
two index sets 𝐼𝐼𝑖𝑖+ and 𝐼𝐼𝑖𝑖−. The |𝐼𝐼| × 2|𝐽𝐽| value matrix 𝑀𝑀 = �𝑚𝑚𝑖𝑖𝑖𝑖� can be defined by objective 
function of the problem as follows: 

𝑚𝑚𝑖𝑖,2𝑖𝑖−1 = �𝑐𝑐𝑖𝑖 ⋀ 𝑥𝑥�𝑖𝑖         𝑖𝑖𝑖𝑖 𝑞𝑞𝑖𝑖𝑖𝑖+ = 1,
∞              𝑜𝑜𝑡𝑡ℎ𝑒𝑒𝑟𝑟𝑒𝑒𝑖𝑖𝑠𝑠𝑒𝑒,

      and   𝑚𝑚𝑖𝑖,2𝑖𝑖 = �
𝑐𝑐𝑖𝑖 ⋀ 𝑥𝑥�𝑖𝑖         𝑖𝑖𝑖𝑖 𝑞𝑞𝑖𝑖𝑖𝑖− = 1,
∞              𝑜𝑜𝑡𝑡ℎ𝑒𝑒𝑟𝑟𝑒𝑒𝑖𝑖𝑠𝑠𝑒𝑒,

 

 
for each 𝑖𝑖 ∈ 𝐼𝐼 and 𝑗𝑗 ∈ 𝐽𝐽.  
 
We now present an algorithm to solve problem (1)-(2) as follows. 
 
Algorithm 1. An algorithm to solve problem (1)-(2) 
Step 1. Calculate the lower and upper bound vectors 𝑥𝑥� and 𝑥𝑥� by Lemma 2.   
Step 2. If 𝑏𝑏𝑖𝑖 > 0 for each 𝑖𝑖 ∈ 𝐼𝐼 and 𝑥𝑥�𝑖𝑖 < 𝑥𝑥�𝑖𝑖 for each 𝑗𝑗 ∈ 𝐽𝐽, then go to Step 3. Otherwise, apply 
Lemmas 3 and 4. 
Step 3. Compute matrices 𝑄𝑄+ and 𝑄𝑄− by Definition 1. 
Step 4. Calculate index sets 𝐼𝐼𝐽𝐽+, 𝐼𝐼𝑖𝑖−, 𝐽𝐽𝑖𝑖+, and  𝐽𝐽𝑖𝑖− by Definition 1. 
Step 5. Check feasibility problem (1)-(2) by Theorem 1. If it is feasible, then go to Step 6. 
Otherwise, stop! 
Step 6. Compute matrix 𝑀𝑀. 
Step 7. Apply the branch and bound over matrix 𝑀𝑀 to solve the problem. 
Step 8. Produce the optimal solution of the problem. End. 
 
Now, the algorithm is illustrated by a numerical example below. 
 
4. NUMERICAL EXAMPLE  

In this section, a numerical example is presented to illustrate the steps of Algorithm 1. 
 
Example 1. Consider the following problem. 
𝑀𝑀𝑖𝑖𝑛𝑛  𝑍𝑍(𝑥𝑥) = �0.7�𝑥𝑥1���0.6�𝑥𝑥2���0.5�𝑥𝑥3���0.4�𝑥𝑥4��(𝑥𝑥5), 
𝑠𝑠. 𝑡𝑡.     𝑥𝑥 ∈ 𝑆𝑆(𝐴𝐴+,𝐴𝐴−, 𝑏𝑏) = {𝑥𝑥 ∈ [0,1]𝑛𝑛 |    𝐴𝐴+∎𝑥𝑥 ⋁𝐴𝐴−∎¬𝑥𝑥 = 𝑏𝑏}, 
where matrices 𝐴𝐴+, 𝐴𝐴−, and 𝑏𝑏 are as follows: 

𝐴𝐴+ = �

0.3    0.21    0.75   0.12   0.17
0.4      0.6    0.22   0.21     0.34
0.5     0.25     0.12    0.2      0.6
0.15    0.42   0.46    0.9    0.28

�, 𝐴𝐴− = �

0.27   0.40   0.30   0.60   0.90
1.00   0.34    0.15   0.40     0.50

0.14     0.10     0.08    0.05      0.22
0.45    0.90   1.00    0.50    0.45

�,  
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and b = [0.45, 0.6, 0.36, 0.63]T. Algorithm 1 is applied to solve the problem.  
 
Step 1. The lower and upper bound vectors as follows: 
x� = (0.4,0.3,0.37,0.25,0.5)T and x� = (0.72,1,0.6,0.7,0.6)T. 
 
Step 2. Since 𝑏𝑏𝑖𝑖 > 0 for each 𝑖𝑖 ∈ 𝐼𝐼 = {1, … ,4} and 𝑥𝑥�𝑖𝑖 < 𝑥𝑥�𝑖𝑖  for each 𝑗𝑗 ∈ 𝐽𝐽 = {1, … ,5}, go to 
Step 3. 
 
Step 3. Matrices 𝑄𝑄+ and  𝑄𝑄− are as follows: 

𝑄𝑄+ = �

0   0   1   0   0
0   1   0   0   0
1   0   0   0   1
0   0   0   1   0

�  and   𝑄𝑄− = �

0   0   0   1   1
1   0   0   0   0
0   0   0   0   0
0   1   1   0   0

�. 

 
Step 4. The index sets 𝐼𝐼𝑖𝑖+, 𝐼𝐼𝑖𝑖−, 𝐽𝐽𝑖𝑖+, and  𝐽𝐽𝑖𝑖− for each 𝑖𝑖 ∈ 𝐼𝐼 and 𝑗𝑗 ∈ 𝐽𝐽 with matrices 𝑄𝑄+ and  𝑄𝑄− 
are as follows: 
𝐼𝐼1+ = {3}, 𝐼𝐼2+ = {2}, 𝐼𝐼3+ = {1}, 𝐼𝐼4+ = {4}, 𝐼𝐼5+ = {3}, 𝐼𝐼1− = {2}, 𝐼𝐼2− = {4}, 𝐼𝐼3− = {4}, 𝐼𝐼4− = {1}, 𝐼𝐼5−

= {1}, 𝐽𝐽1+ = {3}, 𝐽𝐽2+ = {2}, 𝐽𝐽3+ = {1,5}, 𝐽𝐽4+ = {4}, 𝐽𝐽1− = {4,5}, 𝐽𝐽2− = {1}, 𝐽𝐽3−
= ∅, 𝐽𝐽4− = {2,3}.    

 
Step 5. According to Theorem 1, the problem is consistent. The characteristic Boolean 
formula is as:  𝐶𝐶 = ⋀ 𝐶𝐶𝑖𝑖𝑖𝑖∈𝐼𝐼  where 𝐶𝐶1 = 𝑦𝑦3 ⋁(¬𝑦𝑦4)⋁(¬𝑦𝑦5),   𝐶𝐶2 = 𝑦𝑦2 ⋁(¬𝑦𝑦1) ,𝐶𝐶3 = 𝑦𝑦1 ⋁𝑦𝑦5,  
and 𝐶𝐶4 = 𝑦𝑦4 ⋁(¬𝑦𝑦2)⋁(¬𝑦𝑦3) with 𝑦𝑦2 = 𝑦𝑦3 = 𝑦𝑦4 = 𝑦𝑦5 = 1 and 𝑦𝑦1 can take one of values 0 or 
1. It is corresponding to feasible vector 𝑥𝑥 = (0.72,1,0.6,0.7,0.6)𝑇𝑇 . Go to Step 6. 
Step 6. Compute matrix 𝑀𝑀: 

𝑀𝑀 = �

∞    ∞     ∞   ∞   0.5  ∞   ∞   0.25  ∞   0.5    
∞     0.4   0.6   ∞   ∞   ∞   ∞   ∞   ∞   ∞      
0.7    ∞    ∞   ∞   ∞   ∞   ∞   ∞   0.6   ∞       
∞      ∞    ∞   0.3   ∞   0.37   0.4   ∞   ∞   ∞

�.     

 
Step 7. The branch and bound method is run on the matrix M. We obtain the following 
figure. The first equation has three selections to satisfy it which begin node 0 and produce 
three nodes 1,2, and 3. The least value is related to node 2. The second equation can be 
satisfied by two selections and produce two nodes 4 and 5. The node 4 has the least valve. 
We can have only one branch and node 6 is produced. By producing this node, the created 
values on nodes 0-2-4-6, i.e., 𝑥𝑥1∗ = 𝑥𝑥�1, 𝑥𝑥4∗ = 𝑥𝑥�4, 𝑎𝑎𝑛𝑛𝑎𝑎 𝑥𝑥5∗ = 𝑥𝑥�5, together with 𝑥𝑥2∗ =
𝑥𝑥�2 𝑎𝑎𝑛𝑛𝑎𝑎  𝑥𝑥3∗ = 𝑥𝑥�3 can completely satisfy its constraints.  

 
Figure 1. The modified branch and bound method. 
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5. CONCLUSIONS  

In this paper, the geometric programming problem provided to bipolar fuzzy relation equation 
constraints was studied. Some properties of the structure of its feasible domain were 
investigated and a useful property of its optimal solution was presented and a value matrix 
based on it was designed. The branch and bound method was applied based on the matrix. 
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ABSTRACT 
It is shown that for integer programming problems, the augmented Lagrangian relaxation usually provides 
tighter bounds than Lagrangian relaxation.  In this note we propose a lower bound on the penalty 
parameter of the augmented Lagrangian of the well-known uncapacitated facility location problem 
(UFLP). This lower bound depends on the input data of the problem, and with penalty parameter above 
the proposed lower bound, the value provided by the augmented Lagrangian relaxation is equal to the 
optimal value of the problem.  
Keywords : Augmented Lagrangian, Uncapacitated Facility Location Problem. 
 
1. INTRODUCTION   

Relaxations are used to bound the optimal value of integer programming (IP) problems. 
Consider the following IP 
𝑚𝑚𝑚𝑚𝑚𝑚 𝑐𝑐𝑇𝑇𝑚𝑚
𝑠𝑠. 𝑡𝑡. 𝐴𝐴𝑚𝑚 = 𝑏𝑏

𝑚𝑚 ∈ 𝑋𝑋
  (1)  

 
where 𝑐𝑐 ∈ 𝑅𝑅𝑛𝑛, 𝐴𝐴 ∈ 𝑅𝑅𝑚𝑚×𝑛𝑛, 𝑏𝑏 ∈  𝑅𝑅𝑚𝑚 and the set 𝑋𝑋 contains inequality constraints and integrality 
assumptions on decision variables. Given Lagrangian multipliers 𝜆𝜆 ∈ 𝑅𝑅𝑚𝑚, Lagrangian relaxation 
of problem (1) is defined as follows  

𝑧𝑧𝐿𝐿𝐿𝐿(𝜆𝜆)  =  𝑚𝑚𝑚𝑚𝑚𝑚𝑥𝑥∈ 𝑋𝑋 𝑐𝑐𝑇𝑇𝑚𝑚  + 𝜆𝜆𝑇𝑇(𝑏𝑏 − 𝐴𝐴𝑚𝑚). 

The value of the Lagrangian relaxation, 𝑧𝑧𝐿𝐿𝐿𝐿(𝜆𝜆), is an upper bound on the optimal value, 𝑧𝑧𝐼𝐼𝐼𝐼, of 
the IP (1). The Lagrangian relaxation usually gives a better bound than the well-known LP 
relaxation. The Lagrangian dual problem of IP (1) consists of fining the parameter 𝜆𝜆 that 
provides the best bound, that is 

𝑧𝑧𝐿𝐿𝐿𝐿  =  𝑖𝑖𝑖𝑖𝑓𝑓𝜆𝜆∈𝐿𝐿𝑚𝑚  𝑧𝑧𝐿𝐿𝐿𝐿(𝜆𝜆). 
Note that the Lagrangian duality gap, 𝑧𝑧𝐿𝐿𝐿𝐿  − 𝑧𝑧𝐼𝐼𝐼𝐼, might be nonzero. 
Another Lagrangian-based relaxation is the augmented Lagrangian relaxation. Given a penalty 
parameter 𝜎𝜎 ≥  0 and multipliers 𝜆𝜆 ∈ 𝑅𝑅𝑚𝑚 the augmented Lagrangian relaxation is defined as 
𝑧𝑧𝜎𝜎𝐿𝐿𝐿𝐿+(𝜆𝜆)  =  𝑚𝑚𝑚𝑚𝑚𝑚𝑥𝑥∈𝑋𝑋 𝑐𝑐𝑇𝑇𝑚𝑚 + 𝜆𝜆𝑇𝑇  (𝑏𝑏 − 𝐴𝐴𝑚𝑚)  − 𝜎𝜎‖𝑏𝑏 − 𝐴𝐴𝑚𝑚‖22. (2)  
It is shown that for 𝜎𝜎 ≥ 0, 𝑧𝑧𝜎𝜎𝐿𝐿𝐿𝐿+(𝜆𝜆) is an upper bound for 𝑧𝑧𝐼𝐼𝐼𝐼, thus the best such bound could be 
obtained by solving the problem 𝑧𝑧𝜎𝜎𝐿𝐿𝐿𝐿+  =  𝑖𝑖𝑖𝑖𝑓𝑓𝜆𝜆 𝑧𝑧𝜎𝜎𝐿𝐿𝐿𝐿+(𝜆𝜆). It is also known that the optimal 
objective value of augmented Lagrangian provides better bound than the Lagrangian relaxation, 
that is 𝑧𝑧𝜎𝜎𝐿𝐿𝐿𝐿

+ ≤  𝑧𝑧𝐿𝐿𝐿𝐿. 
Augmented Lagrangian is originally used to solve large scale nonlinear nonconvex problems in 
a decomposition scheme.  It is then employed to solve mixed integer programs as a nonlinear 
nonconvex problem.  
In general, if the penalty parameter is very large then the subproblem are is difficult to solve. 
Specifically, for integer programming problems, introducing a primal characterization, Boland 
and Eberhard [1] show that the inequality 𝑧𝑧𝜎𝜎𝐿𝐿𝐿𝐿

+ ≤  𝑧𝑧𝐿𝐿𝐿𝐿 may be strict if 𝜎𝜎 increases sufficiently. 
Moreover, they proposed a lower bound 𝜎𝜎 such that for 𝜎𝜎 ≥ 𝜎𝜎, 𝑧𝑧𝜎𝜎𝐿𝐿𝐿𝐿+  =  𝑧𝑧𝐼𝐼𝐼𝐼 when 𝑋𝑋 is finite. 
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In this paper we compute 𝜎𝜎 for the well-known uncapacitated facility location problem (UFLP). 
In the next section, after a glimpse on UFLP, we propose the main result in Theorem 2.  
 
2. MAIN RESULT 

The maximization version of the UFLP could be stated as follows: consider 𝑚𝑚 demand points 
indexed by 𝑖𝑖 ∈  𝐼𝐼 = {1,⋯ ,𝑚𝑚 } which may be served by 𝑖𝑖 potential servers indexed by 𝑗𝑗 ∈  𝐽𝐽 =
 {1,⋯ ,𝑖𝑖}. The profit of serving demand point 𝑖𝑖 by server 𝑗𝑗 is 𝑐𝑐𝑖𝑖𝑖𝑖 > 0, and, the fixed cost of 
establishing a server at the potential location 𝑗𝑗 is 𝑓𝑓𝑖𝑖 > 0. 
The problem is to find a subset of potential locations to establish servers, such that the profit of 
serving demand points, each by exactly one server, minus the fixed cost of establishing servers 
is maximized. This version of the UFLP could be formulated as the following IP 

𝑚𝑚𝑚𝑚𝑚𝑚 ��𝑐𝑐𝑖𝑖𝑖𝑖𝑚𝑚𝑖𝑖𝑖𝑖

𝑚𝑚

𝑖𝑖=1

n

i=1

 −  �𝑓𝑓𝑖𝑖𝑦𝑦𝑖𝑖

n

j=1

�𝑚𝑚𝑖𝑖𝑖𝑖

𝑛𝑛

𝑖𝑖=1

= 1,   𝑖𝑖 ∈ 𝐼𝐼

0 ≤ 𝑚𝑚𝑖𝑖𝑖𝑖 ≤ 𝑦𝑦𝑖𝑖 ,   𝑖𝑖 ∈ 𝐼𝐼, 𝑗𝑗 ∈ 𝐽𝐽
𝑦𝑦𝑖𝑖 ∈ {0,1},    𝑗𝑗 ∈ 𝐽𝐽 

 (3)  

 This problem has other formulations that are described  in  survey papers [2] [3]. 
It is known that for the UFLP Lagrangian dual doesn't provide better bound that the LP 
relaxation [3], however Lagrangian dual-based methods and its variants are still considered [3] 
[4] [5] [6]. 
For the augmented Lagrangian problem (2) the following result is proved. 
Lemma 1. Suppose that 𝑋𝑋 has a finite number of elements. Then there exist positive constant 𝜅𝜅 
and Δ (depending only on the constraint data in IP) such that for all 𝜎𝜎 ≥ ‖𝑐𝑐‖Δ

 𝜅𝜅2
 , 𝑧𝑧𝜎𝜎𝐿𝐿𝐿𝐿+ =  𝑧𝑧𝐼𝐼𝐼𝐼. 

Note that in [1] the provided lower bound on 𝜎𝜎 is depend on a the function 𝜓𝜓  that satisfies some 
conditions. In the form of augmented Lagrangian relaxation under consideration (problem (2)) 
we take 𝜓𝜓(𝑚𝑚) = 𝑚𝑚2. 
 
In what follows we use a MATLAB-like notation to denote partitioned vectors and matrices; so 
[𝐴𝐴 ;  𝐵𝐵] represents �𝐴𝐴𝐵𝐵�, where 𝐴𝐴 and 𝐵𝐵 are two matrices (vectors) with the same number of 

columns.  Given two-indexed variable 𝑚𝑚 = �𝑚𝑚𝑖𝑖𝑖𝑖�𝑖𝑖∈ 𝐼𝐼,𝑖𝑖∈ 𝐽𝐽
 ,  we use 𝑚𝑚 instead of 

𝑟𝑟𝑟𝑟𝑟𝑟𝑐𝑐 (𝑚𝑚) = [𝑚𝑚11 𝑚𝑚12 ⋯ 𝑚𝑚1𝑛𝑛 ⋯ 𝑚𝑚𝑚𝑚1 ⋯ 𝑚𝑚𝑚𝑚𝑛𝑛]𝑇𝑇   
 when there is no ambiguity. 
 
Here, based on Lemma 1, a lower bound on the penalty parameter of augmented Lagrangian of 
the UFLP is proposed. Given 𝑢𝑢 ∈  𝑅𝑅𝑚𝑚 and 0 ≤ 𝜎𝜎 ∈  𝑅𝑅, dualizing equality constraints in (3), an 
augmented Lagrangian relaxation of the UFLP is obtained as follows 

zσ
(LR+)(u) = max

(𝑥𝑥,𝑦𝑦)∈𝑋𝑋
��𝑐𝑐𝑖𝑖𝑖𝑖𝑚𝑚𝑖𝑖𝑖𝑖

𝑚𝑚

𝑖𝑖=1

n

i=1

 −  �𝑓𝑓𝑖𝑖𝑦𝑦𝑖𝑖

n

j=1

+ �𝑢𝑢𝑖𝑖 �1 −�𝑚𝑚𝑖𝑖𝑖𝑖

𝑛𝑛

𝑖𝑖=1

�
𝑚𝑚

𝑖𝑖=1

− 𝜎𝜎��1 −�𝑚𝑚𝑖𝑖𝑖𝑖

𝑚𝑚

𝑖𝑖=1

�

2𝑚𝑚

𝑖𝑖=1

, 

(4)  

where 𝑋𝑋 =  � (𝑚𝑚,𝑦𝑦) ∶  0 ≤  𝑚𝑚𝑖𝑖𝑖𝑖 ≤  𝑦𝑦𝑖𝑖  ,   𝑖𝑖 ∈  𝐼𝐼, 𝑗𝑗 ∈  𝐽𝐽,   𝑦𝑦𝑖𝑖  ∈  {0,1} , 𝑗𝑗 ∈  𝐽𝐽 �. 
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Now, we state the main result. 
Theorem 2. If 𝜎𝜎 ≥  ‖[𝑐𝑐;  𝑓𝑓]‖2�𝑖𝑖(𝑚𝑚 + 1),  then 𝑧𝑧𝜎𝜎𝐿𝐿𝐿𝐿+  =  𝑧𝑧𝐼𝐼𝐼𝐼. 
Proof. For clarity we employ notations and definitions from [1]. 
Let 

𝐶𝐶(𝜅𝜅) = � (𝑚𝑚, 𝑦𝑦):�� 1 −�𝑚𝑚𝑖𝑖𝑖𝑖
𝑖𝑖

�

2

𝑖𝑖

≤ 𝜅𝜅2  �, 

𝐾𝐾(𝜅𝜅) =  𝑐𝑐𝑐𝑐𝑖𝑖𝑟𝑟( 𝑋𝑋 ∩  𝐶𝐶(𝜅𝜅) ), 
𝑆𝑆(𝜅𝜅) =  𝐶𝐶(0) ∩  𝐾𝐾(𝜅𝜅), 
E(κ) =  extreme points of  S(κ). 

(5)  

Also define positive number Δ as Δ ∶ =    𝑚𝑚𝑖𝑖𝑖𝑖 � 𝑑𝑑�𝑚𝑚,𝐾𝐾(0)�: 𝑚𝑚 ∈ ∪𝜅𝜅≥𝜅𝜅�  𝐸𝐸(𝜅𝜅) ∖  𝐸𝐸(0) � where 
𝑑𝑑(𝑚𝑚,𝐴𝐴)   =  𝑚𝑚𝑖𝑖𝑖𝑖 { ‖𝑚𝑚 − 𝑚𝑚′‖ ∶  𝑚𝑚′ ∈  𝐴𝐴 }  and �̂�𝜅 is such that for each 𝜅𝜅 < �̂�𝜅, 𝐸𝐸(𝜅𝜅) = 𝐸𝐸(0) and 
𝐸𝐸(𝜅𝜅) ≠  𝐸𝐸(0), otherwise. 
A lower bound proposed in Lemma 1 depends on Δ and 𝜅𝜅. In what follows we try to bound Δ 
and 𝜅𝜅 for the UFLP. 
Let (�̅�𝑚,𝑦𝑦�) be a fractional extreme point of  𝑋𝑋𝐿𝐿𝐼𝐼, the feasible region of the LP relaxation of the 
problem, i.e. 

𝑋𝑋𝐿𝐿𝐼𝐼  = �(𝑚𝑚,𝑦𝑦):�𝑚𝑚𝑖𝑖𝑖𝑖
𝑖𝑖

=  1, 𝑖𝑖 ∈  𝐼𝐼, 𝑚𝑚𝑖𝑖𝑖𝑖 ≤  𝑦𝑦𝑖𝑖 , 𝑖𝑖 ∈  𝐼𝐼, 𝑗𝑗 ∈  𝐽𝐽,   0 ≤  𝑚𝑚𝑖𝑖𝑖𝑖 , 𝑦𝑦𝑖𝑖 ≤  1, 𝑖𝑖 ∈  𝐼𝐼, 𝑗𝑗 ∈  𝐽𝐽� . 

If only the components of vector 𝑦𝑦� are fractional then clearly  �̅�𝑚 = 0 which is impossible, thus �̅�𝑚 
has some fractional components. Consider the point (𝑚𝑚�, 𝑦𝑦�) with 𝑚𝑚� = �̅�𝑚 and 𝑦𝑦� equal to all-one 
vector. Note that (𝑚𝑚�,𝑦𝑦�) ∈ 𝑋𝑋𝐿𝐿𝐼𝐼 ∖ 𝐾𝐾(0). 
Since computing �̂�𝜅, in the definition of Δ, is not easy, then  we try to find an upper bound on it. 
We prove that 𝜅𝜅0 = �𝑖𝑖(𝑚𝑚 − 1) is the desired upper bound. 
 
We claim that (𝑚𝑚�,𝑦𝑦�) ∈ 𝐾𝐾(𝜅𝜅0); since otherwise  there exists a hyperplane with  non-zero normal 
vector (𝛼𝛼,𝛽𝛽) separating (𝑚𝑚�,𝑦𝑦�) from 𝐾𝐾(𝜅𝜅0), 
�𝛼𝛼𝑖𝑖𝑖𝑖𝑚𝑚�𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖

+ �𝛽𝛽𝑖𝑖𝑦𝑦�𝑖𝑖
𝑖𝑖

< 0 

�𝛼𝛼𝑖𝑖𝑖𝑖𝑚𝑚𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖

+ �𝛽𝛽𝑖𝑖𝑦𝑦𝑖𝑖
𝑖𝑖

≥ 0, 𝑓𝑓𝑐𝑐𝑟𝑟 𝑚𝑚𝑎𝑎𝑎𝑎 (𝑚𝑚,𝑦𝑦) ∈ 𝐾𝐾(𝜅𝜅0). 
 

 Define (𝑚𝑚�,𝑦𝑦�) as 

𝑚𝑚� = �
�𝑚𝑚�𝑖𝑖𝑖𝑖� 𝛼𝛼𝑖𝑖𝑖𝑖 < 0
�𝑚𝑚�𝑖𝑖𝑖𝑖� 𝛼𝛼𝑖𝑖𝑖𝑖 ≥ 0

 

𝑦𝑦� = 𝑦𝑦�. 
 

 
Then 
�𝛼𝛼𝑖𝑖𝑖𝑖𝑚𝑚�𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖

+ �𝛽𝛽𝑖𝑖𝑦𝑦�𝑖𝑖
𝑖𝑖

= � 𝛼𝛼𝑖𝑖𝑖𝑖𝑚𝑚�𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖:𝛼𝛼𝑖𝑖𝑖𝑖<0

+ � 𝛼𝛼𝑖𝑖𝑖𝑖𝑚𝑚�𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖:𝛼𝛼𝑖𝑖𝑖𝑖≥0

+ �𝛽𝛽𝑖𝑖𝑦𝑦�𝑖𝑖
𝑖𝑖

 

= � 𝛼𝛼𝑖𝑖𝑖𝑖�𝑚𝑚�𝑖𝑖𝑖𝑖�
𝑖𝑖,𝑖𝑖:𝛼𝛼𝑖𝑖𝑖𝑖<0

+ � 𝛼𝛼𝑖𝑖𝑖𝑖�𝑚𝑚�𝑖𝑖𝑖𝑖�
𝑖𝑖,𝑖𝑖:𝛼𝛼𝑖𝑖𝑖𝑖≥0

+ �𝛽𝛽𝑖𝑖𝑦𝑦�𝑖𝑖
𝑖𝑖

 

< � 𝛼𝛼𝑖𝑖𝑖𝑖𝑚𝑚�𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖:𝛼𝛼𝑖𝑖𝑖𝑖<0

+ � 𝛼𝛼𝑖𝑖𝑖𝑖𝑚𝑚�𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖:𝛼𝛼𝑖𝑖𝑖𝑖≥0

+ �𝛽𝛽𝑖𝑖𝑦𝑦�𝑖𝑖
𝑖𝑖
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= �𝛼𝛼𝑖𝑖𝑖𝑖𝑚𝑚�𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖

+ �𝛽𝛽𝑖𝑖𝑦𝑦�𝑖𝑖
𝑖𝑖

 

< 0. 
 
Thus (𝑚𝑚�,𝑦𝑦�) ∉ 𝐾𝐾(𝜅𝜅0). On the other hand ∑ 𝑚𝑚�𝑖𝑖𝑖𝑖𝑖𝑖 ≤ 𝑚𝑚, so, ∑ �1 − ∑ 𝑚𝑚𝑖𝑖𝑖𝑖𝑖𝑖 �2𝑖𝑖 ≤ 𝑖𝑖(1 −𝑚𝑚)2 = 𝜅𝜅02 
and 𝑚𝑚�𝑖𝑖𝑖𝑖 ≤ 1 = 𝑦𝑦�𝑖𝑖, for all 𝑖𝑖 ∈  𝐼𝐼, 𝑗𝑗 ∈  𝐽𝐽. Thus (𝑚𝑚�,𝑦𝑦�) ∈ 𝐾𝐾(𝜅𝜅0) and this is a contradiction and the 
claim is proved. 
Since ∑ 𝑚𝑚�𝑖𝑖𝑖𝑖𝑖𝑖 = 1, 𝑖𝑖 ∈ 𝐼𝐼, then (𝑚𝑚�,𝑦𝑦�) ∈ 𝑆𝑆(𝜅𝜅0) ∖ 𝑆𝑆(0), so 𝑆𝑆(𝜅𝜅0) has an extreme point (𝑚𝑚′,𝑦𝑦′) ∈
 𝐸𝐸(𝜅𝜅0) ∖  𝐸𝐸(0).  That is  𝐸𝐸(𝜅𝜅0 ) ∖  𝐸𝐸(0) ≠ ∅ and consequently �̂�𝜅 < 𝜅𝜅0. 
 
Now a bound on Δ could be achieved. Indeed take an element (𝑚𝑚′′,𝑦𝑦′′) of 𝐾𝐾(0)  defined as 
𝑚𝑚𝑖𝑖1′′ = 1, 𝑖𝑖 ∈ 𝐼𝐼, 
𝑚𝑚𝑖𝑖𝑖𝑖′′ = 0, 𝑖𝑖 ∈ 𝐼𝐼, 𝑗𝑗 ≠ 1, 
𝑦𝑦1′′ = 1, 
𝑦𝑦𝑖𝑖′′ = 0, 𝑗𝑗 ≠ 1. 
Then 
Δ = min�𝑑𝑑�(𝑚𝑚, 𝑦𝑦),𝐾𝐾(0)�: (𝑚𝑚,𝑦𝑦) ∈∪𝜅𝜅≥𝜅𝜅� 𝐸𝐸(𝜅𝜅) ∖ 𝐸𝐸(0)� 
≤ min�𝑑𝑑�(𝑚𝑚,𝑦𝑦),𝐾𝐾(0)�: (𝑚𝑚,𝑦𝑦) ∈ 𝐸𝐸(𝜅𝜅0) ∖ 𝐸𝐸(0)� 
≤ 𝑑𝑑�(𝑚𝑚′,𝑦𝑦′),𝐾𝐾(0)� 
≤ ‖(𝑚𝑚′,𝑦𝑦′) − (𝑚𝑚′′,𝑦𝑦′′)‖2 

= ���𝑚𝑚𝑖𝑖𝑖𝑖′ − 𝑚𝑚𝑖𝑖𝑖𝑖′′�
2 

𝑖𝑖,𝑖𝑖

+ ��𝑦𝑦𝑖𝑖′ − 𝑦𝑦𝑖𝑖′′�
2

𝑖𝑖

�

1
2

 

= ���𝑚𝑚𝑖𝑖𝑖𝑖′ − 𝑚𝑚𝑖𝑖𝑖𝑖′′�
2 

𝑖𝑖≠1,𝑖𝑖

+ (𝑚𝑚𝑖𝑖1′ − 1)2 + �𝑦𝑦𝑖𝑖′
2

𝑖𝑖≠1

+ (𝑦𝑦1′ − 1)2�

1
2

 

= �𝑖𝑖(𝑚𝑚 + 1). 

 

The number 𝜅𝜅 in [1] is such that for each 𝜅𝜅 < 𝜅𝜅, 𝐾𝐾(𝜅𝜅) = 𝐾𝐾(0). We show that every 𝜂𝜂 < 1. To 
this end for arbitrary (𝑚𝑚,𝑦𝑦) ∈  𝑋𝑋 ∩  𝐶𝐶(𝜂𝜂) we have �1 − ∑ 𝑚𝑚𝑖𝑖𝑖𝑖𝑖𝑖 �2 is  integer, 𝑖𝑖 ∈  𝐼𝐼. Thus 
∑ �1 − ∑ 𝑚𝑚𝑖𝑖𝑖𝑖𝑖𝑖 �2𝑖𝑖 is integer too. Hence ∑ �1 − ∑ 𝑚𝑚𝑖𝑖𝑖𝑖𝑖𝑖 �2𝑖𝑖 ≤ 0. It means 𝐶𝐶(𝜂𝜂) = 𝐶𝐶(0). Therefore 
𝐾𝐾(𝜂𝜂) = 𝐾𝐾(0). Thus by  [1] if 

𝜎𝜎 ≥
‖[𝑐𝑐; 𝑓𝑓]‖2�𝑖𝑖(𝑚𝑚 + 1)

𝜂𝜂2
, 

then 𝑧𝑧𝐼𝐼𝐼𝐼  =  𝑧𝑧𝜎𝜎𝐿𝐿𝐿𝐿+. The result  follows by taking limit when 𝜂𝜂 tends to 1−. 
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3. CONCLUSION 

Relaxation of an integer program (in maximization form) provides upper bounds for the optimal 
solution of the problem. For augmented Lagrangian relaxation, this upper bound coincides the 
optimal objective value if the penalty parameter is appropriately chosen. On the other hand, if 
penalty parameter is very large then the augmented Lagrangian subproblem is difficult to solve 
[7]. In this paper, we proposed a lower bound for the penalty parameter for the uncapacitated 
facility location problem so that the subsequent augmented relaxation has the optimal value 
equal to the original problem.  
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An Inventory-Routing Problem for Deteriorating Products in 
a Closed Loop Supply Chain 

 
Mitra Moubed 

Department of Industrial Engineering, Faculty of Engineering, Ardakan University, (moubed.m@ardakan.ac.ir) 
 
ABSTRACT 
The current paper studies a closed loop supply chain that is used for deteriorating products in a two layer 
chain. The first layer is the producer of such product that delivers them to distribution centers. The second 
layer is assumed to have buy back contracts with the producer and want to return the deteriorated products 
to that. The main problem here is to find the best route for delivering new products while collecting the 
deteriorated ones. It is assumed that using VMI, producer knows about the inventory level at different 
distribution centers. A mixed integer nonlinear problem is developed and a hybrid heuristic algorithm is 
suggested to solve the problem.  

Keywords: Inventory-Routing Problem, Closed-loop, Deteriorating Product, Ant Colony Optimization 
 

1. INTRODUCTION  

Inventory routing problem as one of the integrated models in managing supply chains, dates 
back to the eighties and has been constantly growing over time. Adopting Vendor Managed 
Inventory (VMI) in supply chains, is one of the main drivers of this research area [1]. The 
subject is studied for many years in forward supply chains, but in reverse supply chains, it is 
much newer. Perished or deteriorated products are one of the main flows in reverse supply 
chains that must be collected from their point of creation [2]. A usual closed loop supply chain 
with deteriorated products consists of the centers that have buy back contract with distributing 
points and take back these products after deterioration. A main problem here is to find the best 
route to distribute the new products while collecting the deteriorated ones. 
In this paper the problem is defined as a two–layer closed loop supply chain with a producer (P) 
and some distributing centers (DC). The P produces a deteriorating product and ships it to the 
DCs. At the same time, it must collect the deteriorated products from DCs. It is assumed that the 
VMI concept is using through this chain. At the next section the problem is defined in detail and 
the assumptions are declared. Section 3 consists of the mathematical model and it follows by a 
heuristic model to solve that. Finally we have a conclusion and introduce future researches. 
 
2. PROBLEM DEFINITION 

The studied closed loop supply chain, as discussed above, consists of a P that produces 
deteriorating products, and distributes them to the DCs, when they reach their order point (OP). 
It is assumed that using VMI, the P knows about the inventory level at DCs. On the other hand, 
when the products in DC expire, they must be collected by P. The general context and our main 
assumptions are as follows: 
- Economic order quantity (EOQ) policy is used by DCs for ordering new products, when their 
inventory reaches order point (OP). 
- For deteriorating products there are two points: Must-pick (MP) that means the DC cannot 
hold the products anymore and they must be picked by the P and Can-pick (CP) the inventory 
that is better to be picked up by the P.  
- The inventory capacity of DCs for new products are limited. These centers use the EOQ policy 
and just when reach their order point (OP), can accept them. 
- In a visit to DC, the delivery quantity can be less than economic order. But to avoid several 
deliveries, it must be at least equal to the center’s order point (OP). 
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- Deteriorated products at DCs cannot be collected before arriving their CP, but if the truck goes 
to a center to deliver new products, it can collect as much deteriorated products as the center has 
and the truck capacity allows.  
- The inventory capacity of DCs for deteriorated products are limited. So when their inventory 
level exceeds its MP, it cannot hold them anymore and will dispose them by the first disposition 
option. Therefore, a penalty cost is added to the model for the disposed products. 
- Partial pick up from the centers is allowed, meaning that in a visit to DC, collecting all 
deteriorated products is not necessary. However, the loaded amount must be more than CP. 
- The pickups and deliveries take place at the start of each time period. 
- Holding costs for new and deteriorated products are different and known. 
- Loading and unloading costs are ignored. 
- Products’ stock out are allowed at the centers, for P they are back ordered and for DC the sales 
are lost.  
- Trucks are the same and their capacity is assumed fixed and different for new and deteriorated 
products.  
- Holding, stock-out and disposal costs depend on the inventory level. Transportation cost 
depends on the distance. 
- The model is multi-period. 
- All vehicles start and finish their journeys at P. 
- At each period, just one truck can start a route to collect deteriorated products and deliver the 
new ones 
- Lead time is zero, meaning that products are delivered to DCs and P at the same period that 
they are loaded in the truck 
 
3. MATHEMATICAL MODEL  

To present the mathematical model, the following notations are needed: 
Sets: 

Time period (t = 1,...,T) 𝑡𝑡 
Number of DCs 𝑛𝑛 
Nodes (i=0 for P and 1 to n for DCs) 𝑖𝑖. 𝑗𝑗 
Stops at each route (k = 0 for start at P, k=1,...,K). 𝑘𝑘 

Parameters: 
Production rate at period t 𝑃𝑃𝑡𝑡 
Customer demand rate at 𝐷𝐷𝐷𝐷𝑖𝑖 at period t 𝐷𝐷𝑖𝑖𝑡𝑡 
Deterioration rate at 𝐷𝐷𝐷𝐷𝑖𝑖 at period t 𝐷𝐷𝐷𝐷𝑖𝑖𝑡𝑡 
Must pick level for 𝐷𝐷𝐷𝐷𝑖𝑖 𝑀𝑀𝑃𝑃𝑖𝑖  
Can pick level for 𝐷𝐷𝐷𝐷𝑖𝑖 𝐷𝐷𝑃𝑃𝑖𝑖  
Order point for 𝐷𝐷𝐷𝐷𝑖𝑖 𝑂𝑂𝑃𝑃𝑖𝑖 
Economic order quantity for 𝐷𝐷𝐷𝐷𝑖𝑖 𝐸𝐸𝑂𝑂𝑖𝑖 
Distance between i and j nodes 𝑑𝑑𝑖𝑖𝑖𝑖 
Holding cost for deteriorated products at DCs 𝐷𝐷𝑑𝑑ℎ 
Holding cost for new products at DCs 𝐷𝐷𝑛𝑛ℎ 
Holding cost for new products at P 𝐷𝐷ℎ 
Transportation cost per kilometer 𝐷𝐷𝑡𝑡 
Route / truck starting cost 𝐷𝐷𝑠𝑠 
cost of lost sales for each unit stock out at DC  𝐷𝐷𝑙𝑙𝑠𝑠 
Back ordered cost for each unit at P 𝐷𝐷𝐵𝐵 
Penalty cost for disposing deteriorated products at DCs 𝐷𝐷𝑝𝑝𝑛𝑛 
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Truck capacity for new products 𝑇𝑇𝑛𝑛 
Truck capacity for deteriorated products 𝑇𝑇𝑑𝑑 
The remaining truck capacity for new products at kth stop of period t. 𝑁𝑁𝑇𝑇𝑘𝑘𝑡𝑡 
The remaining truck capacity for deteriorated products at kth stop of period t. 𝐷𝐷𝑇𝑇𝑘𝑘𝑡𝑡 

Variables: 
Amount of deteriorated products held at 𝐷𝐷𝐷𝐷𝑖𝑖 at period t 𝐷𝐷𝐷𝐷𝑖𝑖𝑡𝑡 
Amount of new products held at 𝐷𝐷𝐷𝐷𝑖𝑖 at period t 𝑁𝑁𝐷𝐷𝑖𝑖𝑡𝑡 
Amount of new products held at P, at period t 𝑃𝑃𝐷𝐷𝑡𝑡 
1 if 𝐷𝐷𝐷𝐷𝑖𝑖𝑡𝑡 ≥ 𝑀𝑀𝑃𝑃i and 0, otherwise 𝑥𝑥𝑖𝑖𝑡𝑡 
1 if 𝐷𝐷𝐷𝐷𝑖𝑖𝑡𝑡 ≥ 𝐷𝐷𝑃𝑃i  and 0, otherwise 𝑦𝑦𝑖𝑖𝑡𝑡 
1 if 𝑁𝑁𝐷𝐷𝑖𝑖𝑡𝑡 ≤ 𝑂𝑂𝑃𝑃i and 0, otherwise. 𝑂𝑂𝑖𝑖𝑡𝑡 
1 if 𝑁𝑁𝐷𝐷𝑖𝑖𝑡𝑡 ≤ 𝐷𝐷𝑖𝑖𝑡𝑡 and 0, otherwise. 𝑆𝑆𝑖𝑖𝑡𝑡 
1 if 𝑃𝑃𝐷𝐷𝑡𝑡 ≤ ∑ 𝑂𝑂𝑖𝑖𝑡𝑡𝐸𝐸𝑂𝑂𝑖𝑖𝑖𝑖  and 0, otherwise. 𝑆𝑆𝑂𝑂𝑡𝑡 

Decision variables: 
1, if there is a distribution /collection is planned at period t and 0, otherwise.  𝑓𝑓𝑡𝑡 
1, if truck goes from i to j in period t and 0, otherwise 𝑍𝑍ij𝑡𝑡  
1, if deteriorated items are picked up from DCi in period t and 0, otherwise 𝑏𝑏𝑖𝑖𝑡𝑡 
The amount of new/deteriorated products loaded at center i in kth stop of period t 𝐷𝐷𝑄𝑄𝑖𝑖𝑘𝑘𝑡𝑡  
1, if new products are delivered to DCi in period t and 0, otherwise 𝑎𝑎𝑖𝑖𝑡𝑡 
The amount of new products delivered to DCi in kth stop of period t. 𝐷𝐷𝑄𝑄𝑖𝑖𝑘𝑘𝑡𝑡  

 
The objective of the model is to minimize the total cost of closed loop supply chain consisting 
of holding costs at P and different DCs (new and deteriorated products), starting and 
transportation costs, stock-out and penalty costs. The objective function is shown at (1). 
 

𝑀𝑀𝑖𝑖𝑛𝑛 𝑍𝑍 = � 𝐷𝐷ℎ� 𝑃𝑃𝐷𝐷𝑡𝑡
𝑇𝑇

𝑡𝑡=1
(1 − 𝑆𝑆𝑂𝑂𝑡𝑡) + 𝐷𝐷𝑛𝑛ℎ� � 𝑁𝑁𝐷𝐷𝑖𝑖𝑡𝑡
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𝑡𝑡=1

𝑛𝑛
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𝑡𝑡=1

𝑛𝑛
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𝑎𝑎𝑖𝑖𝑡𝑡 ≤ 𝑂𝑂𝑖𝑖𝑡𝑡                                                                              ∀ 𝑡𝑡, 𝑖𝑖 = 1, … ,𝑛𝑛 
 

(9)  
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� 𝑏𝑏𝑖𝑖𝑡𝑡 ≤ 𝑛𝑛                                                                     ∀ 𝑡𝑡
 𝑛𝑛

 𝑖𝑖=1
 (10)  

� 𝑎𝑎𝑖𝑖𝑡𝑡 ≤ 𝑛𝑛                                                                    ∀ 𝑡𝑡
 𝑛𝑛

 𝑖𝑖=1
 (11)  

� 𝑍𝑍𝑖𝑖𝑖𝑖𝑡𝑡
𝑛𝑛+1

𝑖𝑖=0
≤ 𝑎𝑎𝑖𝑖𝑡𝑡 + 𝑏𝑏𝑖𝑖𝑡𝑡                                                      ∀ 𝑡𝑡, 𝑖𝑖 = 1, … ,𝑛𝑛 (12)  

� 𝑍𝑍𝑖𝑖𝑖𝑖𝑡𝑡
𝑛𝑛+1

𝑖𝑖=0
≤ 𝑎𝑎𝑖𝑖𝑡𝑡 + 𝑏𝑏𝑖𝑖𝑡𝑡                                                      ∀ 𝑡𝑡, 𝑖𝑖 = 1, … ,𝑛𝑛 (13)  

� �𝑍𝑍0𝑖𝑖𝑡𝑡 + 𝑍𝑍𝑖𝑖0𝑡𝑡 �
𝑛𝑛

𝑖𝑖=1
= 2𝑓𝑓𝑡𝑡                                              ∀𝑡𝑡 (14)  

𝑍𝑍𝑖𝑖𝑖𝑖𝑡𝑡 + 𝑍𝑍𝑖𝑖𝑖𝑖𝑡𝑡 ≤ 1                                                                  ∀ 𝑡𝑡, 𝑖𝑖, 𝑗𝑗 (𝑖𝑖, 𝑗𝑗 > 0, 𝑖𝑖 ≠ 𝑗𝑗 ) (15)  
𝑃𝑃𝐷𝐷𝑡𝑡 = 𝑃𝑃𝐷𝐷𝑡𝑡−1 + 𝑃𝑃𝑡𝑡 − 𝐷𝐷𝑄𝑄00𝑡𝑡                                         ∀𝑡𝑡 > 1 (16)  
𝑁𝑁𝐷𝐷𝑖𝑖𝑡𝑡 = �𝑁𝑁𝐷𝐷𝑖𝑖𝑡𝑡−1 + � 𝐷𝐷𝑄𝑄𝑖𝑖𝑘𝑘𝑡𝑡−1

𝑘𝑘
− 𝐷𝐷𝐷𝐷𝑖𝑖𝑡𝑡−1 − 𝐷𝐷𝑖𝑖𝑡𝑡−1� (1 − 𝑆𝑆𝑖𝑖𝑡𝑡−1)             ∀𝑡𝑡, 𝑖𝑖 ≥ 1 (17)  

𝐷𝐷𝐷𝐷𝑖𝑖𝑡𝑡 = 𝐷𝐷𝐷𝐷𝑖𝑖𝑡𝑡−1 −� 𝐷𝐷𝑄𝑄𝑖𝑖𝑘𝑘𝑡𝑡−1
𝑘𝑘

+ 𝐷𝐷𝐷𝐷𝑖𝑖𝑡𝑡−1.                                                     ∀𝑡𝑡, 𝑖𝑖 ≥ 1 (18)  

𝑁𝑁𝑇𝑇𝑘𝑘𝑡𝑡 =  𝑁𝑁𝑇𝑇𝑘𝑘−1𝑡𝑡 + � 𝐷𝐷𝑄𝑄𝑖𝑖𝑘𝑘𝑡𝑡
𝑘𝑘

                                                                       ∀𝑡𝑡, 𝑘𝑘 (19)  

𝐷𝐷𝑇𝑇𝑘𝑘𝑡𝑡 =  𝐷𝐷𝑇𝑇𝑘𝑘−1𝑡𝑡 −  � 𝐷𝐷𝑄𝑄𝑖𝑖𝑘𝑘𝑡𝑡
𝑘𝑘

                                                                        ∀𝑡𝑡, 𝑘𝑘 (20)  
𝐷𝐷𝑇𝑇0𝑡𝑡 =  𝑇𝑇𝑑𝑑                                                                                                        ∀𝑡𝑡 (21)  
 

𝑁𝑁𝑇𝑇0𝑡𝑡 =  𝑇𝑇𝑛𝑛 −  𝐷𝐷𝑄𝑄00𝑡𝑡                                                                                        ∀𝑡𝑡 (22)  
 

𝐷𝐷𝑄𝑄𝑖𝑖𝑘𝑘𝑡𝑡 ,𝐷𝐷𝑄𝑄𝑖𝑖𝑘𝑘𝑡𝑡 ≥ 0     𝑥𝑥𝑖𝑖𝑡𝑡 ,𝑦𝑦𝑖𝑖𝑡𝑡 ,𝑏𝑏𝑖𝑖𝑡𝑡 ,𝑎𝑎𝑖𝑖𝑡𝑡 , 𝑓𝑓𝑡𝑡 ,𝑍𝑍𝑖𝑖𝑖𝑖𝑡𝑡 , 𝑆𝑆𝑖𝑖𝑡𝑡 , 𝑆𝑆𝑂𝑂𝑖𝑖𝑡𝑡 ∈ { 0 , 1 }. (23)  
 

The new products delivered to each DC must be less than the minimum of its economic order quantity 
and the products remained in the truck (2). The deteriorated products collected from each DC must be less 
than the minimum of deteriorated items held at that center and the truck capacity at that time (3). 
Equation (4) shows that at each time period, the new products loaded at the truck cannot exceed the 
minimum of P inventory for new products and sum of economic order quantities of DCs that arrive their 
order point (5) shows that all of the loaded new products must be unloaded at DCs. All the returns 
collected from DCs must be unloaded at P finally (6). If a DC reaches its MP, the deteriorated products 
must be picked up (7) and if reaches its CP, they can be picked up (8). Also, when DC reaches its order 
point, the new products can be delivered to that (9). Maximum number of pick up points at each period 
equals to the number of DCs (10), (11). When there is a pick up or delivery at a center, a truck must go 
from that center to another (12), and to that from another (13). (14) shows that the start and finish of 
routes must be at P, and (15) demonstrates that if a truck goes from i to j, it cannot come back from j to i. 
The new products’ inventory level at P and DCs and the deteriorated products’ inventory at DCs are 
shown in (16), (17) and (18). (19) and (20) show the remained truck capacity for new and deteriorated 
products at each stop and (21) and (22) for the first stop. (23) enforces integrality and non-negativity 
conditions on the variables. 
 
3. SOLUTION PROCEDURE 

The proposed mixed integer nonlinear model is NP-hard and can be solved by heuristic and 
metaheuristic methods easier. Here we developed a hybrid heuristic algorithm (HHA) using the 
base model suggested by [3] for such problem. The steps of new HHA for our problem are: 
Step 1: define the state of the problem: In the proposed model, steps are time periods of the 
study that are shown by t=1, 2, ...T. States of each step are defined and shown by 𝑆𝑆𝑡𝑡, that is a 
2(n+1) matrix as shown in Figure 1. The first column of this matrix shows the inventory of P 
and the other n columns show the inventory level at DCs form 1 to n. Set it=1. 

𝑆𝑆1
𝑡𝑡 : 𝑃𝑃𝐷𝐷𝑡𝑡 𝑁𝑁𝐷𝐷1

𝑡𝑡 ... 𝑁𝑁𝐷𝐷𝑗𝑗
𝑡𝑡 ... 𝑁𝑁𝐷𝐷𝑛𝑛

𝑡𝑡  
𝑆𝑆2
𝑡𝑡 : -- 𝐷𝐷𝐷𝐷1

𝑡𝑡 ... 𝐷𝐷𝐷𝐷𝑗𝑗
𝑡𝑡 ... 𝐷𝐷𝐷𝐷𝑛𝑛

𝑡𝑡  
Figure 1. State matrix (𝑺𝑺𝒕𝒕) 
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Step 2: calculate the L matrix: This first row of this matrix shows if the center reaches its 
order point (𝑂𝑂𝑖𝑖𝑡𝑡) and the second row shows arriving can pick and must pick points (𝑥𝑥𝑖𝑖𝑡𝑡 + 𝑦𝑦𝑖𝑖𝑡𝑡).  

𝑄𝑄1
𝑡𝑡 : 0 𝑂𝑂1

𝑡𝑡 ... 𝑂𝑂𝑗𝑗
𝑡𝑡 ... 𝑂𝑂𝑛𝑛

𝑡𝑡  
𝑄𝑄2
𝑡𝑡 : 0 𝑥𝑥1

𝑡𝑡 + 𝑦𝑦1
𝑡𝑡 ... 𝑥𝑥𝑖𝑖

𝑡𝑡 + 𝑦𝑦𝑗𝑗
𝑡𝑡 ... 𝑥𝑥𝑗𝑗

𝑡𝑡 + 𝑦𝑦𝑖𝑖
𝑡𝑡  

Figure 2. L matrix 
 

Step 3: define the decision matrix (D): Any decision changes the current state to the next one 
and is shown by 2(𝑛𝑛 + 1) matrix that shows the amount of loaded new products at P and 
unloaded at DCs at the first row and the amount of loaded deteriorated products at DCs and 
unloaded at P at the second row. The loading amounts have positive and unloading amounts 
have negative signs. 

𝐷𝐷1
𝑡𝑡 : 𝐷𝐷𝑄𝑄0𝑘𝑘

𝑡𝑡  𝐷𝐷𝑄𝑄1𝑘𝑘
𝑡𝑡  ... 𝐷𝐷𝑄𝑄𝑗𝑗𝑘𝑘

𝑡𝑡  ... 𝐷𝐷𝑄𝑄𝑛𝑛𝑘𝑘
𝑡𝑡  

𝐷𝐷2
𝑡𝑡 : 𝐷𝐷𝑄𝑄0𝑘𝑘

𝑡𝑡  𝐷𝐷𝑄𝑄1𝑘𝑘
𝑡𝑡  … 𝐷𝐷𝑄𝑄𝑗𝑗𝑘𝑘𝑡𝑡  … 𝐷𝐷𝑄𝑄𝑛𝑛𝑘𝑘𝑡𝑡  
Figure 3. D matrix 

 

Two main decisions are available at each state. The first one (D=0), is no-touring that means no 
pick-up and delivery happens in the centers. The costs of this decision (𝑇𝑇𝐷𝐷0𝑡𝑡), include new and 
deteriorated products’ holding costs for all centers back-orders for Ps and lost sales for DCs. 
The second decision selects a route between centers to pick up new products from P and deliver 
them to the DCs, while collecting deteriorated products from DCs and deliver them to P. This 
decision’s costs consist of start and touring between centers, other than holding, back-order and 
lost sale costs (𝑇𝑇𝐷𝐷1𝑡𝑡). To find the best decisions at this step the ACO is used by the following 
steps: 
Step 3-1: For the first ant (a=1) set 𝐷𝐷𝐶𝐶𝐶𝐶𝑡𝑡𝑏𝑏𝑏𝑏𝑠𝑠𝑡𝑡 = ∞ and calculate the initial pheromone amount 
for all arcs (𝑖𝑖𝑗𝑗) by (24). DCs that their deteriorated inventory is less than CP and their new 
inventory more than OP, are considered as long term tabus that lasts until the last ant. At the 
next steps, some centers will be added to the short term tabu list that lasts until current ant. Sum 
of these lists are considered as Tabu. 

𝜏𝜏𝑖𝑖𝑖𝑖(𝑡𝑡) =
𝑥𝑥𝑖𝑖𝑡𝑡 + 𝑦𝑦𝑖𝑖𝑡𝑡 + 𝑂𝑂𝑖𝑖𝑡𝑡 + 𝑆𝑆𝑖𝑖𝑡𝑡

𝑑𝑑𝑖𝑖𝑖𝑖
 (24)  

Step 3-2: Set 𝑘𝑘 = 0, 𝑗𝑗 = 0, 𝐷𝐷𝑇𝑇0𝑡𝑡 = 𝑇𝑇𝑑𝑑 ,𝑁𝑁𝑇𝑇0𝑡𝑡 = 𝑇𝑇𝑛𝑛. 
Step 3-3: A truck starts its tour from P, usually with some new products, and will deliver them 
to DCs while picking up deteriorated products from that centers. The loaded new products at P 
is equal to (25) and the remaining truck capacity is updated by (26) 

𝐷𝐷𝑄𝑄𝑖𝑖𝑘𝑘𝑡𝑡 = �
0                                                  𝑖𝑖𝑓𝑓� 𝑂𝑂𝑖𝑖𝑡𝑡

𝑖𝑖
= 0

𝑀𝑀𝑖𝑖𝑛𝑛 �𝑇𝑇𝑛𝑛 ,𝑃𝑃𝐷𝐷𝑖𝑖𝑡𝑡 ,�𝐸𝐸𝑂𝑂𝑖𝑖𝑡𝑡
𝑖𝑖

�              𝐶𝐶𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝐶𝐶𝑒𝑒
 (25)  

𝑁𝑁𝑇𝑇𝑘𝑘𝑡𝑡 = 𝑇𝑇𝑛𝑛 − 𝐷𝐷𝑄𝑄𝑖𝑖𝑘𝑘𝑡𝑡  (26)  
Step 3-4: Add the current center to tabu and update the short term tabu using rule (27). 

𝐷𝐷𝐷𝐷𝑖𝑖𝑡𝑡 > 𝐷𝐷𝑇𝑇𝑘𝑘𝑡𝑡   𝑎𝑎𝑛𝑛𝑑𝑑  𝑂𝑂𝑃𝑃𝑖𝑖 < 𝑁𝑁𝑇𝑇𝑘𝑘𝑡𝑡 (27)  
Step 3-5: The next center after j will be determined according to the amount of pheromones 
remained at each arc based on (28). b is a constant that stands for the importance ratio between 
distance and pheromone amount. To show the equal importance of these factors, it is considered 
to be 1 in our model. 𝑞𝑞 is a random number (0 ≤ 𝑞𝑞 ≤ 1) and 𝑞𝑞0 is a constant that helps in 
finding a random route with a distribution function (𝑃𝑃𝑖𝑖𝑖𝑖) as shown in (29). When all centers are 
in tabu lists, the next center is P. 

𝑗𝑗 = � 𝑚𝑚𝑎𝑎𝑥𝑥 �
𝜏𝜏𝑖𝑖𝑖𝑖
𝑑𝑑𝑖𝑖𝑖𝑖

𝑏𝑏�                     𝑢𝑢 ∉ T𝑎𝑎𝑏𝑏𝑢𝑢 if 𝑞𝑞 ≤ 𝑞𝑞0

𝑒𝑒𝑎𝑎𝑛𝑛𝑑𝑑𝐶𝐶𝑚𝑚 𝑐𝑐𝑒𝑒𝑛𝑛𝑡𝑡𝑒𝑒𝑒𝑒 ∉ 𝑇𝑇𝑎𝑎𝑏𝑏𝑢𝑢𝑡𝑡𝑡𝑡              otherwise 
 (28)  
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𝑃𝑃𝑖𝑖𝑖𝑖 =

⎩
⎨

⎧
𝜏𝜏𝑖𝑖𝑖𝑖
𝑑𝑑𝑖𝑖𝑖𝑖

𝑏𝑏

∑ ( 𝜏𝜏𝑖𝑖𝑖𝑖
𝑑𝑑𝑖𝑖𝑖𝑖

𝑏𝑏)𝑖𝑖∉𝑇𝑇𝑇𝑇𝑏𝑏𝑖𝑖𝑘𝑘
                     𝑢𝑢 ∉ 𝑇𝑇𝑎𝑎𝑏𝑏𝑢𝑢𝑘𝑘

0                                                 otherwise.

 (29)  

Step 3-6: Set k = k +1. At center j, new products are delivered and deteriorated products are 
collected. The amount of collected products at this center is calculated by (30) and the amount 
of new products delivered to that is shown by (31). The remained truck capacity is updated by 
(32), (33). 

𝐷𝐷𝑄𝑄𝑖𝑖𝑘𝑘𝑡𝑡 = �
0                                  𝑖𝑖𝑓𝑓    𝑥𝑥𝑖𝑖𝑡𝑡 + 𝑦𝑦𝑖𝑖𝑡𝑡 + 𝑂𝑂𝑖𝑖𝑡𝑡 = 0
𝑀𝑀𝑖𝑖𝑛𝑛�𝐷𝐷𝐷𝐷𝑖𝑖𝑡𝑡 ,𝐷𝐷𝑇𝑇𝑘𝑘−1𝑡𝑡 �                    𝐶𝐶𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝐶𝐶𝑒𝑒

 (30)  

𝐷𝐷𝑄𝑄𝑖𝑖𝑘𝑘𝑡𝑡 = �
0                                       𝑖𝑖𝑓𝑓     𝑂𝑂𝑖𝑖𝑡𝑡 = 0

𝑀𝑀𝑖𝑖𝑛𝑛�𝐸𝐸𝑂𝑂𝑖𝑖,𝑇𝑇𝑛𝑛 − 𝑁𝑁𝑇𝑇𝑘𝑘−1𝑡𝑡 �            𝐶𝐶𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑖𝑖𝐶𝐶𝑒𝑒.
 (31)  

𝑁𝑁𝑇𝑇𝑘𝑘𝑡𝑡 = 𝑁𝑁𝑇𝑇𝑘𝑘−1𝑡𝑡 + � 𝐷𝐷𝑄𝑄𝑖𝑖𝑘𝑘𝑡𝑡
𝑖𝑖

 (32)  

𝐷𝐷𝑇𝑇𝑘𝑘𝑡𝑡 = 𝐷𝐷𝑇𝑇𝑘𝑘−1𝑡𝑡 −� 𝐷𝐷𝑄𝑄𝑖𝑖𝑘𝑘𝑡𝑡
𝑖𝑖

 (33)  

Step 3-7:- By choosing and selecting a center, the pheromone amount of that route will change. Equation 
(34) is used to calculate the pheromone amount of arc ij. In this formula, 1 − 𝜌𝜌 stands for evaporation rate 
and 𝛥𝛥𝜏𝜏𝑖𝑖𝑖𝑖𝑘𝑘  is the pheromone amount of arc 𝑖𝑖𝑗𝑗 made at the kth stop. To calculate 𝛥𝛥𝜏𝜏𝑖𝑖𝑖𝑖𝑘𝑘  here, (35) is derived 
from the ant number method: 
𝜏𝜏𝑖𝑖𝑖𝑖(𝑡𝑡. 𝑘𝑘) = 𝜌𝜌 ∙ 𝜏𝜏𝑖𝑖𝑖𝑖(𝑡𝑡. 𝑘𝑘 − 1) + 𝛥𝛥𝜏𝜏𝑖𝑖𝑖𝑖𝑘𝑘  (34)  

𝛥𝛥𝜏𝜏𝑖𝑖𝑖𝑖𝑘𝑘 = �
1
𝑑𝑑𝑖𝑖𝑖𝑖

             truck goes  from  𝑖𝑖  to  𝑗𝑗

0                                      Otherwise
 (35)  

Step 3-8: Put j as the current center. If j is a DC, go to step 3-4, otherwise the route is finished.  
Step 3-9: Delete the short term tabu lists and calculate the objective function (𝐷𝐷𝐶𝐶𝐶𝐶𝑡𝑡𝑇𝑇), that is the 
total cost for the route by ath ant. If 𝐷𝐷𝐶𝐶𝐶𝐶𝑡𝑡𝑇𝑇 < 𝐷𝐷𝐶𝐶𝐶𝐶𝑡𝑡𝑏𝑏𝑏𝑏𝑠𝑠𝑡𝑡, set 𝐷𝐷𝐶𝐶𝐶𝐶𝑡𝑡𝑏𝑏𝑏𝑏𝑠𝑠𝑡𝑡 = 𝐷𝐷𝐶𝐶𝐶𝐶𝑡𝑡𝑇𝑇 and the route as 𝐷𝐷𝑏𝑏𝑏𝑏𝑠𝑠𝑡𝑡.  
Step 3-10: Set 𝑎𝑎 = 𝑎𝑎 + 1. If 𝑎𝑎 > 𝑎𝑎𝑛𝑛𝑡𝑡 𝑛𝑛𝑢𝑢𝑚𝑚𝑏𝑏𝑒𝑒𝑒𝑒 set 𝐷𝐷𝑏𝑏𝑏𝑏𝑠𝑠𝑡𝑡  as the second decision and 𝑇𝑇𝐷𝐷2𝑡𝑡=𝐷𝐷𝐶𝐶𝐶𝐶𝑡𝑡𝑏𝑏𝑏𝑏𝑠𝑠𝑡𝑡 
Step 4: Find the best solution: Change the previous state by two decisions and name them 
𝑆𝑆1(𝑡𝑡+1) and 𝑆𝑆2(𝑡𝑡+1). Set it= it+1. If it < 3 go to step 2 by these two states and set t=t+1, then find 
four next decisions in the decision tree. For each branch calculate the total cost (equal to all the 
previous decisions’ costs). Otherwise, select the minimum cost branch as the decisions queue.  
 

4. CONCLUSIONS 

The current paper develops a model for a closed loop supply chain with deteriorated products 
that uses simultaneous pick-up and delivery. In this supply chain the producer tries to minimize 
its costs while distributing its new products to the distribution centers and collecting the 
deteriorated ones from these centers. Here, the developed mathematical model is NP-hard and 
the previously suggested HHA by the author is developed and customized for such problem. In 
future researches the uncertain demand, deterioration, lead time and costs can be studied. 
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[3] Moubed, M., Zare Mehrjerdi, Y., “A Robust Modeling of Inventory Routing in Collaborative Reverse 
Supply Chains”, Iranian Journal of Operations Research, Vol. 6, No.1, pp. 15-33, 2015. 

Gall
ey

 Proo
f



 

 
 

Design and Optimization Sustainable Resiliency for Waste 
Network 

 
Rana Negarandeh1, Ali Tajdin2 

1M.Sc. student of industrial Engineering, Department of industrial engineering, Mazandaran university of 
Science and Technology;( rana_negarandeh@yahoo.com) 

2Associate professor of Industrial Engineering, Department of industrial engineering, Mazandaran 
university of Science and Technology;( ali_tajdin@yahoo.com) 

 
ABSTRACT 
Rapid progress in technology and Population increase are a primary cause of acceleration in the rate of the 
industrial hazardous waste generation all over the world. Management of hazardous waste has magnetized 
researcher's attention because of its considerable impacts on the economy, environment and the ecology. 
This study investigates the network design problem arising from the hazardous waste management. 
Therefore, in this study, we intend to manage hospital waste by presenting a combination of location, 
routing and scheduling issues. In this regard, a multi-objective mixed integer model is proposed to design 
a sustainable supply chain network. Then the proposed multi-objective model solves as single-objective 
model using LP-metric method. Finally, sensitivity analysis done in parameters of the first objective 
function on demand of treated products and whole quantity of waste and results are reported. Results 
showed with increasing amount of parameters the value of first objective function increased. 

Keywords: Hazardous waste, Multi-objective optimization, LP-Metric, Sustainable  
 

1. INTRODUCTION  

In recent years, due to population growth and the industrialization of society, hazardous waste 
management (HWM) is an important and fundamental issue in the whole world. Hazardous 
waste must have at least one of the following characteristics: toxicity, reactivity, ignitability, 
and corrosiveness. Hazardous waste is produced in places such as hospitals, farms and 
househols. An inappropriate HWM system It can harm the environment and endanger human 
health [1]. So this is a main problem in developing countries. The treatment of these wastes, 
taking into account their cost-effectiveness and safety, is mainly done by biological, chemical 
and thermal methods [2]. In chemical methods, Ion exchange, precipitation, oxidation and 
reduction, and neutralization are common and in thermal method, high-temperature incineration 
is a common. Also, Organic waste treatment is done biologically [3]. Waste is chemically and 
physically different, and treatment technology must be matched with economic factors, the 
nature of the waste, and the degree of risk reduction [4]. According to Nasiri research [5] the 
location-routing problem was addressed under a deterministic environment ignoring the 
dynamic and transformational nature of the practical situations. Therefore, because of the severe 
effects of such uncertainties on planning decisions, not paying attention to the uncertain nature 
of the problem may contribute to sub-optimal or even infeasible design solutions. Sumathi et al. 
[6] grouped HWM optimization problems into three main categories, the first of which is related 
to location planning. Jabbarzadeh et al. [7], In order to determine the appropriate locations for 
waste processing facilities, have prepared a multi-objective model and criteria have been 
considered in order to minimize total costs, greenhouse gas emissions and fuel consumption in 
this study. According to studies conducted by Minh et al. [8], the second group focused on 
routing planning and they examined the minimum travel time and the number of vehicles, 
taking into account the waste characteristics. And in the last group, the routing problem of 
hazardous waste, which is formed by combining the above two problems, is classified. Today,  
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regard to the importance of the role of proper waste management, especially in the urban area, 
several studies have been conducted in this area. In their research, Rai et al. [9] State that 
traditional methods of waste management, including free burning, waste mixing, liquid disposal 
and waste disposal without treatment, are common. There are several guidelines for solving this 
problem. Therefore, the challenges associated with traditional methods of hospital waste 
management and modern techniques for general management and communication with human 
society were investigated in this study. In the study of Gergin et al. [10] a multi-level bee 
colony-based clustering algorithm has been proposed to solve location problems in the study of 
wolves and colleagues. Unlike the original version applied for multivariate data clustering, the 
clustering based here solves two-dimensional clustering. On the other hand, the problem of 
locating multiple locations that the proposed ABC algorithm algorithm deals with is aimed at 
locating the site for hospital waste. After using the test data, a real-world location problem for 
ABC is solved by a clustering algorithm based on identifying hospital waste disposal sites for 
Istanbul Municipality. Geographical coordinates and hospital waste scores of Istanbul hospitals 
are used to decide on the location of demolition facilities to reduce the amount of medical waste 
generated. 
 
2. problem description  
This research seeks to address the issue of sustainable waste management. In this article, three 
main components are considered as descriptions of waste production centers (hospitals), 
separation centers and a set of processing (processing) facilities and waste landfills. The desired 
network is illustrated in Figure1. 
 

 
 

 

 

 
Figure 1- The waste network intended 

 
As shown in Figure 1, waste is first collected from hospitals and then sent to separation centers. 
In this section, waste is divided into 5 sections as described in paper, plastic, glass, organic and  
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others. After separating and sorting waste, there are several ways to treatment with it. On the 
other hand, due to the heterogeneous nature of waste flow, when allocating any type of waste to  
processing technologies, restrictions on Compatibility with waste technology should be 
considered. In other words, there are wastes that are incompatible with special types of 
processing technologies. For example, recyclable waste such as paper cannot be composted. 
This is an important point to consider when modeling a problem. 
 
Notations 
In this section, multi-objective mixed-integer mathematical programming model is presented for 
the research problem. For this purpose, first the elements of the mathematical model are 
introduced and then the problem model is formulated. 
 
2.2. Sets 
D Demand nodes or waste collection 
E Waste treatment nodes (actual) 
F1 Treatment facilities for potential waste that can be used for separation units 
F2 Treatment facilities for potential waste that cannot be used for separation units 
L Capacity level 
Q Separation and treatment technology 
T Treatment technologies with waste 
W Waste types 

 
2.3. Parameters 
 

ad 

 

Amount of waste accumulated from 
node d 

pt The unit cost of the product generated 
with technology t 

capcql  Capacity of separation and treatment 
technology q with level l 

capptl  Capacity of waste treatment 
technology t with level l 

cecqfl  
Establishment fixed cost of a 
treatment technology q with capacity 
level l at node F1 

ceptfl  
Establishment fixed cost of a 
treatment technology q with capacity 
level l at node F1 ∪ F2 

cocq Treatment operating cost of waste 
with technology q 

cos  The operating cost of waste separation 

ct  Transportation cost of one unit of 
waste from the distance unit 

comwt 1 if waste type w is compatible with 
treatment technology t; 0 otherwise 

disij 
The distance between nodes i and j is 
such that: i ∈ (D ∪ F1 ∪ F2) and 
j ∈ (E ∪ F1 ∪ F2 ∪ L) 

ecwq Amount of pollution created for waste 
type w treated with technology q 

ept proportion of pollution created for 

waste treated with technology t 
et  The amount of pollution emission by 

transportation per unit distance 
ht 1 If treatment technology t requires 

waste separation; 0 otherwise 

kti 
1 If it is possible to established 
treatment technologies at node i; 0 
otherwise 

Ote
l  1 If treatment technologies is 

available with capacity level at node e 

rwq 
proportion of mass reduction for 
waste type w treated with technology 
q 

αt 
The amount of product generated by 
processing a waste unit with 
technology t 

δw The percentage of waste w that can be 
recovered during the separation stage 

γw Percentage available of waste w 

Restl 
Percentage increase of resilience if 
established center t with capacity level 
l 

Resql 
Percentage increase of resilience if 
established center q with capacity 
level l 
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2.4. Decision Variables 
 

Bti Proportion of material generated with the 
treatment technology t at node i 

Gfti 
Amount of waste transported from 
separation facility f to treatment facility 
with technology t at node i 

Xdf 
1 If the waste generated at node d is 
allocated to facilitate separation and 
treatment at node f 

Yqfl  1 if treatment technology q with capacity 
level l is established at node f 

Ytil  1 if treatment technology t with capacity 
level l is established at node i 

 
2.5. Model formulation 
 
Max Z1 = ∑ ∑ pt. Btti∈(E∪F1∪F2) − ∑ ∑ ∑ cecqfl . Yqflqf∈F1l − ∑ ∑ ∑ ceptfl . Ztfltf∈(F1∪F2)l −
                    ∑ ∑ ∑ ∑ cocq.qdf∈F1l ad. Xdf. Yqfl − ∑ ∑ ∑ cos. ht. Gftif∈F1ti∈(E∪F1∪F2) +
                    ∑ ∑ ∑ copt. Gftitf∈F1i∈(E∪F1∪F2) −
ct. �∑ ∑ disdf. ad. Xdfdf∈F1 +
                    ∑ ∑ ∑ ∑ ∑ ∑ disfi. Gfti. comwt. rwq. Yqfli∈(E∪F1∪F2)f∈F1wtql �                                   (1) 
 
Max Z2 = ∑ ∑ ∑ Restl. Ztillti + ∑ ∑ ∑ Resql. Yqfllqf                                                                    (2) 

 

                            Min Z3 =  ∑ ∑ ∑ ∑ ∑ ∑ ecwq. Gfti. comwt. Yqfli∈(E∪F1∪F2)f∈F1wtql +

                                                ∑ ∑ ∑ ept. Gftitf∈F1i∈(E∪F1∪F2) + et. �∑ ∑ disdf. ad. Xdfdf∈F1 +

                                                ∑ ∑ ∑ ∑ ∑ ∑ disfi. Gfti. comwt. rwq. Yqfli∈(E∪F1∪F2)f∈F1wtql �           (3) 

 

(4) ∀𝑑𝑑                      � 𝑋𝑋𝑑𝑑𝑑𝑑
𝑑𝑑∈𝐹𝐹1

= 1 

(5) ∀𝑓𝑓 ∈ 𝐹𝐹1                       �𝑎𝑎𝑑𝑑 .𝑋𝑋𝑑𝑑𝑑𝑑
𝑑𝑑

≤��𝑐𝑐𝑎𝑎𝑐𝑐𝑐𝑐𝑞𝑞𝑙𝑙 .𝑌𝑌𝑞𝑞𝑑𝑑𝑙𝑙

𝑞𝑞𝑙𝑙

 

(6) ∀𝑓𝑓 ∈ 𝐹𝐹1                      ��𝑌𝑌𝑞𝑞𝑑𝑑𝑙𝑙

𝑞𝑞𝑙𝑙

≤ 1 

(7) ∀𝑓𝑓 ∈ 𝐹𝐹1, 𝑡𝑡, 𝑖𝑖 ∈ (𝐸𝐸 ∪ 𝐹𝐹1 ∪ 𝐹𝐹2)  𝐺𝐺𝑑𝑑𝑓𝑓𝑓𝑓 ≤��𝑎𝑎𝑑𝑑
𝑑𝑑

.𝑋𝑋𝑑𝑑𝑑𝑑 . 𝛾𝛾𝑤𝑤 . 𝛿𝛿𝑤𝑤. 𝑐𝑐𝑐𝑐𝑐𝑐𝑤𝑤𝑓𝑓 . 𝑘𝑘𝑓𝑓𝑓𝑓
𝑤𝑤

 

(8) ∀𝑡𝑡, 𝑖𝑖 ∈ (𝐸𝐸 ∪ 𝐹𝐹1 ∪ 𝐹𝐹2)                    � 𝐺𝐺𝑑𝑑𝑓𝑓𝑓𝑓
𝑑𝑑∈𝐹𝐹1

≤�𝑐𝑐𝑎𝑎𝑐𝑐𝑐𝑐𝑓𝑓𝑙𝑙 .𝑍𝑍𝑓𝑓𝑓𝑓𝑙𝑙

𝑙𝑙

 

(9) ∀𝑡𝑡, 𝑖𝑖 ∈ (𝐸𝐸 ∪ 𝐹𝐹1 ∪ 𝐹𝐹2)                    �𝑍𝑍𝑓𝑓𝑓𝑓𝑙𝑙

𝑙𝑙

≤ 𝑘𝑘𝑓𝑓𝑓𝑓 

(10) ∀𝑡𝑡, 𝑖𝑖 ∈ 𝐸𝐸, 𝑙𝑙                   𝑍𝑍𝑓𝑓𝑓𝑓𝑙𝑙 ≤ 𝑂𝑂𝑓𝑓𝑓𝑓𝑙𝑙  
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(11) ∀𝑓𝑓 ∈ 𝐹𝐹1                    � � 𝐺𝐺𝑑𝑑𝑓𝑓𝑓𝑓
𝑓𝑓∈(𝐸𝐸∪𝐹𝐹1∪𝐹𝐹2)𝑇𝑇

= �𝑎𝑎𝑑𝑑 .𝑋𝑋𝑑𝑑𝑑𝑑
𝑑𝑑

 

(12) ∀𝑡𝑡, 𝑖𝑖 ∈ (𝐸𝐸 ∪ 𝐹𝐹1 ∪ 𝐹𝐹2)                   � 𝛼𝛼𝑓𝑓 .𝐺𝐺𝑑𝑑𝑓𝑓𝑓𝑓 = 𝐵𝐵𝑓𝑓𝑓𝑓
𝑑𝑑∈𝐹𝐹1

 

 
 
Equation (1) is a function of the first objective, which maximizes the profitability of the 
network by using the income difference from the costs. The second objective function also 
maximizes network resilience. The objective function (3) minimizes the total amount of 
pollution generated in the network. Restriction (4) The collected waste should be allocated only  
to a separation and treatment center. In equation (5), shows the capacity limit of the separation 
and treatment center q. Restriction (6) ensures that any potential location for create a separation 
center, It can be established to the maximum with a treatment technology with a particular 
capacity level. Equation (7) states that the waste treated in each unit, the separators must be 
allocated to their own equipment. Constraint (8) indicates the capacity of the waste treatment 
center is t. Limitations (9) and (10) examine the possibility of creating different waste 
processing technologies in potential facilities. Equation (12) is the limitation of the material 
flow equilibrium(balance). Equation (13) determines the amount of products generated in each 
processing center. 
 
2.6. LP-metric method 
The LP-metric is a multi-criteria decision-making (MCDM) method that solves multi-objective 
decision-making (MODM) models. This method does not require prioritizing goals, weighting, 
or turning goals into constraints. Because the MILP model is a multi-objective, mixed integer 
Linear programming model whose objective functions are completely inconsistent, we used the 
LP-metrics method which is one of the famous Multi-Criteria Decision Making methods for 
solving multi objective problems with conflicting objectives simultaneously. In this way, a 
multi-objective problem is solved by considering each objective function separately and then a 
single objective is reformulated which goals to minimize the summation of normalized 
differences between each objective and the optimal values of them. According to proposed 
model, just you can assume that three objective functions are named as Z1, Z2, Z3 and based on 
LP-metrics method, MILP should resolved for each one of these three objectives separately 
Assume that the optimal values for these three problems are Z1

*, Z2
*, Z3

*. So the LP-metrics 
objective functions can be provided as follows: 
 

Z4 = W1 �
Z1∗−Z1
Z1

� + W2 �
Z2∗−Z2
Z2

 � + W3 �
Z3−Z3∗

Z3∗
�                                                                                        (13) 

 
Where W= [0,1] are the relative weight of components of the objective function (13) which 
given by the decision maker(s). Using LP-metrics objective function and considering MILP 
model constraints, we have a single objective mixed integer programming model, which can be 
efficiently solved by linear programming solvers. Now, using the LP-metrics objective function 
and given the limitations of the MILP model, we have a single objective mixed integer 
programming model, that can be effectively solved with linear programming solvents. 
 
3. Report of result 
In this section, numerical experiments are conducted to investigate the performance of the 
proposed model. The results of solving problem in different sizes are given in Table 1. 
Outcomes of solving problem in 5 test problem, solved by using LP-metric method and 
applying Lingo software evaluation and reported. 
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Table 1. results of experiments 

T.P |d| ∗ |e| ∗ |f1| ∗ |f2| ∗ |l| ∗ |q| ∗ |t| ∗ |w| F.O.V S.O.V T.O.V LP-metric 
function 

CPU 
Time(s) 

1 |1| ∗ |1| ∗ |1| ∗ |1| ∗ |2| ∗ |1| ∗ |2| ∗ |1| 3629711 0.48 1660 0.09 1.52 
2 |1| ∗ |2| ∗ |1| ∗ |2| ∗ |2| ∗ |3| ∗ |3| ∗ |1| 4187091 0.64 1830 0.17 7.5 
3 |2| ∗ |2| ∗ |1| ∗ |2| ∗ |2| ∗ |3| ∗ |3| ∗ |3| 4669820 0.79 1920 0.24 12.37 
4 |3| ∗ |3| ∗ |3| ∗ |4| ∗ |3| ∗ |4| ∗ |3| ∗ |4| 5365841 0.9 2200 0.3 21.43 
5 |3| ∗ |4| ∗ |3| ∗ |5| ∗ |4| ∗ |4| ∗ |3| ∗ |5| 5830095 1.03 2480 0.38 25.04 
 
Where in Table 1, first column denote the number of test problem, second column represent size 
of problem, F.O.V is first objective function value, S.O.V is second objective function value 
and T.O.V denote third objective function value. The sixth column and the last column displays 
the value of LP-metric function and computational times of solving model, respectively. Figure 
2. illustrated the value of LP-metric function. Also, the cpu time is shown in Figure 3. By 
comparing the two graphs in Figure 2 and Figure 3, we can see the CPU time and LP-metric 
function value of solving the model increased with increasing in size of the problem. 
 
 

 
Fig2. LP-metric function of the problem 

 
 

 
Fig3.CPU-time of the problem 

 
4. Sensitivity analysis 
In this part the sensitivity of the first objective function on demand of treated products and 
whole quantity of waste are analyzed and reported. 
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4.1. Sensitivity analysis for demands of treated product 
the values of third objective function in five different modes for the demand of treated product 
(Base case, -20%, -10%, +10% and +20%) are obtained and the sensitivity analysis results are 
illustrated in figure 4. 

 

 
Fig 4. Sensitivity analysis for demands of treated product 

 
According to Fig. 4 with increasing the quantity of demand the value of first objective function 
increased. 
 
4.2. Sensitivity analysis for whole quality of waste 
We examined the values of the objective function in five different modes for the total amount of 
wastes (Based case, -20%, -10%, +10% and +20%) that the sensitivity analysis results are 
shows in Fig. 5. 

 

 
Fig 5. Sensitivity analysis for whole quality of waste 

 
According to Figure. 6 with increasing the quantity of demand the value of first objective 
function increased. 
 
5. CONCLUSIONS  

In recent decades, much attention has been paid to optimizing work and practical issues, and 
scientists are trying to solve real and life problems. Many of these issues and optimizations can 
be solved by operations research, among its broad and important branches is the science of 
scheduling, location and routing. The complexity of the business environment, uncertainty and 
higher environmental fluctuations, concepts such as globalization and increasing competition 
have led to many changes in the equations that govern the supply chain. In such situations, be  
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prepared to the ongoing flow of challenges such as economic crises, waste management, 
production system constraints, or natural disasters. The fast growth of population and with the 
boom of economics, the waste collection and accumulation is a main issue around the world. 
This study addressed designing a sustainable resilient network. For this purpose, a multi-
objective mixed integer model is proposed in order to minimize environmental impacts and 
optimize the network profits and maximizes network resilience. Then the multi-objective model 
solved using LP-metric method and the results were analyzed and reported. In future studies, the 
timing issue could be considered for HWM collection vehicles, and the model could be 
developed for storable waste to bring the model closer to reality. awareness of its weaknesses 
can lead to the incorporation of design improvements into its current framework in future 
studies. 
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ABSTRACT 
In this paper, we propose a method to solve a linear goal-programming problem whose parameters are 
crisp and where the flexibility is occurred in the constraints. Many Decision-Makers prefer to follow a 
satisfaction criterion rather than an optimization one; the satisfaction criterion leads to the concept of 
goal. The problems we are dealing with in this paper have some fuzzy and flexible input parameters in the 
problem, so the parametric programming method is applied in parallel to the ideal MINMAX 
programming method. First, we apply the parametric technique to the problem of finite constraint linear 
programming to the problem of real constraints, and then solve the achieved problem of fuzzy 
programming using the  MINMAX goal programming technique. 
Keywords : goal-programming, parametric programming, MINMAX goal programming, flexible constraints.  
 
1. INTRODUCTION  

Fuzzy goal programming utilizes fuzzy sets theory (Zadeh, 1965) [1] to deal with a level of 
imprecision in the goal programming model. This imprecision normally relates to the goal target 
values (bq) but could also relate to other aspects of the goal program such as the priority 
structure. The early fuzzy goal programming models used both Chebyshev (Narasimhan, 1980; 
Hannan, 1981) [2,3]and weighted (Hannan, 1981; Tiwari et al., 1987) [4,5] distance metrics. 
There are various possibilities for measuring the fuzziness around the target goals, each of 
which leads to a different fuzzy membership function. These functions model the drop in 
dissatisfaction from a state of total satisfaction (where the membership function takes the value 
1) to a state of total dissatisfaction (where the membership function takes the value 0). Charnes 
and Cooper introduced goal programming (GP) in 1961[6]. GP is a multiple objective 
programming technique, which has been applied successfully in practice for many years. GP 
models aim to minimize deviations of the objective values from aspiration levels, specified by 
decision makers. However, determining precise aspiration levels for the objectives in real world 
problems often is a difficult task for decision makers. In fact, most of the real world problems 
take place in an imprecise environment. For modeling GP problems with uncertain and 
imprecise goals, some approaches have been introduced. One of the useful tools for dealing 
with imprecision is fuzzy sets theory [7]. 
In the literature of fuzzy optimization, there are a lot of researches which are focused on fuzzy 
linear programming. An interesting approach is using parametric programming methods in the 
fuzzy linear programming. Afterward, various types of linear programming problems along with 
their solving methods have been presented by different authors. It is necessary to differentiate 
between flexibility in constraints and goal and uncertainty of the data. Flexibility is modeled by 
fuzzy sets and may reflect the fact that constraints or goal are linguistically formulated, their 
satisfaction is matter of tolerance and degree or fuzziness. Delgado and Verdegay  [8] proposed 
a parametric linear programming model with single parameter using α −cuts to achieve an 
equivalent model for the fuzzy linear programming with flexible constraints. Werner's 
introduced an interactive multiple objective programming model subject to its constraints are 
flexible and proposed a special approach for solving multiple objective programming model 
basing on fuzzy sets theory[9] . After that, Nasseri et al. introduced an equivalent fuzzy linear 
model for the flexible linear programming problems and proposed a fuzzy primal simplex 
algorithm to solve these problems[10]. Recently, Attari and Nasseri [11] introduced a concept of 
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feasibility and efficiency of the solution for the fuzzy mathematical programming problems. 
The suggested algorithm needs to solve two classical associated linear programming problems 
to achieve an optimal flexible solution. Recently, Nasseri and Ramzannia [12,13] improved 
their method and proposed new approach to determine the optimal solution by solving an 
associated auxiliary problem in just one phase. 
In this paper, first by defining the appropriate membership function and applying parametric 
methods, we first convert the problem of flexible constraints to the problem of crisp constraints, 
and then solve the problem using fuzzy goal programming technique. 
 
2. PRELIMINARIES  

In this section, some basic definitions of fuzzy flexible goal programming problems that will be 
useful in throughout of the paper are presented 
2.1 FLEXIBLE LINEAR PROGRAMMING  

We consider a case where the decision maker assumes that there is a certain tolerance in the 
fulfillment of constraints. In other word, a certain degree of violation is allowed and this is 
created by the decision makers. The general form of the Fuzzy Flexible Linear Programming 
(FFLP) problems with fuzzy resources can be formulated as follows [11]: 

𝑚𝑚𝑚𝑚𝑚𝑚    𝑧𝑧 = 𝑓𝑓(𝑚𝑚,𝐶𝐶) = �𝑐𝑐𝑗𝑗𝑚𝑚𝑗𝑗

𝑛𝑛

𝑗𝑗=1

  

 𝑠𝑠. 𝑡𝑡.      g𝑖𝑖(𝑚𝑚) =  ∑ 𝑚𝑚𝑖𝑖𝑗𝑗𝑚𝑚𝑗𝑗𝑛𝑛
𝑗𝑗=1 ≼ 𝑏𝑏𝑖𝑖 , 𝑖𝑖 = 1,2, … ,𝑚𝑚,                                                                                                          (1) 

      𝑚𝑚𝑗𝑗 ≥ 0,   𝑗𝑗 = 1,2, . . . ,𝑛𝑛.       

In model (1), ≼ is called " fuzzy less than or equal to" and it is assumed that the tolerance 𝑝𝑝𝑖𝑖 for 
each constraint is given. This means that the decision maker can accept a violation of each 
constraint up to degree 𝑇𝑇𝑖𝑖. In this case, constraints g𝑖𝑖(𝑚𝑚) ≼ 𝑏𝑏𝑖𝑖, are equivalent to g𝑖𝑖(𝑚𝑚) ≤ 𝑏𝑏𝑖𝑖 +
𝜃𝜃𝑇𝑇𝑖𝑖, (𝑖𝑖=1,2,…,m), where 𝜃𝜃 ∈ [0,1].  

Verdegay [14] proved that the FFLP problem (1) is equivalent to crisp parametric LP problem 
when the membership functions of the fuzzy constraints are continuous and non-increasing 
functions. According to this non-symmetric approach, the membership function of fuzzy 
inequality constraints of problem (1) can be modeled as follows: 

 𝜇𝜇𝑖𝑖�g𝑖𝑖(𝑚𝑚)� = �
1,                                                                    g𝑖𝑖(𝑚𝑚) ≤ 𝑏𝑏𝑖𝑖 ,
1 − (g𝑖𝑖(𝑚𝑚) − 𝑏𝑏𝑖𝑖) 𝑇𝑇𝒊𝒊⁄ ,              𝑏𝑏𝑖𝑖 ≤ g𝑖𝑖(𝑚𝑚) ≤ 𝑏𝑏𝑖𝑖 + 𝑇𝑇𝒊𝒊,
0,                                                           g𝑖𝑖(𝑚𝑚) ≥ 𝑏𝑏𝑖𝑖 + 𝑇𝑇𝒊𝒊.

                                                                              (2) 

In this case, the membership function of all constraints of the problem (1) according to Bellman 
and Zadeh operator is given by 

𝜇𝜇�g(𝑚𝑚)� = 𝑚𝑚𝑖𝑖𝑛𝑛�𝜇𝜇1�g1(𝑚𝑚)�, 𝜇𝜇2�g2(𝑚𝑚)�, . . . , 𝜇𝜇𝑚𝑚�g𝑚𝑚(𝑚𝑚)��.                                                                                            (3) 

Assuming 𝛼𝛼 = 𝑚𝑚𝑖𝑖𝑛𝑛�𝜇𝜇1�g1(𝑚𝑚)�, 𝜇𝜇2�g2(𝑚𝑚)�, . . . , 𝜇𝜇𝑚𝑚�g𝑚𝑚(𝑚𝑚)��, then the FFLP problem (1) is 
equivalent to the following Parametric Programming Problem: 

𝑚𝑚𝑚𝑚𝑚𝑚        𝑧𝑧 = 𝑓𝑓(𝑚𝑚,𝐶𝐶) = �𝑐𝑐𝑗𝑗𝑚𝑚𝑗𝑗

𝑛𝑛

𝑗𝑗=1

 

𝑠𝑠. 𝑡𝑡.          𝜇𝜇𝑖𝑖�g𝑖𝑖(𝑚𝑚)� ≥  𝛼𝛼,   𝑖𝑖 = 1,2, . . . ,𝑚𝑚,                                                                                                                      (4) 

         𝑚𝑚𝑗𝑗 ≥ 0,   𝑗𝑗 = 1,2, . . . ,𝑛𝑛,       𝛼𝛼 ∈ [0,1]. 
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2.2 FUZZY GOAL PROGRAMMING 

Goal planning was first introduced in the application of the single-objective linear programming 
problem by Charnes et al in (1990) [6]. In (1991) Romero provides a complete overview of goal 
planning techniques [15]. The main idea of goal planning is to find solutions that meet one or 
more predetermined goals. If there is no answer to these conditions, one should seek answers 
that minimize deviation from goals. In a MINMAX goal planning (MGP), the maximum 
deviations from the goal and the maximum deviation of each goal from the ideal are minimized. 
This method is less commonly used than other methods, but it is theoretically the most 
important and is also known as MINMAX. This method attempts to minimize (maximize) the 
maximum deviation from the set of weighted deviations (which is always greater than or equal 
to the sum of all deviations) [16]. 
One of the advantages of this method is that in problems with many variables, goals, and 
constraints, it delivers the optimal response at the right time. The main idea of goal 
programming is to find solutions that meet one or more predetermined goals. If there is no 
answer to these conditions, then one should find solutions that minimize deviation from the 
goals. In the MGP, the maximum deviations from ideals and every goal of ideals should be 
minimized [17]. Consider the following Fuzzy Goal Programming (FGP) model: 
 

ma𝑚𝑚       𝑍𝑍 =  �𝑓𝑓𝑖𝑖(𝑚𝑚)
𝑄𝑄

𝑖𝑖=1

 

𝑠𝑠. 𝑡𝑡.         g𝑗𝑗�𝑚𝑚,𝑚𝑚𝑗𝑗� ≤ 0,         𝑗𝑗 = 1,2, . . . ,𝑚𝑚,                                                                                                                   (5) 

                𝑚𝑚 ≥ 0, 

The row vector 𝑚𝑚𝑖𝑖 shows the 𝑖𝑖 -th row of 𝐴𝐴 = �𝑚𝑚𝑗𝑗𝑗𝑗�, where A is a real 𝑚𝑚 × 𝑛𝑛- dimensional 
matrix of technical coefficients. And, functions of 𝑓𝑓 and gj where 𝑗𝑗 ∈ {1, . . . ,𝑚𝑚} possess 
continuous property up to the second derivatives, i.e. 𝑓𝑓 and g𝑗𝑗 ∈ 𝐶𝐶2,  𝑗𝑗 ∈ {1, . . . ,𝑚𝑚}. 𝑓𝑓𝑖𝑖(𝑚𝑚) is 
denote fuzzy multi-objective function of problems. 
MGP was introduced by Flavell in 1976 [18]. This approach minimizes the maximum deviation 
from any single goal. It provides an optimal solution that represents the most balanced solution 
among the achievements of different goals. A general MGP is stated as follows: 
 
min       𝑍𝑍 = 𝐷𝐷 
𝑠𝑠. 𝑡𝑡.       1

𝐾𝐾𝑖𝑖
(𝑢𝑢𝑖𝑖𝑛𝑛𝑖𝑖 + 𝑣𝑣𝑖𝑖𝑝𝑝𝑖𝑖) ≤ 𝐷𝐷 , 

              𝑓𝑓𝑖𝑖  (𝑚𝑚) + 𝑛𝑛𝑖𝑖 − 𝑝𝑝𝑖𝑖 = 𝑏𝑏𝑖𝑖  ,    𝑖𝑖 = 1,2, . . . ,𝑄𝑄,                                                                                                            (6) 
              𝑛𝑛𝑖𝑖 , 𝑝𝑝𝑖𝑖 ,𝐷𝐷 ≥ 0 ,     𝑖𝑖 = 1,2, . . . ,𝑄𝑄,  
              g𝑗𝑗�𝑚𝑚, 𝑚𝑚𝑗𝑗� ≤ 0,         𝑗𝑗 = 1,2, . . . ,𝑚𝑚, 
               𝑚𝑚 ≥ 0. 
 
In this model 𝑄𝑄 the number of objective functions, 𝑓𝑓𝑖𝑖  (𝑚𝑚) is a linear function of 𝑚𝑚 and 𝑏𝑏𝑖𝑖 is the 
precise aspiration level for the 𝑖𝑖th goal. 𝑛𝑛𝑖𝑖 and 𝑝𝑝𝑖𝑖 i are negative and positive deviations from 
aspiration value of the 𝑖𝑖th goal. 𝑢𝑢𝑖𝑖 and 𝑣𝑣𝑖𝑖, respectively, assigned non-negative weights Given 
the deviations are 𝐷𝐷, the maximum deviation is minimized and is only a function of 𝑍𝑍, 𝐾𝐾𝑖𝑖 is the 
normalization constant for 𝑖𝑖 min the objective function. The MGP method requires the use of 
weights to indicate the importance of each of the objective functions to the decision maker. And 
like a given weighting method, it requires the use of appropriate weights for each of the 
objective functions for the decision maker. The main difference in MGP method is to penalize 
the maximum deviation, which leads to a balance between the priority levels of functions and 
the minimization of their total deviations. 
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3. MAIN RESULTS 

Regarding what is described in the sectional linear programming (section 2.1), An equivalent 
deterministic model for a multi-objective flexible problem based on the flexible programming 
and the MGP approach is presented as research findings. Now consider a fuzzy flexible goal 
programming as follows: 
 

ma𝑚𝑚       𝑍𝑍 =  �𝑓𝑓𝑖𝑖(𝑚𝑚)
𝑄𝑄

𝑖𝑖=1

 

𝑠𝑠. 𝑡𝑡.         g𝑗𝑗�𝑚𝑚,𝑚𝑚𝑗𝑗� ≼ 0 ,        𝑗𝑗 = 1,2, . . . ,𝑚𝑚,                                                                                                                   (7) 
                𝑚𝑚 ≥ 0. 

According to what was said in the previous section, In order to a signification selection of the 
membership function for each fuzzy constraints, it refers to, if gj�x, aj� ≤ 0, then, this 
constraints is wholly satisfied. If gj�x, aj� ≥ Tj , so that the parameter pi is the predefined 
maximum tolerance from zero, which is determined by an expert decision maker, therefore, the 
j –th constraint is certainty violated. Note that, for gi(x, ai) ∈ �0, Tj�,  the membership function 
is monotonically decreasing. Furthermore, when membership functions of the constraints are 
considered in the linear form, we have: 

𝜇𝜇𝑗𝑗�g𝑗𝑗�𝑚𝑚, 𝑚𝑚𝑗𝑗� ≼ 0� = �
1,                                                            g𝑗𝑗�𝑚𝑚, 𝑚𝑚𝑗𝑗� ≤ 0,

1 − g𝑗𝑗�𝑚𝑚, 𝑚𝑚𝑗𝑗� 𝑇𝑇𝑗𝑗� ,                      0 ≤ g𝑗𝑗�𝑚𝑚, 𝑚𝑚𝑗𝑗� ≤ 𝑇𝑇𝑗𝑗,
0,                                                         g𝑗𝑗�𝑚𝑚, 𝑚𝑚𝑗𝑗� ≥ 𝑇𝑇𝑗𝑗,

                                                                         (8) 

where  𝑗𝑗 ∈ {1, . . . ,𝑚𝑚}. 

By use of membership function and the parametric method described above, flexible constraints 
of the problem convert into crisp constraints. Thus, rewrite above fuzzy goal programming as 
follow: 

ma𝑚𝑚       𝑍𝑍 =  �𝑓𝑓𝑖𝑖(𝑚𝑚)
𝑄𝑄

𝑖𝑖=1

 

𝑠𝑠. 𝑡𝑡.         g𝑗𝑗�𝑚𝑚,𝑚𝑚𝑗𝑗� ≤ (1−  𝛼𝛼)𝑇𝑇𝑗𝑗 ,        𝑗𝑗 = 1,2, . . . ,𝑚𝑚,                                                                                                   (9) 
                𝑚𝑚 ≥ 0 ,𝛼𝛼 ∈ [0,1]. 
Mathematical expression of MGP is as follows: 
min       𝑍𝑍 = 𝐷𝐷 
𝑠𝑠. 𝑡𝑡.        1

𝐾𝐾𝑖𝑖
(𝑢𝑢𝑖𝑖𝑛𝑛𝑖𝑖 + 𝑣𝑣𝑖𝑖𝑝𝑝𝑖𝑖) ≤ 𝐷𝐷 , 

               𝑓𝑓𝑖𝑖  (𝑚𝑚) + 𝑛𝑛𝑖𝑖 − 𝑝𝑝𝑖𝑖 = 𝑏𝑏𝑖𝑖   𝑖𝑖 = 1,2, . . . ,𝑄𝑄,                                                                                                              (10) 
               𝑛𝑛𝑖𝑖 , 𝑝𝑝𝑖𝑖  ,𝐷𝐷 ≥ 0      𝑖𝑖 = 1,2, . . . ,𝑄𝑄,  
               g𝑗𝑗�𝑚𝑚, 𝑚𝑚𝑗𝑗� ≤ (1−  𝛼𝛼)𝑇𝑇𝑗𝑗 ,        𝑗𝑗 = 1,2, . . . ,𝑚𝑚, 
                𝑚𝑚 ≥ 0 , 𝛼𝛼 ∈ [0,1]. 
 
9. CONCLUSIONS  

In this paper, a new approach for flexible multi-objective programming is presented. In the 
proposed conversion, the ideal values for each of the objectives are obtained by optimizing the 
single-objective problem, then those goals with the set values are considered as constraints, and 
to convert the flexible problem into the crisp problem by use of the parametric method that the 
decision maker It had been widely used in decision making. In fact, in this crisp conversion, the 
MGP approach is combined with the parametric approach. 
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ABSTRACT 
Nowadays, the other aspects of the supply chain network have attracted attention of researchers. One of 
these aspects is the response time, Time does not only signal the cost to the logistics manager, but the 
increase in lead time also results in penalties for customer service. This paper proposes a bi-objective 
model to design of a resilience green supply chain network which is minimized total response time of 
network and total environmental damages of the supply chain. Considering scheduling problem in green 
supply chain and incorporating the resiliency factors are the main contributions of this research. In this 
study, in order to tackle the uncertainties, a robust optimization approach is applied. Finally, the proposed 
model solved using multi-choice goal programming approach and results are reported. 
Keyword: Green supply chain management, Resilience supply chain, Robust optimization, Multi-choice 
goal programming. 
 
1. INTRODUCTION   

 A closed loop supply chain network (CLSCN) is an integrated system that simultaneously 
involves backward and downstream supply chains. A CLSCN is one of the underlying issues, 
including deciding on the number, location, capacity, facility coordination, flow through the 
network, buying and selling value, and maintaining inventory to optimize the whole supply 
chain operation. In the last decade, the increasing importance of economic benefits and 
environmental impacts has had an impact on the use of damaged products. Time-based 
competition for customers in all markets, industry or consumers, is increasingly time-sensitive. 
For example, in industrial markets, buyers tend to be sources of supply with the shortest 
production time that can meet their quality specifications. In the consumer market, consumers 
choose their brands at the time; therefore, if the mark is out of stock, it is likely that an 
alternative brand will be purchased instead. 
The efficient design of the CLSC helps to reduce the environmental damages of supply chain 
by: I) manufacturing products applying repaired components and recycled materials, and II) 
establishment of efficient and environmentally friendly transportation systems [1]. The 
transportation network is generated 35% of total greenhouse gas emissions in the supply chain. 
[2]. Thus, appropriate planning for reducing the transportation pollution of the supply chain 
network can greatly help to reduce network environmental damage. 
Pedram et al., [3] proposed a scenario-based model to CLSC network design in a tire case. The 
proposed model maximized total profits generated in the CLSC and minimize pollution. Paydar 
et al., [4] used scenario-based robust optimization in order to minimize total costs and collection 
risk in engine oil supply chain. They used 𝜀𝜀-constraint method for solving the proposed multi-
objective model. Fathollahi-Fard et al., [5] studied a CLSC network design problem considering 
social impacts under uncertainty and developed a metaheuristic algorithm for large-scale test 
problems. The results showed that the proposed algorithm obtained high quality solutions. 
Yadollahinia et al., [6] developed a robust optimization model to design a multi-product and 
multi-period supply chain network considering customer relationship management for tire case. 
They used a goal programming method in order to solve the proposed model. Tsao et al. [7] 
designed a sustainable supply chain for optimizing the social, environmental, and economic 
aspects of the supply chain. They used an interactive fuzzy programming to tackle the uncertain 
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parameters. Babazadeh et al., [8] designed a biodiesel supply chain network using possibilistic 
programming model considering epistemic uncertainty. They used an accelerated benders 
decomposition method to solve the research problem. They selected a case study from Iran and 
results showed the efficiency of the proposed model and solving method. Rahimi et al. [9] 
developed a stochastic risk-averse model to design a sustainable supply chain network with 
quantity discount. The 𝜀𝜀-constraint method used to solve the proposed multi-objective model. 
Zhen et al., [10] designed a sustainable closed-loop supply chain network under uncertainty 
using scenario-based bi-objective mathematical model. They considered the factors affecting the 
facilities capacity. Authors used Lagrangean relaxation method to solve the proposed model. 
This paper proposes a bi-objective mixed integer programming model to design a green supply 
chain network. The first objective function is minimized total time of the supply chain and the 
second objective function aims to minimize total environmental damages of the network. To 
cope with the uncertainties, the robust optimization approach is applied and in order to solve the 
proposed bi-objective model, the multi-choice goal programming with utility function is used. 
The main novelty and contributions of this research are designing a resilience green closed-loop 
supply chain network under uncertainty for minimizing response time of the supply chain 
network.  
The structure of this study organized as follows: the research problem is defined in Section 2. 
The uncertainty modelling is presented in Section 3. Solving method is described in Section 4. 
Numerical examples are presented in Section 5. Finally, conclusions and future study 
suggestions are provided in Section 6. 
 
2. PROBLEM DEFINITION  

In this section the research problem is described and the mathematical model is presented. The 
proposed supply chain network consist of four echelons in forward chain including suppliers, 
manufacturers, distributors, and customers. And have three echelons in revers logistics 
involving collecting, recycling and disposes. The designed closed-loop supply chain network is 
depicted in Figure 1.The supply chain begins with the supply of raw materials from suppliers. 
After production, the products are sent to the distributors. It is then sent to the customer market. 
In the backward chain, the returned products from the customer collected by the collection 
centers. Then, recursive products are collected and divided into two categories. A number of 
wastes are transferred to the destruction facility, and a number is transferred to the recycling 
center for recycling, and then the recycled materials are transferred to the suppliers of the raw 
material. 

 
Figure 1: Schematic of the designed closed-loop supply chain network  

 
 

Gall
ey

 Proo
f



 

 
 

The notations of the mathematical model are defined as follows: 
 
Set 
s 

 𝜆𝜆𝑖𝑖𝑖𝑖𝑖𝑖 
The amount of environmental damages if 
product i transferred with vehicle v in period 
t 

𝐼𝐼 Product sets                  𝐼𝐼 = 1, … , 𝑖𝑖 𝜃𝜃𝑠𝑠𝑖𝑖 
The rate of disruptions in capacity of supplier 
s in period t 

𝑉𝑉 Transportation sets      𝑉𝑉 = 1, … , 𝑣𝑣 𝜇𝜇𝑚𝑚𝑖𝑖 
The rate of disruptions in capacity of 
manufacturers m in period t 

𝑇𝑇 Period sets                   𝑇𝑇 =  1, … , 𝑡𝑡 𝛿𝛿𝑚𝑚𝑖𝑖 
The rate of disruptions in capacity of 
Distributor d in period t 

𝑅𝑅 Row material sets        𝑅𝑅 =  1, … , 𝑟𝑟 𝐵𝐵𝑖𝑖𝐵𝐵𝐵𝐵 A big number 

𝑆𝑆 Suppliers sets               𝑆𝑆 = 1, … , 𝑠𝑠 
 
Variables 
 

 

𝐷𝐷 Distributor sets             𝐷𝐷 = 1, … ,𝑑𝑑 𝑇𝑇𝑆𝑆𝑖𝑖 Start time in the period 𝑡𝑡 
𝐵𝐵 Manufacturers sets       𝐵𝐵 = 1, … ,𝑚𝑚 𝑇𝑇𝑆𝑆𝑖𝑖𝑚𝑚𝑖𝑖 

The start time of the production of 𝑖𝑖 in the 
producer m in the period 𝑡𝑡 

𝑂𝑂 Collecting center sets    𝑂𝑂 = 1, … , 𝑜𝑜 𝑇𝑇𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 
The start time for distribution of product 𝑖𝑖 at 
distributor 𝑑𝑑 in period 𝑡𝑡 

𝑊𝑊 Recycling center sets    𝑊𝑊 = 1, … ,𝑤𝑤 𝑇𝑇𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 
The start time of the customer 𝑐𝑐 that the 
product 𝑖𝑖 gets in period 𝑡𝑡 

𝑄𝑄 Disposes center sets        𝑄𝑄 = 1, … , 𝑞𝑞 𝑇𝑇𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 
Time to start collecting the product 𝑖𝑖 at the 
collection center 𝑜𝑜 in period 𝑡𝑡 

𝐶𝐶 Customers sets                𝐶𝐶 = 1, … , 𝑐𝑐 𝑇𝑇𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 
Time to start recycling of product 𝑖𝑖 at 
recycling center 𝑤𝑤 at period 𝑡𝑡 

Parameters  𝑇𝑇𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 
The start of the dispose of the product 𝑖𝑖 at the 
dispose center 𝑞𝑞 in the period 𝑡𝑡 

𝑇𝑇𝑇𝑇𝑟𝑟𝑠𝑠𝑖𝑖𝑖𝑖 
Preparation time row material 𝑟𝑟 for delivery of the 
supplier 𝑠𝑠 with the vehicle 𝑣𝑣 in period 𝑡𝑡 𝐹𝐹𝑇𝑇𝑖𝑖𝑖𝑖𝑖𝑖 

The end of the product chain 𝑖𝑖 with 
transportation 𝑣𝑣 in period 𝑡𝑡 

𝑇𝑇𝐵𝐵𝑖𝑖𝑚𝑚𝑖𝑖𝑖𝑖𝑖𝑖 
The time of the transfer of product 𝑖𝑖 from the 
manufacturer 𝑚𝑚 to the distributor 𝑑𝑑 with the vehicle 𝑣𝑣 
in period 𝑡𝑡 

𝑁𝑁𝑖𝑖𝑚𝑚𝑖𝑖 
The number of product 𝑖𝑖 that manufacturer 𝑚𝑚 
at the period 𝑡𝑡 

𝑇𝑇𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 
The time of the transfer of product 𝑖𝑖 from the 
distributor 𝑑𝑑 to the customer 𝑐𝑐 with the vehicle 𝑣𝑣 in 
period 𝑡𝑡 

𝑁𝑁𝐵𝐵𝑖𝑖𝑚𝑚𝑖𝑖𝑖𝑖𝑖𝑖 
The number of product 𝑖𝑖 that is sent from the 
manufacturer 𝑚𝑚 to the distributor 𝑑𝑑 at period 
𝑡𝑡 

𝑇𝑇𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 
The time to transfer product 𝑖𝑖 from customer 𝑐𝑐 to 
collection center 𝑜𝑜 with vehicle 𝑣𝑣 in period 𝑡𝑡 𝑁𝑁𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 

The number of product 𝑖𝑖 that is sent from the 
distributor 𝑑𝑑 to customer 𝑐𝑐 during period 𝑡𝑡 

𝑇𝑇𝑂𝑂𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 
The time of transfer of product 𝑖𝑖 from collection 
center  𝑜𝑜 to recycling  center 𝑤𝑤 with vehicle 𝑣𝑣 in 
period 𝑡𝑡 

𝑁𝑁𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 
The number of product 𝑖𝑖 sent from customer 
𝑐𝑐 to collection center 𝑜𝑜 in period 𝑡𝑡 

𝑇𝑇𝑊𝑊𝑟𝑟𝑖𝑖𝑠𝑠𝑖𝑖𝑖𝑖 
Material transfer time 𝑟𝑟 from recycling center 𝑤𝑤 to 
supplier 𝑠𝑠 with vehicle 𝑣𝑣 during period 𝑡𝑡 𝑁𝑁𝑂𝑂𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 

The number of product 𝑖𝑖 sent from the 
collection center 𝑜𝑜 to the recycling center 𝑤𝑤 
at period 𝑡𝑡 

𝑇𝑇𝑅𝑅𝑟𝑟𝑠𝑠𝑚𝑚𝑖𝑖𝑖𝑖 
Material transfer time 𝑟𝑟 from supplier 𝑠𝑠 to 
manufacturer 𝑚𝑚 with vehicle 𝑣𝑣 during period 𝑡𝑡 𝑁𝑁𝑂𝑂𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 

The number of products 𝑖𝑖 sent from the 
collection center 𝑜𝑜 to the dispose of center 𝑞𝑞 
during period 𝑡𝑡 

𝑇𝑇𝑇𝑇𝐵𝐵𝑖𝑖𝑚𝑚𝑖𝑖 
The production time product 𝑖𝑖 of the manufacturer 𝑚𝑚 
in period 𝑡𝑡 𝑁𝑁𝑅𝑅𝑟𝑟𝑖𝑖𝑠𝑠𝑖𝑖𝑖𝑖 

The number of raw materials 𝑟𝑟 sent from the 
recycling center 𝑤𝑤 to the supplier 𝑠𝑠 in period 
𝑡𝑡 

𝑈𝑈𝑖𝑖𝑟𝑟𝑖𝑖 
The coefficient of consumption of raw material 𝑟𝑟 in 
product 𝑖𝑖 in period 𝑡𝑡 𝑁𝑁𝑅𝑅𝑟𝑟𝑠𝑠𝑚𝑚𝑖𝑖𝑖𝑖 

The number of raw material 𝑟𝑟 delivered from 
the supplier 𝑠𝑠 to the producer 𝑚𝑚 in period 𝑡𝑡 

𝐶𝐶𝐶𝐶𝐶𝐶𝑟𝑟𝑠𝑠𝑖𝑖 
Supplier's capacity 𝑠𝑠 of raw material 𝑟𝑟 during period 
𝑡𝑡 𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖 

1, if the product 𝑖𝑖 is selected with the vehicle 
𝑣𝑣 in period𝑡𝑡. 0, otherwise 

𝐶𝐶𝐶𝐶𝐶𝐶𝑖𝑖𝑚𝑚𝑖𝑖 
The capacity Producer 𝑚𝑚 of the product 𝑖𝑖 during 
period 𝑡𝑡 𝑌𝑌𝑟𝑟𝑖𝑖𝑖𝑖 

1, if raw material 𝑟𝑟 is chosen by means of 
transport 𝑣𝑣 during period𝑡𝑡. 0, otherwise 

𝐶𝐶𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖 Distributor's capacity 𝑑𝑑 of product 𝑖𝑖 in period 𝑡𝑡   
𝐶𝐶𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖 Customer capacity 𝑐𝑐 from product 𝑖𝑖 in period 𝑡𝑡   
𝐶𝐶𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖 

Capacity of collection center 𝑜𝑜 from product 𝑖𝑖 in 
period 𝑡𝑡   

𝐶𝐶𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖 
The capacity of the recycling center 𝑤𝑤 from the 
product 𝑖𝑖 in period 𝑡𝑡   

𝐶𝐶𝐶𝐶𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖 
Capacity of the dispose center 𝑞𝑞 from product 𝑖𝑖 in 
period 𝑡𝑡   

𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖 Customer demand 𝑐𝑐 from product 𝑖𝑖 in period 𝑡𝑡   
𝐴𝐴𝑅𝑅𝑖𝑖𝑖𝑖𝑖𝑖 

Return rate of product 𝑖𝑖 from customer 𝑐𝑐 during 
period 𝑡𝑡   

𝐵𝐵𝑅𝑅𝑖𝑖𝑖𝑖𝑖𝑖 
Recycling rate of product 𝑖𝑖 from recycling center 𝑤𝑤 at 
period 𝑡𝑡   

Based on above definitions, the bi-objective model can be formulated as follows: 
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𝑚𝑚𝑖𝑖𝑚𝑚 = � 𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑁𝑁𝑖𝑖𝑚𝑚𝑖𝑖𝑇𝑇𝑇𝑇𝐵𝐵𝑖𝑖𝑚𝑚𝑖𝑖
𝑖𝑖,𝑚𝑚,𝑖𝑖,𝑖𝑖

+ � 𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑁𝑁𝐵𝐵𝑖𝑖𝑚𝑚𝑖𝑖𝑖𝑖𝑖𝑖𝑇𝑇𝐵𝐵𝑖𝑖𝑚𝑚𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖,𝑚𝑚,𝑖𝑖,𝑖𝑖,𝑖𝑖

+ � 𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑁𝑁𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑇𝑇𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖,𝑖𝑖,𝑖𝑖,𝑖𝑖

+ � 𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑁𝑁𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑇𝑇𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖,𝑖𝑖,𝑖𝑖,𝑖𝑖

+ � 𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑁𝑁𝑂𝑂𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑇𝑇𝑂𝑂𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖,𝑖𝑖,𝑖𝑖,𝑖𝑖

+ � 𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑁𝑁𝑂𝑂𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑇𝑇𝑂𝑂𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖,𝑖𝑖,𝑖𝑖,𝑖𝑖

+ � 𝑌𝑌𝑟𝑟𝑖𝑖𝑖𝑖𝑁𝑁𝑅𝑅𝑟𝑟𝑖𝑖𝑠𝑠𝑖𝑖𝑖𝑖𝑇𝑇𝑊𝑊𝑟𝑟𝑖𝑖𝑠𝑠𝑖𝑖𝑖𝑖
𝑟𝑟,𝑖𝑖,𝑠𝑠,𝑖𝑖,𝑖𝑖

+ � 𝑌𝑌𝑟𝑟𝑖𝑖𝑖𝑖𝑁𝑁𝑅𝑅𝑟𝑟𝑠𝑠𝑚𝑚𝑖𝑖𝑖𝑖𝑇𝑇𝑅𝑅𝑟𝑟𝑠𝑠𝑚𝑚𝑖𝑖𝑖𝑖
𝑟𝑟,𝑠𝑠,𝑚𝑚,𝑖𝑖,𝑖𝑖

 

(1) 

𝑚𝑚𝑖𝑖𝑚𝑚 = �𝜆𝜆𝑖𝑖𝑖𝑖𝑖𝑖.𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖,𝑖𝑖

 (2) 

𝑇𝑇𝑆𝑆𝑖𝑖 + �𝑌𝑌𝑟𝑟𝑖𝑖𝑖𝑖𝑇𝑇𝑇𝑇𝑟𝑟𝑠𝑠𝑖𝑖𝑖𝑖
𝑟𝑟,𝑖𝑖

+ �𝑌𝑌𝑟𝑟𝑖𝑖𝑖𝑖𝑇𝑇𝑅𝑅𝑟𝑟𝑠𝑠𝑚𝑚𝑖𝑖𝑖𝑖
𝑟𝑟,𝑖𝑖

≤ 𝑇𝑇𝑆𝑆𝑖𝑖𝑚𝑚𝑖𝑖 
(3) �𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑁𝑁𝐵𝐵𝑖𝑖𝑚𝑚𝑖𝑖𝑖𝑖𝑖𝑖

𝑚𝑚,𝑖𝑖

= �𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑁𝑁𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖

 (18) 

𝑇𝑇𝑆𝑆𝑖𝑖𝑚𝑚𝑖𝑖 + �𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑇𝑇𝑇𝑇𝐵𝐵𝑖𝑖𝑚𝑚𝑖𝑖
𝑖𝑖

+ �𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑇𝑇𝐵𝐵𝑖𝑖𝑚𝑚𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖

≤ 𝑇𝑇𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 

(4) �𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑁𝑁𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖

≥�𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑁𝑁𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖

 
(19 

𝑇𝑇𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 + �𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑇𝑇𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖

≤ 𝑇𝑇𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 
(5) �𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑁𝑁𝑂𝑂𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝑖𝑖,𝑖𝑖

+ �𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑁𝑁𝑂𝑂𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖

= �𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑁𝑁𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖,𝑖𝑖

 (20) 

𝑇𝑇𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 + �𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑇𝑇𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖

≤ 𝑇𝑇𝑆𝑆𝑖𝑖𝑖𝑖𝑖𝑖 
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 (17)  
 

The time of the whole closed loop supply chain is minimized in the first objective function (1). 
The second objective function (2) is minimize the total environmental damages of the network. 
Equation (3) denotes the logic that the start time of the chain, as well as the timing of the 
preparation of the raw material and its transfer to the producer, cannot be ascertained since the 
onset of the production of aggression. The constraint (4) shows that the production start time 
and its production and transmission times from the producer to the distributor cannot exceed the 
beginning of the distributor. The constraint (5) indicates that the start time of the distribution, as 
well as the time it takes from the distributor to the customer from the start date of the customer 
(arrival time to the customer), cannot exceed. Constraint (6) indicates that the customer's 
starting time plus the transfer time from the customer to the collection center, since the start of 
the collection center cannot exceed. Constraint (7) indicates that the start time of the collection 
center, as well as its transfer time from the collection center to the recycling center, cannot 
exceed the time of the start of the recycling center. The constraint (8) indicates that the start 
time of the recycling center plus the time of the transfer of recycled materials from the recycling 
center to the supplier from time to time Beginning of the next period cannot exceed. The 
constraint (9) indicates that the start time of the collection center, as well as its transfer time 
from the collection center to the destruction facility, cannot exceed the time that the destruction 
center begins. Equations (10)-(12) present the relations related to binary variables. Flow balance 
and capacity constraints are presented in relations (13)-(29). Constraints (30) and (31) define the 
range of variables. 
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3. ROBUST COUNTERPART  

In this paper in order to cope with the uncertainties, Ben-Tal robust optimization approach is 
selected. Interested readers can see Pishvaee et al., [11] for more details. 
In this study the demand considered as an uncertain parameter. The robust equation of 
constraint (15) can be written as follows: 
∑ 𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑁𝑁𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖,𝑖𝑖 ≥ 𝐴𝐴𝑅𝑅𝑖𝑖𝑖𝑖𝑖𝑖(𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖 − 𝜌𝜌.𝐺𝐺𝑖𝑖𝑖𝑖𝑖𝑖) (32) 
∑ 𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖𝑁𝑁𝐶𝐶𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖,𝑖𝑖 ≤ 𝐴𝐴𝑅𝑅𝑖𝑖𝑖𝑖𝑖𝑖(𝐷𝐷𝐷𝐷𝑖𝑖𝑖𝑖𝑖𝑖 + 𝜌𝜌.𝐺𝐺𝑖𝑖𝑖𝑖𝑖𝑖) (33) 
Where 𝜌𝜌 is uncertainty level which is a positive number in [0 1]. And 𝐺𝐺 denotes uncertainty 
scale. 
4. MULTI-CHOICE GOAL PROGRAMMING WITH UTILITY FUNCTION (MCGP-UF) 

In this section the solution methodology is described. This research applies MCGP-UF to solve 
the proposed bi-objective model. This method is introduce by chang [12]. The MCGP-UF form 
of the proposed model can be formulated as follows: 

Where 𝑦𝑦𝑘𝑘 is a continuous decision variable, 𝑈𝑈𝑘𝑘,𝑚𝑚𝑖𝑖𝑚𝑚 and 𝑈𝑈𝑘𝑘,𝑚𝑚𝑚𝑚𝑚𝑚 denote the range of kth 
aspiration level. 𝑑𝑑𝑘𝑘− is the negative deviations and 𝑑𝑑𝑘𝑘+ is the positive deviations of 𝑓𝑓𝑘𝑘(𝑋𝑋) from 
𝑦𝑦𝑘𝑘, respectively. 𝜉𝜉𝑘𝑘− shows the normalized deviation of 𝑦𝑦𝑘𝑘 from 𝑈𝑈𝑘𝑘,𝑚𝑚𝑖𝑖𝑚𝑚 and 𝑤𝑤𝑘𝑘

ξ is the weight of 
ξ𝑘𝑘
− and finally, the utility value is represented by 𝜆𝜆𝑘𝑘. 

5. Numerical Experiments 
In this section, the obtained computational results are reported and analyzed. It should be noted 
that, the necessary data for solving the model is given from related works.  
5.1. Report of the results 
In this section the mathematical model solved in 5 different sizes and the values of the first and 
second objective functions, the values of goal programming function and the utility value are 
reported in the Table 1. 

Table: Results of solving the test problems 

Test problem First objective 
function 

Second 
objective 
function 

MCGP-UF 
function 𝝀𝝀𝟏𝟏 𝝀𝝀𝟐𝟐 

1 17385122 2438.5 0 1 1 
2 23729015 2705.2 0.06728 0.94862 0.95617 
3 29796618 3146.8 0.28462 0.95187 0.94215 
4 35084306 3468.1 0.33518 0.93861 0.94283 
5 40816739 3712.7 0.40931 0.91485 0.93257 

Figure 3 shows the changes in utility value with increasing size of the problem (changing number of test 
problem). 

𝐵𝐵𝑖𝑖𝑚𝑚 �[𝑤𝑤𝑘𝑘
𝑖𝑖 .�

𝑑𝑑𝑘𝑘+ + 𝑑𝑑𝑘𝑘−

𝑓𝑓𝑘𝑘+ − 𝑓𝑓𝑘𝑘−
� + 𝑤𝑤𝑘𝑘

𝜉𝜉 . (𝜉𝜉𝑘𝑘−)]
𝑘𝑘

 

S.t. 
 

(34) 

𝜆𝜆𝑘𝑘 ≤
𝑈𝑈𝑘𝑘,𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑦𝑦𝑘𝑘

𝑈𝑈𝑘𝑘,𝑚𝑚𝑚𝑚𝑚𝑚 − 𝑈𝑈𝑘𝑘,𝑚𝑚𝑖𝑖𝑚𝑚
 ∀𝑘𝑘 

𝑓𝑓𝑘𝑘(𝑋𝑋) + 𝑑𝑑𝑘𝑘− − 𝑑𝑑𝑘𝑘+ = 𝑦𝑦𝑘𝑘 ∀𝑘𝑘   

𝜆𝜆𝑘𝑘 + 𝜉𝜉𝑘𝑘− = 1 ∀𝑘𝑘 

𝑈𝑈𝑘𝑘,𝑚𝑚𝑖𝑖𝑚𝑚 ≤ 𝑦𝑦𝑘𝑘 ≤ 𝑈𝑈𝑘𝑘,𝑚𝑚𝑚𝑚𝑚𝑚 ∀𝑘𝑘 

𝑑𝑑𝑘𝑘+,𝑑𝑑𝑘𝑘−,𝑦𝑦𝑘𝑘 , 𝜆𝜆𝑘𝑘 , 𝜉𝜉𝑘𝑘− ≥ 0    ∀𝑘𝑘 
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Figure 3: The changes in the values of the utility function 

 
 
5.2. Sensitivity analysis 
This section devotes to examine the impact of changes in some parameters of the proposed 
model in objective function. To do this, a test problem is designed and solved in different modes 
ad results are reported. 
Figure 3 shows the results of sensitivity analysis on demand parameters. As can be seen in 
Figure 3, increasing in the demand parameters leads to increase in the first and second objective 
functions. 

 
(a) 

 
(b) 

Figure 3: Sensitivity analysis on demand parameter: (a) the first objective function (b) the second 
objective function 

Figure 4 shows the results of sensitivity analysis on uncertainty level parameter. Mentioned 
Figure indicates that by increasing the uncertainty level, values of the first and second objective 
function gets worse. 
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(b) 

Figure 4: Sensitivity analysis on uncertainty level: (a) the first objective function (b) the second 
objective function 

6. Conclusions 
This paper addressed a resilience green supply chain network design under uncertainty. For this 
propose, a bi-objective programming model is proposed to minimize total times of supply chain 
and total environmental damages of network. Due to changes in business environment, 
uncertainty is existed in nature of supply chain network problem, this study applied the robust 
optimization approach to tackle the uncertainties. Then, the proposed bi-objective model solved 
using multi-choice goal programming with utility function. Finally, the problem solved and the 
results are reported and analyzed. 
Future researches can develop heuristic or metaheuristic algorithms to solve the research 
problem in large-sized instances. Also, extending the current network to sustainable supply 
chain can be another direction for future researches. 
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ABSTRACT 
Companies are generally aiming to gain more reliable production systems with higher availability 
performance and having good maintenance policy which playes a major role in achieving systems' 
operational effectiveness at minimum cost .All types of systems such as geographically distributed 
systems (e.g. ATMs, electric vehicle charging stations, off-shore wind farms, and so on) have prescribed 
maintenance schedules set forth by the manufacturer that aims to reduce the risk of assets failure. In this 
study we integrated the VRP problem with maintenance activity to solve this problem. In addition to 
previous models, we have prioritized assets and considered soft and hard time windows for each asset 
considering its type and importance. Finally, the model, trying to minimize cost and unavailability, is 
solved by Epsilon-constrain method and the results are discussed. 
Keywords: Vehicle Routing Problem, Preventive maintenance, Time-window, Epsilon-Constraint 
 

1. INTRODUCTION  

In this paper, we proposed a model of preventive maintenance planning for geographically 
distributed assets integrated with the vehicle routing problem with soft and hard time windows 
according to the importance of assets and consider maintenance and travel time (PM-VRPSTW-
ST). In industry, companies are generally aiming at more reliable production systems with 
higher availability performance. Reliability and maintainability play an important role in having 
the perfect operation of factory processes and having good maintenance policy play a major role 
in achieving systems' operational effectiveness at minimum cost [1, 2]. Maintenance can be 
described as a combination of all technical and administrative actions including supervision, an 
activity intended to retain or restore the system into a state in which system can perform a 
required function [3]. Maintenance policy is classified into three types: Breakdown maintenance 
(corrective maintenance), Preventive maintenance, and Condition Based Maintenance (CBM) 
[4]. Preventive maintenance (PM) is a broad term that encompasses a set of activities aimed at 
improving the overall reliability and availability of a system. All types of systems such as 
geographically distributed systems (e.g. ATMs, electric vehicle charging stations, off-shore 
wind farms, and so on) have prescribed maintenance schedules set forth by the manufacturer 
that aims to reduce the risk of assets failure. Therefore, proper PM scheduling has a significant 
role in reducing costs and increasing customer satisfaction. Because of distributed assets at the 
geographic level and the existence of routing constraints and travel time, maintenance schedules 
become more difficult and complex [2]. Therefore, travel time among assets (customers) must 
be taken into account for being maintained, which is uncertain in the real world.  
To solve such problems, the integration of the Vehicle Routing Problem (VRP) and PM 
Scheduling should be used. The goal of VRP is to minimize the total cost of moving goods from 
a central station to customers [5]. Determining the optimal solution is a complete NP-problem in 
hybrid optimization, and there are many definitive and heuristic practical methods developed to 
find acceptable solutions for VRP. The vehicle routing problem (VRP) is a hybrid optimization 
problem in which a vehicle fleet moves from the central station (depot) to customers to serve 
them [6]. This model represents combinatorial optimization problems and is known as an NP-
hard problem. Vehicle routing problem with time window constraints has been widespread 
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recently [7]. In VRPTW, time window constraint is hard, and it can't be violated. Moreover, in a 
real-world situation, time window, and capacity constraints can be often violated to some 
extent ]8[ .  
a study presented a combination of maintenance planning and vehicle routing for a set of 
machines (customers) and by determining a joint routing-maintenance policy for a set of 
machines that are geographically distributed and subject to non-deterministic failures solved the 
introduced problem[9]. In the literature different solutions have been used to solve integrated 
maintenance scheduling and VRP Very few papers dealt simultaneously with the VRP with time 
windows and preventive maintenance. 
Vehicle routing problem with time windows (VRPTW) with preventive maintenance (VRPTW-
PM) was addressed recently and proposed a mathematical formulation for this problematic 
situation and used variable neighborhood search (VNS) meta-heuristic to solve the problem 
[10]. It has been Presented a methodology to schedule the maintenance of geographically 
distributed assets using their prognostic information. Genetic Algorithm based solution 
incorporating the daily work duration of the maintenance team is also presented in their paper 
[11]. A bi-objective model of preventive maintenance planning in distributed systems 
considering vehicle routing with hard time windows with deterministic and fixed travel time and 
maintenance time presented in the basic paper that aims to minimize the total cost and maximize 
the availability of the assets[2].  
 
2. PROBLEM DEFINITION  

The problem addressed in this paper is the integration of maintenance scheduling and vehicle 
routing problem with heterogeneous customers and different time windows to minimize total 
cost and unavailability simultaneously in a bi-objective model. The model consists of two types 
of assets that are classified according to their importance and are distributed geographically and 
should be scheduled to maintain. The term "I" as set of important assets with hard time window 
which has the most expensive maintenance and penalty cost. Term "C" as set of common assets 
have are less costly than important assets. Common assets have soft time window. Asset's 
maintaining requires an expert maintenance team. The maintenance teams have all the expertise 
needed to carry out maintenance operations for any kind of assets, and these teams are identical 
to the types of assets. 
To decreasing unwanted failure, two kinds of information are used for PM scheduling. Before 
PM operation, prognostic information is used to forecast failure probability to schedule 
maintaining assets. After performing PM operation, asset's health condition changes and failure 
probability be obtained using reliability analysis of similar asset [11]. The assumptions 
considered in the model are discussed as follows: 

• Maintenance teams leave the department to carry out activities and return to the 
department after their duties at the end of the day 

• No assumption has been considered for failure probability, and it can have any 
probability distribution. 

• For important assets, there are two working hours: maximum and normal. Finishing the 
PM activities between normal and maximum working hours leads to a penalty. 

• For common assets, a soft time constraint is considered and PM activities before the 
shortest possible time and after longest possible time lead to a penalty. 

• For each asset, just one PM operation is performed over the planning horizon. 
• Each asset should be prepared before the PM operation, and the preparing time is 

deterministic. Different kinds of assets have different preparing time. 
• The travel times are deterministic, and the city block distance is considered. 

 
The notations used in this study are shown in Table. 1 as follows: 
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Table. 1 Notations of study 

Notation  Definition 
Sets and Indices 
IM = {IM1, …, IM𝑛𝑛𝑖𝑖𝑖𝑖} Important assets (customers) 
C = {C1, …, C𝑛𝑛𝑐𝑐} Common assets  
E  Set of all assets 
NE All assets 
N = {IM, C, depot} Locations 
0 Represent the depot 
K = {k1, …, kn} Set of all maintenance teams 
i, j Respectively represents asset i and j  
k Indices of PM team 
t Indices of time unit  
z Indices of the asset type  
Parameters 
PPi,t  Failure probability before maintenance (using prognostics information) for assets i 
PRI,t  Failure probability after maintenance (using reliability analysis) for asset i 
BDi Breakdown duration of I he asset of type z 
γi Breakdown cost per unit time for i th asset of type z  
Li Preparation duration for i th of important asset o 
Mti Maintenance duration for i th asset of type z 
βi Maintenance cost for i th assets of type z 
Fi Direct breakdown cost for i th asset of type z 
τi,j Fixed and deterministic travel time between assets i and j 
Ci,j Travel cost from asset i to asset j 
H Operational working hours during a day 
Lm Time of last scheduled maintenance  
[eCi, lCj] The soft time window interval 
𝑒𝑒zi , 𝑙𝑙𝑧𝑧𝑧𝑧 Respectively earliest time and latest time which PM teams can receive asset i to start 

PM 
𝑊𝑊𝑛𝑛 Normal working duration  
𝑊𝑊𝑢𝑢𝑢𝑢 Maximum allowed the working duration 
Ch Unit extra working cost per time unit more than normal time for an important asset 
M Big enough data 
Csg Cost per time unit out of soft time window for common assets work duration  
Variables  
Xi,t 1 if the assets i is scheduled for PM operations at time t; 0 otherwise 
yi,jk,t 1 if PM team k of type K travel from asset i to asset j ; otherwise 0 
𝑆𝑆𝐶𝐶𝑖𝑖 1 if Pm operation on common asset i takes long shorter than the shortest allowed 

duration; otherwise 0  
𝐺𝐺𝐶𝐶𝑖𝑖 1 if Pm operation for common asset i takes long longer than longest allowed duration; 

otherwise 0   
a𝑖𝑖,𝑘𝑘,𝑡𝑡 Arrival time of PM team to important asset i scheduled day t. 
𝑃𝑃𝑖𝑖,𝑡𝑡 Cumulative failure probability either using prognostics or reliability analysis for asset i 

at time t 
𝑃𝑃𝑒𝑒𝑛𝑛𝑡𝑡 A total penalty of all Pm team type k at time t according to maintained assets type  
 
Minimizing of the total cost (maintenance cost, plus failure cost, plus travel cost between assets, 
plus penalty which is created due to a violated time window) is the first objective that is given 
in Eq. (1). The second objective function is to minimize the unavailability of assets.  The main 
expression is the split of the maintenance time over the operational working hours during is as 
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Eq. (2). Constraint (3) indicates that the utmost one maintenance team can leave the asset to do 
maintenance activities and constraint (4) indicates one asset is received one maintenance team. 
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The flow on the path traveled by vehicle is indicated in constraints (5)-(7). Constraint (5) 
ensures each maintenance team can go utmost one node that needs to be maintained. Constraint 
(6) expresses each node can receive one PM team from the depot. Equality constraint (7) 
indicates all PM team must leave the nodes (except depot) after ending the maintenance 
operation. Constraints (5)-(7) express that all PM team must start from the depot. Constraint (8) 
ensures that the PM team's arrival at asset i is smaller than the next asset. For each route, the 
arrival time of the first node is determined by constraint (9). Constraint (10) proves that there is 
no backward and recursion movement. Constraint (11) proves that each PM team after doing 
operation on last important asset returns to the depot no later than maximum allowed working 
duration. Both constraint (12) and (13) indicates the time window for the arrival time of PM 
teams for starting their work. Constraint (14) indicates that at each time unit, dispatched PM 
teams from depot can’t exceed the maximum number of available teams. Constraint (15) 
ensures that total PM operations along horizons planning don’t exceed the number of assets and 
constraint. As stated in the base article [2] traveled routes by all PM teams at each time unit is 
precisely equal to the number of scheduled maintenance jobs at the same time unit t (day) which 
is addressed by Constraint (16). Constraint (17) ensures that each asset is maintained only once 
during the planning horizon. Constraint (18) ensures that each PM team can travel to each asset 
(z, j) only when that asset needs a PM operation or scheduled for the PM operation. Constraint 
set (19) express0, 1 variable and determine the domain of decision variables. 
 

4. METHODOLOGY 

There are several methods to solve problems that have multiple objective functions, but one of 
the best and most accurate methods is epsilon constraint (eps-Constraint). The advantages of the 
epsilon constraint method over the weighting method are more apparent for MINLP problems 
where the non-supported Pareto optimal solutions can be produced. We utilized the augmented 
eps-constraint that uses lexicographic optimization in the construction of the payoff table (in 
order to secure the Pareto optimality of the individual optima) and a slightly modified objective 
function in order to ensure the production of Pareto optimal (and not weakly Pareto optimal) 
solutions. Besides, it performs early exit from infeasible loops improving the performance of the 
algorithm in multi-objective problems with several objective functions. We solved several 
examples of the presented model using GAMS software using Baron solver. 
 
 
5. COMPUTATIONAL EXPERIMENT 

We assumed there are 7 assets, of which three are essential, and four of them are common, three 
identical preventive maintenance teams give service to these assets.  
The parameters of maintenance and preparation time are considered as uniform distribution. But 
the rest of the parameters are considered. Rest information about the test problems can be 
downloaded from https://files.fm/u/atdmuvaf. The Pareto front of the solved problem is shown 
in Figure. 1 and it can be understood from it that the two objective functions have conflict and. 
For a better understanding and studying sensitivity analysis, we have changed several 
parameters to investigate their effects on the solutions. The details of the sensitivity analysis 
model are represented in https://files.fm/u/atdmuvaf and the Pareto front of proposed model is 
represented in Figure. 2. 
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6. CONCLUSIONS  

This paper addresses a bi-objective maintenance planning for geographically distributed assets 
considering vehicle routing problem. In this paper, assets are considered heterogeneous, and 
time windows are considered to be hard and soft for each kind of assets. All preventive 
maintenance operations are performed by the three PM teams which are identical. The planning 
horizons is assumed 25 days. An objective function minimizes the costs and the other minimize 
unavailability. The GAMS software is used to solve several test problems and the augmented 
Epsilon Constraint method have been utilized to deal with multi-objective problem. To increase 
model applicability, several parameters are assumed stochastic. The results indicated that there 
is a conflict between cost and availability objectives. For the future researcher, due to the NP-
hard nature of VRP problems, using meta-heuristic algorithms for solving the proposed model 
can be an interesting suggestion. 
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ABSTRACT 
Supply chains have learned that as they work more integrated, they also help their profits. In this context, 
this paper analyzes a multi-depot location-routing model with consideration of network failure by uses of 
vehicles and standard relief time. The proposed model allocates locations of local depots and routing for 
last-mile distribution just after an earthquake. The model is divided by the two-part stochastic program 
with travel time which obeys uniform distribution and we deliberate on split-delivery. To clarify the 
method impact, some small cases have been solved by the use of GAMS software. And finally, a variable 
neighborhood search algorithm is proposed to solve the deterministic model. Our analytically proven 
results demonstrate the desirable results. 
Keywords: Humanitarian logistics, Transportation Network Failure, Two-stage Stochastic 
Programming, Multi-depot Location-routing Problem, Split-delivery. 
 
1. INTRODUCTION 

In recent years, large-scale natural or man-made disasters have occurred frequently, causing 
large casualties and often destroying infrastructures, e.g., electricity, transportation, and 
communication. How to effectively respond to unpredictable and irregular emergency events 
has become of primal importance worldwide. The critical issues in such extreme events are how 
to respond immediately and how to schedule responses that can minimize the consequences of 
these disasters. In this context, humanitarian rescue and relief has been receiving greater 
attention by more and more academic scholars and emergency management practitioners. 
Accordingly, humanitarian logistics has attracted a lot of attention in recent years. In particular, 
logistics planning is the core of every relief operation. To decrease human losses, a sufficient 
amount of supplies must be distributed after a catastrophe within some time limit. A severe 
problem that usually occurs after an earthquake is destruction of some parts of the transportation 
network. As a result, some roads and links in the city network may not be accessible. This will 
make it very difficult to dispatch and deliver relief goods from local depots to demand points. 
This issue must be addressed in a practical approach for disaster relief operation. Also, a 
geographical information system (GIS) can be used to acquire real-time data on transportation 
network failure before executing a relief operation in the response phase. 
Humanitarian logistics is aimed at aiding people in surviving during and after a disaster. In the 
literature, the necessity and importance of Operations Research/Management Science (OR/MS) 
models in humanitarian logistics have been well recognized. However, most existing works rely 
on traditional OR models, and do not address the challenging characteristics of humanitarian 
logistics well [1]. It is critical to develop OR/MS models that can address humanitarian 
objectives directly. 
 
2. LITERATURE REVIEW 

Commercial and humanitarian logistics are quite different in nature [1]. While in humanitarian 
relief operations, the decisions relevant to human rescue activities must be aligned with the 
humanitarian principles [2] such as: (1) the human need principle, which refers to the priority of 
saving human lives and alleviating human suffering to the greatest extent possible, and (2) the 
impartiality principle, which requires that the implementation of any action must be based 
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solely on need, with no discrimination among populations. To reflect the humanitarian 
principle, there is a large literature using a utilitarian principle of maximizing the effectiveness 
of lifesaving, i.e., the benefit or reward in humanitarian operations. This work is extended a 
demand management system, which evaluates the demands in real time based on incoming 
information and then continually updates the priorities among affected-area groups [3]. Another 
stream of research aims at maximizing the number of saved people or minimizing the number of 
casualties. [4] classify the disaster-affected areas into search-and-rescue area, stabling area and 
immediate rehabilitation area, and then propose a dynamic program for resource allocation to 
minimize the total number of fatalities among these areas. [5] divide the affected population into 
critical population, stay-back population, and transfer population in a rescue asset pre-
positioning problem, and then maximize the survival rate of critical populations in the objective. 
Some researches use a two-stage approach, where a priority list is constructed and then used as 
an input to another decision problem. For example, Özdamar and Demir [6] use a priority list to 
make relief distribution schedules. In the literature, there are few works studying time-varying 
priorities with information update besides Sheu [7]. 
One important stream of research related to our work is multi-objective optimization in 
humanitarian principles, which considers multiple humanitarian principles simultaneously, and 
explores the trade-off among different principles. For example, Felder and Brinkmann [8] 
combine the lifesaving effectiveness (i.e., maximizing the total number of survivors) and 
equality (i.e., equal access to emergency medical service) in an emergency medical service 
allocation model. Jacobson et al. Another important stream of research related to our work is the 
methodologies that model dynamic decision-making over time. 
In summary, our literature review indicates that it is important to reflect the humanitarian 
principles directly in the objective function, especially in the response stage of large-scale 
disasters, which is the primary goal of this paper. We aim to develop an integrated decision 
support model that simultaneously captures the three humanitarian principles (i.e., lifesaving, 
human suffering, and fairness), explores the trade-off amongst different criteria, and jointly 
optimizes resource allocation and distribution. For broader literature review in humanitarian 
relief operations. 
 
3. MODEL DEVELOPMENT 

3.1. Problem description 
An earthquake often causes serious properties damage and threatens people’s lives. 
Humanitarian aid is urgently needed in order to save lives and relieve suffering of people in 
affected areas. Our research problem is how to distribute and deliver humanitarian aids from 
supply locations to demand locations efficiently through a transportation network in order to 
develop lifesaving and reduce human suffering fairly. The consequences of large-scale disasters 
change rapidly and are highly unpredictable, which indicates that it is impossible to make the 
entire schedule that guides humanitarian relief activities at a sole decision point. In this case, 
decisions have to be made at several time points based on available real-time information. At 
each decision point, the decision-maker has to consider the humanitarian relief activities in a 
certain future time period. We call this future time period planning horizon. In each planning 
horizon, we divide it into several time units for problem formulation; and we assume the lengths 
of time units are equal to a specified value, which could be measured by minute(s), hour(s), or 
day(s), and so on. However, the lengths of different planning horizons could be different. 
The contribution of this paper is to provide a mathematical model for humanitarian logistics 
operations considering the possibility of road destruction on an actual transportation network 
using GIS data, standard relief time constraints, and a standard amount of relief goods needed 
for every person and some penalty cost for unsatisfied demand. 
We assume a multi-depot location-routing problem (MDLRP) model to minimize the total 
distribution time, penalty cost of unsatisfied demand and fixed costs of opening LDs, 
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considering a partial network failure in the aftermath of an earthquake and the cost of 
unsatisfied demand. The model considers multiple uses of vehicles and includes standard relief 
time constraints. The deterministic MDLRP model is devised to be deployed right after an 
earthquake using real-time GIS data. The model is then extended to a two-stage stochastic 
program to accommodate possible earthquake scenarios in the preparation phase. A specialized 
VNS algorithm is devised to solve large instances of the deterministic model. A real-world case 
study in San Francisco district is carried out using the GIS data implemented in the ArcGIS 
software to demonstrate the capability of the proposed modeling approach and VNS algorithm. 
The problem we consider is an operational location-routing problem (LRP) which can be used 
after an earthquake in the response phase. The key decisions involved are vehicle routing and 
last mile distribution of relief goods to the demand points in the affected areas based on a real 
situation. Furthermore, the locations of local depots (LDs) are to be selected from a set of 
potential points, each of which has the capacity to serve as a local depot. In reality, the demand 
points in each region are considered to be traffic analysis zones (TAZs) specified on the region 
map. A geographical information system (GIS) would help to acquire real-time data on the 
actual transportation network condition. After an earthquake, some vulnerable transportation 
infrastructure such as roads, bridges and tunnels may be destroyed. In order to study the impact 
of transportation network destruction, we consider the possibility of some road closures in the 
network using GIS data. In summary, the operational logistic problem involves the following 
important decisions: (1) number and locations of local depots, (2) quantity of relief goods to be 
sent to the affected areas, (3) vehicle routing, (4) number of vehicles assigned to each local 
depot, and (5) time of delivery. 
 
3.2. An operational MDLRP model formulation 
The operational MDLRP model is used to determine the locations of local depots and vehicle 
routes after receiving actual data on road closures and access to different demand points based 
on GIS data. The proposed model extends the multi-depot LRP model proposed by [9] in 
several aspects. We consider multiple usage of vehicles, SRT constraints, vehicle capacity, and 
a penalty cost for unsatisfied demand. Consideration of partial failure of the transportation 
network in the aftermath of an earthquake and feeding real-time GIS data into the planning 
process is another feature of our operational model. Other model assumptions are similar to 
regular assumptions made in classical LRP models. Each customer is served by only one 
vehicle. Each vehicle must return to the depot from which it started its tour. The types and 
capacity of vehicles are the same (homogeneous fleet of vehicles). Each vehicle may serve more 
than one tour (multiple usage of vehicles). The types and capacity of potential depots are the 
same. We assume that each vehicle is assigned to only one local depot. These vehicles are 
capacitated and can take multiple trips if they have enough time and capacity. The demand for 
relief goods is considered as deterministic. We define our notation as follows. 
 

Sets: 
J= {1, 2, …, |J|}: set of traffic analysis zones in the network 
I= {|J| + 1, |J| + 2, …, |J| + |I|}: set of potential LDs 
N= {1, 2, …, |J|, |J| + 1, …, |J| + |I|}: set of all nodes in the network 
V= {1, 2, …, |V|}: set of vehicles 
K= {1, 2, …, |K|}: set of tours 
G= {1, 2, …, |G|}: set of relief goods 
W= {1, 2, …, |W|}: set of linearized constraints. In our model |W| = 4 
r= {1, 2, …, |R|}: set of variety of vehicle 
 

Binary variables: 
𝛿𝛿𝑖𝑖: 1 if a local depot is located on node “i”, and 0 otherwise 
𝜑𝜑𝑖𝑖𝑖𝑖: 1 if tour “k” is assigned to local depot “i”, and 0 otherwise 
𝑋𝑋𝑛𝑛𝑛𝑛𝑖𝑖: 1 if node “m” is visited immediately after node “n” in tour “k”, and 0 otherwise 
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𝑦𝑦𝑗𝑗𝑖𝑖: 1 if customer “j” is served in tour “k” and 0 otherwise 
𝑢𝑢𝑣𝑣𝑟𝑟: 1 if vehicle “v” is used and 0 otherwise 
𝑙𝑙𝑖𝑖𝑣𝑣𝑟𝑟: 1 if vehicle “v” is used for tour “k” and 0 otherwise 
𝜆𝜆𝑖𝑖𝑣𝑣𝑟𝑟: 1 if vehicle “v” is assigned to local depot “i” and 0 otherwise 
𝛽𝛽1𝑛𝑛𝑛𝑛𝑛𝑛𝑣𝑣𝑟𝑟: auxiliary variable for linearizing set #1 of non-linear constraints. 
𝛽𝛽4 𝑖𝑖𝑛𝑛𝑣𝑣𝑟𝑟: auxiliary variable for linearizing set #4 of non-linear constraints. 
 

Continuous variables: 
𝜇𝜇𝑗𝑗𝑗𝑗: amount of relief goods “g” sent to node “j” 
𝛾𝛾𝑗𝑗: amount of unsatisfied demand of relief goods “g” 
𝛽𝛽𝑛𝑛𝑖𝑖: auxiliary variable for avoiding subtours 
𝛽𝛽2𝑖𝑖𝑗𝑗𝑗𝑗𝑖𝑖: auxiliary variable for linearizing set #2 of non-linear constraints. 
𝛽𝛽3𝑗𝑗𝑗𝑗𝑖𝑖: auxiliary variable for linearizing set #3 of non-linear constraints. 
 
The operational MDLRP model is formulated as a mixed integer nonlinear 
programming problem as follows:                                                                                                         
                
 
Min z = ∑ ∑ ∑ 𝑡𝑡𝑛𝑛𝑛𝑛𝑣𝑣𝑟𝑟𝑖𝑖∈𝐾𝐾𝑛𝑛∈𝑁𝑁𝑛𝑛∈𝑁𝑁 𝑥𝑥𝑛𝑛𝑛𝑛𝑖𝑖 + ∑ 𝑝𝑝𝑗𝑗𝛾𝛾𝑗𝑗𝑗𝑗∈𝐺𝐺 + ∑ 𝑓𝑓𝑐𝑐𝑖𝑖𝛿𝛿𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖  (1) 
 

   Subject to: 
�𝜑𝜑𝑖𝑖𝑖𝑖
𝑖𝑖∈𝑖𝑖

= 1      ∀𝑛𝑛 ∈ 𝐾𝐾 (2) 
𝜑𝜑𝑖𝑖𝑖𝑖 ≤ 𝛿𝛿𝑖𝑖           ∀𝑖𝑖 ∈ 𝐼𝐼.𝑛𝑛 ∈ 𝐾𝐾 (3) 
�𝑋𝑋𝑖𝑖𝑗𝑗𝑖𝑖 =
𝑗𝑗∈𝐽𝐽

𝜑𝜑𝑖𝑖𝑖𝑖         ∀𝑖𝑖 ∈ 𝐼𝐼. 𝑛𝑛 ∈ 𝐾𝐾 (4) 

�𝑋𝑋𝑗𝑗𝑖𝑖𝑖𝑖 =
𝑗𝑗∈𝐽𝐽

𝜑𝜑𝑖𝑖𝑖𝑖         ∀𝑖𝑖 ∈ 𝐼𝐼. 𝑛𝑛 ∈ 𝐾𝐾 (5) 

� 𝑋𝑋𝑛𝑛𝑛𝑛𝑖𝑖 =
𝑛𝑛∈𝑁𝑁

� 𝑋𝑋𝑛𝑛𝑛𝑛𝑖𝑖
𝑛𝑛∈𝑁𝑁

        ∀𝑛𝑛 ∈ 𝑁𝑁. 𝑛𝑛 ∈ 𝐾𝐾 (6) 

�𝑋𝑋𝑛𝑛𝑗𝑗𝑖𝑖 =
𝑛𝑛∈𝑁𝑁

� 𝑋𝑋𝑗𝑗𝑛𝑛𝑖𝑖
𝑛𝑛∈𝑁𝑁

        ∀𝑛𝑛 ∈ 𝑁𝑁.𝑛𝑛 ∈ 𝐾𝐾 (7) 

��𝑋𝑋𝑗𝑗𝑖𝑖𝑖𝑖 ≤ 1
𝑗𝑗∈𝑗𝑗

          ∀𝑛𝑛 ∈ 𝑛𝑛
𝑖𝑖∈𝑖𝑖

 (8) 

���𝑋𝑋𝑖𝑖𝑖𝑖𝑖𝑖
𝑖𝑖∈𝐾𝐾𝑖𝑖∈𝑖𝑖𝑖𝑖∈𝑖𝑖

= 0 (9) 

�𝑋𝑋𝑛𝑛𝑗𝑗𝑖𝑖 = 𝑦𝑦𝑗𝑗𝑖𝑖
𝑛𝑛∈𝑁𝑁

       ∀𝑗𝑗 ∈ 𝐽𝐽. 𝑛𝑛 ∈ 𝐾𝐾 (10) 

�𝑦𝑦𝑗𝑗𝑖𝑖
𝑖𝑖∈𝐾𝐾

≤ 1      ∀𝑗𝑗 ∈ 𝐽𝐽 (11) 

�𝑙𝑙𝑖𝑖𝑣𝑣𝑟𝑟
𝑣𝑣∈𝑉𝑉

≤ 1      ∀𝑛𝑛 ∈ 𝐾𝐾 (12) 

�𝑙𝑙𝑖𝑖𝑣𝑣𝑟𝑟
𝑖𝑖∈𝐾𝐾

≤ |𝐾𝐾|𝑢𝑢𝑣𝑣𝑟𝑟       ∀𝑣𝑣𝑟𝑟 ∈ 𝑉𝑉 (13) 

�𝑙𝑙𝑖𝑖𝑣𝑣𝑟𝑟
𝑣𝑣∈𝑉𝑉

≥ 𝑦𝑦𝑗𝑗𝑖𝑖      ∀𝑗𝑗 ∈ 𝐽𝐽.𝑛𝑛 ∈ 𝐾𝐾 (14) 

�𝑙𝑙𝑖𝑖𝑣𝑣𝑟𝑟
𝑖𝑖∈𝐾𝐾

≥ 𝑢𝑢𝑣𝑣𝑟𝑟       ∀𝑣𝑣𝑟𝑟 ∈ 𝑉𝑉 (15) 

𝜇𝜇𝑗𝑗𝑗𝑗 = 𝑑𝑑𝑗𝑗𝑗𝑗 � 𝑦𝑦𝑗𝑗𝑖𝑖
𝑖𝑖∈𝐾𝐾

          ∀𝑗𝑗 ∈ 𝐽𝐽.𝑔𝑔 ∈ 𝐺𝐺 (16) 

𝑑𝑑𝑗𝑗𝑗𝑗 � �𝑋𝑋𝑛𝑛𝑗𝑗𝑖𝑖
𝑖𝑖∈𝐾𝐾𝑛𝑛∈𝑁𝑁

≥ 𝜇𝜇𝑗𝑗𝑗𝑗         ∀𝑗𝑗 ∈ 𝐽𝐽.𝑔𝑔 ∈ 𝐺𝐺 (17) 
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�𝑑𝑑𝑗𝑗𝑗𝑗
𝑗𝑗∈𝐽𝐽

−�𝜇𝜇ℎ𝑗𝑗
ℎ∈𝐽𝐽

= 𝛾𝛾𝑗𝑗       ∀𝑔𝑔 ∈ 𝐺𝐺 (18) 

𝛽𝛽𝑗𝑗𝑖𝑖 − 𝛽𝛽ℎ𝑖𝑖 + 𝑞𝑞𝑋𝑋𝑗𝑗ℎ𝑖𝑖 ≤ 𝑞𝑞 − 1         ∀𝑗𝑗 ∈ 𝐽𝐽. ℎ ∈ 𝐽𝐽. 𝑛𝑛 ∈ 𝐾𝐾 (19) 

�𝑙𝑙𝑖𝑖𝑣𝑣𝑟𝑟
𝑖𝑖∈𝐾𝐾

� � 𝑡𝑡𝑛𝑛𝑛𝑛𝑠𝑠
𝑛𝑛∈𝑁𝑁

𝑥𝑥𝑛𝑛𝑛𝑛𝑖𝑖 ≤ 𝑠𝑠𝑠𝑠𝑡𝑡
𝑛𝑛∈𝑁𝑁

             ∀𝑣𝑣𝑟𝑟 ∈ 𝑉𝑉. 𝑠𝑠 ∈ 𝑆𝑆 (20) 

��𝜇𝜇𝑗𝑗𝑗𝑗
𝑗𝑗∈𝐺𝐺

�𝜑𝜑𝑖𝑖𝑖𝑖𝑦𝑦𝑗𝑗𝑖𝑖 ≤ 𝑄𝑄
𝑖𝑖∈𝐾𝐾𝑗𝑗∈𝐽𝐽

           ∀𝑖𝑖 ∈ 𝐼𝐼 (21) 

�𝑦𝑦𝑗𝑗𝑖𝑖 � 𝜇𝜇𝑗𝑗𝑗𝑗
𝑗𝑗∈𝐺𝐺

≤ 𝑞𝑞
𝑗𝑗∈𝐽𝐽

           ∀𝑛𝑛 ∈ 𝐾𝐾 (22) 

�𝜑𝜑𝑖𝑖𝑖𝑖𝑙𝑙𝑖𝑖𝑣𝑣𝑟𝑟
𝑖𝑖∈𝐾𝐾

≤ |𝐾𝐾|𝜆𝜆𝑖𝑖𝑣𝑣𝑟𝑟       ∀𝑖𝑖 ∈ 𝐼𝐼. 𝑣𝑣𝑟𝑟 ∈ 𝑉𝑉 (23) 

�𝜆𝜆𝑖𝑖𝑣𝑣𝑟𝑟
𝑖𝑖∈𝑖𝑖

≤ 1         ∀𝑣𝑣𝑟𝑟 ∈ 𝑉𝑉 (24) 

𝛿𝛿𝑖𝑖 .𝑦𝑦𝑗𝑗𝑖𝑖.𝑢𝑢𝑣𝑣𝑟𝑟 . 𝑙𝑙𝑖𝑖𝑣𝑣𝑟𝑟 . 𝜆𝜆𝑖𝑖𝑣𝑣𝑟𝑟 ∈ {0.1} (25) 
𝜑𝜑𝑖𝑖𝑖𝑖 .𝜇𝜇𝑗𝑗𝑗𝑗. 𝛾𝛾𝑗𝑗.𝛽𝛽𝑛𝑛𝑖𝑖 ≥ 0 (26) 
 
The total distribution time, penalty cost of unsatisfied demand and fixed costs of opening LDs 
are minimized in the objective function. Constraint set (1) ensures that each tour is served from 
exactly one LD. Constraint set (2) guarantees that each tour is supplied from a selected LD and 
no tours are assigned to non-selected LDs. Constraint sets (3), (4) and (5) guarantee that each 
tour starts and ends at the same LD. Constraint set (5) ensures that the number of vehicles 
departing from and entering a node is the same, which is a kind of balance constraint. Constraint 
set (6) ensures continuity of each route and a return to the depot of origin. Constraint set (7) 
guarantees that the origin and destination for a specific tour are the same LD. Constraint sets (8) 
and (9) together ensure that each demand point is served once and only once in one tour. 
Constraint set (10) guarantees that each tour is served by exactly one vehicle. Constraint set (11) 
shows that when a demand point is served in a specific tour, then at least one vehicle must serve 
that tour. Constraint set (12) is related to multiple usage of vehicles. Constraint set (13) shows 
that when a vehicle is used, it could be assigned to one or more tours. Constraint sets (14) and 
(15) define the amount of goods delivered to a specific demand point, and for a specific type of 
relief good. Constraint set (16) determines the unsatisfied demand for each kind of goods. 
Constraint set (17) is for sub-tour elimination. Constraint set (18) ensures that the working time 
of each vehicle will not exceed the SRT. Constraint set (19) is the capacity condition of LDs 
that guarantees that the overall demand of all tours which are served by a LD does not exceed its 
capacity. Constraint set (20) is the capacity condition of vehicles. Constraint sets (21) and (22) 
specify the relation between vehicles and LDs. Constraint set (21) ensures that each tour can be 
assigned to a vehicle when that tour and the vehicle have both been assigned to the same depot. 
Constraint set (22) assures that a vehicle is assigned to one LD or none. Constraint sets (23) and 
(24) define binary or sign restrictions on the variables. 
 
4. Numerical Discussion 
To clarify the model’s function, some simple examples have been solved by using of GAMS. 
Now we can discuss our problem by differing the amount of average of demand and average of 
penalty cost delay. Figure 1 shows that by increasing in the number of average of demand, our 
target function increases too.  
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Figure 1. Target function as a function of average of demand 

 
Figure 2 demonstrates that by increasing in the number of average of penalty costs, our 
target function increases too. 

 
Figure 2. Target function as a function of average of penalty cost delay 

 
5. Results 
We have formulated a multi-depot LRP model to facilitate humanitarian logistics operations. 
The model is a mixed integer linear program used at the operational level in order to determine 
the locations of local depots and routing decisions after an earthquake. The model has been 
extended to a two-stage stochastic linear program with random travel times which could be used 
to make a strategic decision on the locations of DCs considering possible scenarios for road 
destruction. The contributions of this paper are considering the possibility of road destruction on 
an actual transportation network and split-delivery, inclusion of the SRT constraints, multiple 
uses of vehicles and some penalty cost for unsatisfied demand. Furthermore, two small 
instances have been generated to solve the proposed models using GAMS. The computational 
results show the capability of our VNS algorithm in finding a near optimal solution for a small 
problem. The results also demonstrate the impacts of the SRT constraints and transportation 
network failure on some critical logistic decisions. Due to the high rate of penalty cost of 
unsatisfied demand, some road closures and standard relief time constraints, the number of local 
depots and vehicles needed for humanitarian logistics operations is significantly higher than for 
commercial logistics. 
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ABSTRACT 
Disturbances are inevitable and ubiquitous part of a supply chain, especially in the supply chain of 
electronic equipment. When the budget is limited, the evaluation of these disturbances to prioritize and try 
to prevent them became more critical. This study proposes an overall disturbance evaluation model to 
assess the uncertainty of the closed-loop supply chain of a specific electronic device. The model is 
developed using ARENA-based discrete event simulation methods and aims to address the effects of 
disturbances in the process of the supply chain before and after implementing precaution measures. The 
model is constructed on a green closed-loop supply chain with five categories of disturbances derived 
from suppliers, manufacturers, and customers. Finally, four scenarios with different levels of exposure to 
disturbances are investigated to test the validity of the proposed approach. The findings could facilitate 
the disturbance management process of the evaluated supply chain. 
Keywords: Electronic equipment, Closed-loop supply chains, Green supply chain, Disturbance 
prevention, Discrete event simulation. 
 
1. INTRODUCTION  
Due to the increasing growth of technology and the importance of electronic equipment in 
people’s lives, the supply chain of this equipment became a significant part of the industry. In 
the process of real problems, there are many uncertainties, and the electronic supply chain is not 
an exception. The existed uncertainty can cause many problems for the managers of these 
supply chains [1]. A significant part of these uncertainties is the disturbances that might occur in 
different parts of the chain, and some precaution measures can reduce the exposure level of 
these disturbances. In situations that the available budget is limited, the priority of these 
disturbances should be calculated, so the precaution measures could be addressed to eliminate or 
reduce the effects of the most critical disturbances [2]. Owning the growing attention to the 
environmental effects of supply chains, researchers became interested in optimizing the harmful 
effects of supply chains and tried to incorporate the beneficial effects of processes like 
collecting and recycling used products. Considering these processes in the supply chains leads 
to closed-loop supply chains [3].  
The approaches used for addressing supply chains can be categorized into two main groups: 
mathematical programming and discrete event simulation. Concerning the electronic equipment 
supply chain, mathematical programming was often utilized for optimizing production 
scheduling and resource allocation. Nevertheless, mathematical models cannot adequately 
capture certain aspects in a real-world supply chain environment, such as operation uncertainty, 
which can be captured with discrete event simulation.  
In the category of mathematical models, Wang et al. proposed a mathematical model to evaluate 
the effects of government subsidies on pricing strategies in reverse supply chains of waste 
electrical and electronic equipment with one collector, one remanufacturer, and two retailers. 
The results of their study suggested that the remanufacturing utilization rate has a significant 
influence on the allocation strategy of government subsidies [4]. A multi-objective 
mathematical model for designing and planning a supply chain for a Portuguese battery 
producer and its distributor, considering three dimensions of sustainability, was presented by 
Mota et al. [5]. In one of the latest studies, a multi-period multi-echelon sustainable closed-loop 
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supply chain for compact fluorescent light bulbs was proposed by Taleizadeh et al. [6]. In the 
group of simulation studies, Pinho et al. modeled a biomass supply chain through discrete-event 
simulation. They provided real-time alternative scenarios when deviations from the initial 
production plans are observed [7]. A multi-level management study of discrete-event simulation 
models in a product lifecycle management framework was presented by Morshedzadeh et al. 
[8]. Wang et al. evaluated the effects of different levels of disturbances on the processes of the 
precast supply chain to evaluate the performance of their supply chain in operational and 
economic level [2]. This study evaluates the effects of adding reverse logistics and different 
precautions measures on the operational, economic, and environmental on the supply chain of a 
specific electronic device. The rest of this paper is organized as follows. Section 2 is the 
problem description. Section 3 explores the performance evaluation at the operational, 
economic, and environmental levels. Finally, the conclusion is discussed in Section 4. 
 
2. PROBLEM DESCRIPTION 
Most of the products in the electronic equipment supply chains have a specific lifespan, and 
after the end of their life cycle, they can be used again in their supply chain and create a closed-
loop supply chain. According to the quality of the products at the end of their life cycle, they 
can be returned to different levels of their supply chain, so they might get recycled, reproduced, 
or get disposed. In this study, a specific electronic device is selected, and the evaluated supply 
chain is based on the characteristics of this product. The product is a Video Projector with a 
mediocre quality that has a lifespan of 2000 hours, and after it gets used, it can be returned to 
the supply chain so it could be used regarding its conditions. All of the processes in the supply 
chain of this product are mentioned in the following. The specific duration of these processes, 
the exposure levels of disturbances, and the related parameters of the closed-loop supply chain 
are estimated due to interviews and observations and respectively are mentioned in Tables 1, 2, 
and 3.  
In each day, the company intends to produce a specific number of Video Projectors, so it is 
assumed that they receive orders at specified times, and the warehouse manager prepares the 
required raw materials in specific intervals. After preparing the raw material, the first 
disturbance can occur, which is the unaccepted quality of the raw materials. If the quality of raw 
materials is not accepted, the same process happens again. When the quality of raw materials is 
accepted, they go to the next level, which is pre-production. Another disturbance could occur 
here, which is the machine breakdown. If there is a breakdown, the machine gets fixed, and the 
process continues. After pre-production, the prepared parts get assembled, and the final product 
is produced. The final disturbance related to the product in the production process happens here. 
The final products might have some defects, so the manufacturer tries to fix the problems, and 
other disturbance might happen here, which means some products cannot be fixed, and they 
should be sent to a disposal center. Other products that get fixed would be sent to retailers so 
that the customers can purchase them.  
Reverse logistics can be added to the classic supply chain at this level. When customers buy 
products, three different situations might occur. The first one is that the product is completely 
functional and gets used for its lifespan. The second situation is that the product might have 
some problem, and the customer can return the product in less than 24 hours, and if the product 
has the accepted warranty conditions, the customer gets a new product. The product that had 
accepted warranty conditions gets returned to the supply chain and regarding its conditions gets 
recycled or reproduced. However, if it does not have the accepted warranty condition, the 
product is sent to the disposal center. The products that work completely functional for their 
lifespan get returned after 2000 hours, and other products are collected from old customers that 
bought the product before the commence of the evaluation horizon. Regarding their conditions, 
the returned products, they get recycled, reproduced, or disposed. 
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Table 1- Processing time of operations (minutes) 
Operations Processing Time 

Receiving orders 15 
Preparing raw material U(10-15) 

Pre-production TRIA(5,10,15) 
Machine repair TRIA(25,30,35) 

Assembling TRIA (15,20,25) 
Repairing defects TRIA (10,15,20) 

Transporting to retailers U(5-10) 
Selling products EXPO(10) 

 
Table 2- Exposure levels of disturbances in different scenarios 

Disturbances 
Disturbances exposure level 

No 
precaution 

Classic 
Supply chain 

Low 
precaution 

High 
precaution 

Quality failure of raw materials 20% 20% 10% 5% 
Machine breakdown 20% 20% 10% 5% 

Quality failure of final products 20% 20% 10% 5% 
Failure in repairing defects 20% 20% 10% 5% 
Warranty accepted products 10% 0% 6% 3% 
Warranty rejected products 10% 0% 4% 2% 

 
Table 3- Parameters of closed-loop supply chain 

Parameters Value 
Returned products from current customers 70% 

Recycled products 60% 
Reproduced products 40% 

Returned products from old customers 60 minutes 
Evaluating the condition of returned products U(10-15) minutes 

Disposal U(15-20) minutes 
 
 
The described closed-loop supply chain with the mentioned parameters in each scenario is 
implemented in ARENA software. The simulation duration for each scenario are 300 days and 8 
hours a day, and the results for different parts are mentioned in the following section. The 
framework of the supply chain is presented in Figure 1.  
 

 
Figure 1. The framework of the closed-loop supply chain 
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3. PERFORMANCE EVALUATION AT THE OPERATIONAL, ECONOMIC, AND ENVIRONMENTAL 
LEVELS  
Different scenarios can have different effects on the operational, economic, and environmental 
aspects of the mentioned closed-loop supply chain. The operational performance of this chain is 
evaluated through the utility of the sources in the supply chain, which are operators in different 
parts of the chain. The utility levels of different sources in each scenario are illustrated in Figure 
2.  
 

 
Figure 2. The Utility level of different sources in different scenarios 

 
The performance evaluation of economic and environmental level is presented by the 
association of mathematical equations which calculate these parameters. The required equations 
for calculating the economic and environmental performance of this closed-loop supply chain, 
the used parameters, and their descriptions in the equations are mentioned in the following. 
 

Table 4- The used parameters in equations for evaluating economic and environmental 
performances 

Parameter Value Description 
PRM 50$ Price of raw material 
CPP 50$ Cost of pre-production process 
CMR 150$ Cost of machine repair process 
CAP 100$ Cost of assembling process 
CDR 50$ Cost of defects repair 
PNP 500$ Selling price of new products 
PRP 400$ Selling price of reproduced products 

CAW 150$ Cost of accepting warranty 
CCP 10$ Cost of collecting products 
EFD 20$ Profit earned from disposing returned products 
EPR 0.5 Positive effects of recycling returned products 
EPP 0.5 Positive effects of reproducing returned products 
EPD 1.5 Positive effects of disposing products 

 
Profit = (Sold new products*PNP) + (Sold reproduced products*PRP) + (Disposed products*EFD) - 
(Used raw materials*PRM) - (Preproduction process*CPP) - (Machine repair *CMR) - (Assembling 
process*CAP) - (Defects repair*CDR) - (Accepted warranty*CAW) - (Collected products*CCP) 

(1) 

 
Environmental effects = (Recycled products*EPR) + (Reproduced products*EPP) + (Disposed 
products*EPD) (2) 
 
Equation (1) calculates the profit gained from the process of the specified closed-loop supply 
chain, and equation (2) calculates its environmental effects. The performance levels of the 
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considered supply chain regarding the output of the simulation process in different scenarios are 
presented in Table 5 and Figure 3. 
 

Table 5- Economic and environmental performance level 
Scenarios No precaution Classic Supply chain Low precaution High precaution 

Economical level 2620540 2221440 3032600 3187270 
Environmental level 6746 543 4866 4203 

 
 

 
Figure 3. Economic and environmental performance level 

 
4. CONCLUSION  
This study evaluated the operational, economic, and environmental performance of a green 
electronic equipment closed-loop supply chain with the use of discrete event simulation. Four 
different scenarios were proposed to capture the different levels of disturbances in different 
parts of the considered supply chain. As it was assumed, precaution measures could decrease the 
disturbance levels and have a significant effect on the operational, economic, and environmental 
aspects of the supply chain. The problem was described comprehensively in the problem 
description, and it was modeled in ARENA software. Multiple runs of the problem in different 
scenarios and situations showed the effect of precaution measures and considering reverse 
logistics in the considered supply chain.  
The results show that the scenario with a high precaution level had the best performance in the 
economic aspect, the second-best performance in the operational aspect, and got to third place in 
the environmental aspect. For considering the best scenario, different performance levels should 
be prioritized, and then the decision-makers can choose the best scenario regarding their 
priorities.  
For future research, the closed-loop supply chains of other products could be evaluated. The 
problem could be considered as sustainable when economic, environmental, and social aspects 
of the supply chain are considered simultaneously. Both simulation and optimization models 
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could be investigated in order to find the best conditions for the operation of a closed-loop 
supply chain.  
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ABSTRACT 
One reason that companies collect their used products and use them again is the gained profit that derives 
from using them in the production process. Other reasons, such as the environmental and social effects of 
using these products, motivate companies to have a closed-loop supply chain by adding reverse logistics 
to their supply chain. The battery is one of the products that can be used again after the end of its 
lifecycle. A supply chain can be sustainably optimized through the performance of its different facilities 
regarding sustainable regulations. In situations that there is more than one facility on each level, these 
facilities can be prioritized by different means such as the Analytic Hierarchy Process. In this paper, the 
environmental and social objective functions are modeled by the performance level of different facilities 
multiplied to their priority. Finally, the formed multi-objective model is solved by the fuzzy goal 
programming approach. 
Keywords: Sustainable supply chain, Closed-loop supply chain, Battery, Fuzzy goal programming, 
Analytic Hierarchy Process. 
 
1. INTRODUCTION  
Due to the accelerated extension of technology and the indispensable role of electronic devices 
in people’s lives, the supply chain of products related to electronic devices became a significant 
part of the business world. Since most of these electronic devices are portable, they need an 
energy source, and this energy source is the electric battery [1]. Batteries are made with 
different chemical components, which the release of them in the environment can cause 
catastrophic changes in the plants' and animals' ecosystem. In order to reduce or eliminate the 
harmful environmental effects of used batteries, most companies intend to collect their used 
products. By collecting and utilizing these products, companies can simultaneously improve 
their economic, environmental, and social performance. Collecting and recycling these products 
adds reverse logistics to the supply chain and create a closed-loop supply chain [2]. A supply 
chain can be sustainably optimized through optimizing the performance of different facilities in 
different levels of the supply chain. As suppliers have been prioritized in previous studies, in 
cases that there is more than one potential manufacturer and recovery center, which works 
differently, leading to operating different regarding their sustainable performance, the best 
potential facility should be selected. Several decision-making approaches could be used in 
evaluating the performance of these facilities [3].  
The literature review of the studies in this area can be divided into two major parts, which 
include works in the battery closed-loop supply chains and sustainable closed-loop supply 
chains. For battery supply chains, Kannan et al. presented a multi-echelon, multi-product 
closed-loop supply chain network model for returned products. They made decisions regarding 
purchasing material, production, distribution, recycling, and disposal. They also calculated the 
optimum usage of secondary lead recovered from the spent lead-acid batteries for producing 
new battery in their model and used a heuristics based genetic algorithm to solve their model 
[4]. Gu et al. studied a three-period electric vehicle battery closed-loop supply chain consisting 
of a battery manufacturer and a remanufacturer. They developed the optimal pricing strategy 
between manufacturer and remanufacturer in order to optimize total profit in different periods 
[5]. A multi-echelon battery closed-loop supply chain with multi-components, multi-product in 

Gall
ey

 Proo
f

mailto:mopourmehdi@gmail.com
mailto:paydar@nit.ac.ir
mailto:e.asadi@nit.ac.ir


 

 
 

multi-period under imprecise information, was proposed by Tosarkani and Amin. In their paper, 
they aimed to develop and apply a fully fuzzy programming method to determine the possible 
upper, middle, and lower ranges of profit [6]. Garrido-Hidalgo et al. presented the Circular 
Supply Chain framework for End-of-Life management aimed at providing the information 
infrastructure requirements in a specific situation for the restoration of Electric Vehicle Battery 
packs. They offered a qualitative evaluation of the circular supply chain information 
requirements and the capacities of Internet of Things to satisfy them [7]. In the latest study 
regarding the battery supply chain, Alamerew and Brissaud suggested a model in order to 
represent the complex system of reverse logistics to recover used products at their end-of-life 
stage. They used a system dynamics method in order to model the dynamics of cost, revenue, 
and strategic and regulatory decisions [8]. 
Regarding the sustainable closed-loop supply chains, Rezaei and Kheirkhah presented a model 
for a sustainable closed-loop supply chain by applying cross-docking operations in their 
selected network and used a cuckoo optimization algorithm for solving their proposed model 
[9]. Sahebjamnia et al. suggested a multi-objective mixed-integer linear programming model for 
designing a sustainable closed-loop supply chain network of tires[10]. In one of the most recent 
studies, a multi-period multi-echelon sustainable closed-loop supply chain for compact 
fluorescent light bulbs was proposed by Taleizadeh et al., and they used the Torabi-Hassini 
method for solving the presented multi-objective problem [11]. This study optimizes a 
sustainable battery closed-loop supply chain with evaluating the performance of the potential 
suppliers, manufacturers, and recovery centers regarding the sustainability regulations. The 
evaluation process is executed by the Analytic Hierarchy Process. The rest of this paper is 
organized as follows. Section 2 is the problem description. Section 3 and 4 are respectively, the 
mathematical model, and solution and results. Finally, the conclusion is discussed in Section 5. 
 
 
2. PROBLEM DESCRIPTION   
 
Regarding protecting the environment from harmful materials, most companies try to collect 
and use their products when their lifecycle is ended. The collection and recycling processes help 
big manufacturers to improve their performance relating to the environmental aspect. Also, 
adding recovery and disposal centers creates a closed-loop supply chain improving the 
economic and social performance of the manufacturers besides environmental performance. 
One of the products that can have catastrophic effects on the environment at the end of its 
lifecycle is the battery. Because of their chemical nature, if they are released in landfills, they 
can pollute the groundwater and soil, and cause changes in humans' and animals' habitats. 
Because of their destructive effects, the managers of the considered supply chain intend to 
optimize their supply chain sustainably and create a closed-loop supply chain for their products. 
In the collection of used batteries most of their elements such as Carbon, Iron, Lithium, 
Manganese, Sulfur, and Zinc, depending on the type of battery can be used in producing new 
batteries and the rest, which is less than 1%, can become a slag as the input for roads 
construction. Figure 1 represents a multi-echelon battery closed-loop supply chain network with 
multi-components and multi-products.   
The proposed network is consists of suppliers, manufacturers, retailers, market zones in the 
forward flow, and the reverse flow includes battery recovery centers and a disposal center. The 
manufacturers purchase their required components of the battery from suppliers and produce 
three types of batteries. Then, the products are transported to the retailers so that the retailers 
could satisfy the demands of markets. After the end of their lifecycle, some of the batteries are 
given back to the battery recovery centers. The returned batteries are decomposed into the main 
components, some of which can be recycled and returned to the plants, while other 
unrecoverable parts are sent to the disposal center. 
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Figure 1. The framework of the proposed closed-loop supply chain 

 
 
3. MATHEMATICAL MODEL  
 
The sets, parameters, variables, and equations are described in the following. 
Sets: 
J Set of products 
P Set of components 
S Set of suppliers 
I Set of potential manufacturer location 
R Set of retailers  
K Set of market zones  
L Set of potential recovery centers 
 
Parameters: 
PPj  Selling price of product j 
FSs Fixed cost of purchasing raw material from supplier s 
FIi Fixed cost of using manufacturer i for production 
FRr Fixed cost of using retailer r for distribution 
FLl Fixed cost of using recovery center l for recycling 
Nsp Cost of component p purchased from supplier s 
PCj Production cost of product j 
ESsi Distance between supplier s and manufacturer i 
EIir Distance between manufacturer i and retailer r 
ERrk Distance between retailer r and market zone k 
EKkl Distance between market zone k and recovery center l 
ELli Distance between recovery center l and manufacturer i 
El Distance between recovery center l and disposal center 
Fp Transportation cost per unit of component p from supplier to manufacturer 
Gj Transportation cost per unit of product j from manufacturer to retailer  
Hj Transportation cost per unit of product j from retailer to market zone 
Mj Transportation cost per unit of product j from market zone to recovery center 
OPp Transportation cost per unit of component p from recovery center to manufacturer 
Bp Transportation cost per unit of component p from recovery center to disposal center 
Ap Cost-saving due to recovery of component p 
FPp Disposal cost of component p 
Dkj Demand of market k for product j 
FDp Fraction of the returned component p that is disposed 
Zkj Returned product j from market zone k 
CSsp Capacity of supplier s for providing component p 
CIip Capacity of manufacturer I for producing product p 
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CRrj Capacity of retailer r for holding product j 
CLlj Capacity of recovery center l for recycling product j 
NPjp Number of component p in product j 
SEs Weight of supplier s regarding environmental performance 
IEi Weight of manufacturer i regarding environmental performance 
LEl Weight of recovery center l regarding environmental performance 
SSs Weight of supplier s regarding social performance 
ISs Weight of manufacturer i regarding environmental performance 
LSl Weight of recovery center s regarding environmental performance 
 
Variables: 
Qsip Component p transported to manufacturer i from supplier s 
RIirj Product j produced for retailer r by manufacturer i 
SRrkj Product j sold to market zone k by retailer r 
Tklj Product j returned to recovery center from market zone k 
Ulip Component p transported to manufacturer i from recovery center l 
RPlp Component p transported to disposal center from recovery center l 
Ys 1, if supplier s is selected for purchasing components, 0, otherwise 
Vi 1, if potential manufacturer location i is used for producing products, 0, otherwise 
Wr 1, if retailer r is used for distributing products, 0, otherwise 
Xl 1, if potential recovery center l is used for recycling products, 0, otherwise 
 
Objective functions: 

( ) ( ) ( )

( ) ( )
1 (

)

j j rk rkj sp p si sip j j ir irj j kl klj
r k j s i p i r j k l j

p p li lip p p l lp s s i i r r l l
l i p l p s i r l

Max z PP H ER SR N F ES Q PC G EI RI M EK T

A OP EL U FP B E RP FS Y FI V FR W FL X

= − − + + + +

+ − + + + + + + +

∑∑∑ ∑∑∑ ∑∑∑ ∑∑∑

∑∑∑ ∑∑ ∑ ∑ ∑ ∑
 (1) 

( ) ( )2 s sip i sip lip irj jp l klj jp lip lp
s i p i p s l r j l p k j i

Max z SE Q IE Q U RI NP LE T NP U RP   
= + + + + + +   

   
∑ ∑∑ ∑ ∑ ∑ ∑ ∑∑ ∑ ∑ ∑∑ ∑  (2) 

( ) ( )3 s sip i sip lip irj jp l klj jp lip lp
s i p i p s l r j l p k j i

Max z SS Q IS Q U RI NP LS T NP U RP   
= + + + + + +   

   
∑ ∑∑ ∑ ∑ ∑ ∑ ∑∑ ∑ ∑ ∑∑ ∑  (3) 

 
Constraints: 

( )sip lip irj jp
s l r j

Q U RI NP+ =∑ ∑ ∑∑  ,i p∀  (4) 

irj rkj
i k

RI SR≥∑ ∑  ,r j∀  (5) 

rkj kj
r

SR D≤∑  ,k j∀  (6) 
rkj klj

r l

SR T≥∑ ∑  ,k j∀  (7) 
klj kj

l

T Z=∑  ,k j∀  (8) 
( )p klj jp lp

k j

FD T NP RP≤∑∑  ,l p∀  (9) 

( )klj jp lip lp
k j i

T NP U RP= +∑∑ ∑  ,l p∀  (10) 

sip s sp
i p p

Q Y CS≤∑∑ ∑  s∀  (11) 
sip lip i ip

s p l p p

Q U V CI+ ≤∑∑ ∑∑ ∑  i∀  (12) 
irj r rj

i j j

RI W CR≤∑∑ ∑  r∀  (13) 
klj l lj

k j j

T X CL≤∑∑ ∑  l∀  (14) 
{ }, , , 0,1i r l sV W X Y ∈  , , ,i r l s∀  (15) 

, , , , , 0sip irj rkj klj lip lpQ RI SR T U RP ≥  , , , , , ,s i p r j k l∀  (16) 
 
The first objective, which maximizes the profit, represents the economic aspect of the supply 
chain. It contains the revenue from selling products to customers and the saving cost associated 
with recycling components subtracted by the variable cost of different processes in the supply 
chain and the fixed cost associated with selecting, opening, and using suppliers, manufacturers, 
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retailers, and recovery centers. The second objective, which respectively maximizes the 
performance level of suppliers, manufacturers, and recovery centers related to the 
environmental effects of their operation, represents the environmental aspect of the supply 
chain. The third objective, which respectively maximizes the performance level of suppliers, 
manufacturers, and recovery centers related to the social effects of their operation, represents 
the social aspect of the supply chain. 
Equation (4) guarantees the equality of components purchased from suppliers and recycled by 
the recovery centers to components used in produced batteries in manufacturers.  Equations (5)-
(8) regulate the trade-off between the selling products, the markets’ demands, and returned 
products. The fraction of disposed returned products is indicated in equation (9), and equation 
(10) confirms that the components of returned products are equal to the recycled and disposed 
components. The restriction in the capacity of suppliers, manufacturers, retailers, and recovery 
centers are respectively specified in equations (11)-(14). Finally, Constraints (13) and (14) 
illustrate the characteristics of decision variables. 
 
 
3. SOLUTION AND RESULTS 
 
The required parameters related to the environmental and social performance of each supplier, 
manufacturer, and recovery center are calculated by the Analytic Hierarchy Process. As an 
instance, the used criteria for calculating the environmental performance of suppliers, 
manufacturers, and recovery centers are mentioned in the following. For suppliers, the criteria 
are Environmental managements system (Certifications such as ISO 1400), Chemical leakage, 
and Pollution, and for manufacturers, the criteria are Eco-product design, Eco-technology, 
Green purchasing, and Sustainable packaging. Finally, for recovery centers, Eco-intelligent 
technology, Environmental practice, and Battery recovery service are the criteria. After 
measuring the weights of different facilities regarding their environmental and social 
performance, the multi-objective model is solved by the fuzzy goal programming approach. The 
required goals are assessed by solving each objective function individually, and their lower 
limits are calculated as a percentage of the measured goals. The presented model is solved with 
the collected and calculated parameters, and the results are mentioned in Table 1. 
 

Table 1. Results of the model 
 Economic performance Environmental performance Social performance 

Economic model 

4560022 7725033 8004724 
Suppliers 2,3,5 

Manufacturers  1,2,3 
Recovery centers 1,4,5 

Sustainable model 

4224359 8777505 9079540 
Suppliers 2,3,4,5 

Manufacturers  1,2,3 
Recovery centers 1,2,6,7,8 

 
 
In the economic case, the model selects the most efficient facilities regarding the economic 
aspect of the supply chain, and in the sustainable case, the results show that the environmental 
and social objectives force the model to choose the facilities that simultaneously perform better 
than other facilities in the environmental and social aspects of their operation. In order to form a 
balance between three pillars of sustainability, the model chooses more facilities that perform 
better regarding the environmental and social aspects, and that results in a better performance in 
these aspects of the studied battery closed-loop supply chain. 
  

Gall
ey

 Proo
f



 

 
 

 
4. CONCLUSION  
In this research, a sustainable battery closed-loop supply chain was investigated. The proposed 
model included multiple suppliers, manufacturers, retailers, market zones, battery recovery 
centers, components, and products. A small network has been examined to show the application 
of the presented model, and the results show that considering the performance of suppliers, 
manufacturers, and recovery centers regarding the environmental and social aspects can cause 
some changes in the process of the supply chain. The results show that the economic objective 
function got reduced in order to select the best facilities for improving the environmental and 
social aspects of the considered battery closed-loop supply chain. The qualitative performance 
level of different facilities are changed to measurable factors by the Analytic Hierarchy Process, 
and the fuzzy goal programming approach is used to solve the final multi-objective model. 
There are some potential complementary research areas. In this study, the collected data are 
assumed to be precise, but there is some uncertainty in the collected data. These uncertainties 
can be considered in the model based on the characteristics of the parameters. Changing the 
qualitative performance levels to measurable factors might have some embedded uncertainty in 
it that can be considered in the changing process. Bigger examples of the problem can be solved 
by the models, and if the solving procedure takes too much time, different metaheuristic 
approaches can be used to solve the time-consuming problem.  
 
 
5.  REFERENCES 
 
[1] Thies C, Kieckhäfer K, Spengler TS, Sodhi MS. Assessment of social sustainability hotspots in 

the supply chain of lithium-ion batteries. Procedia CIRP. 2019 Jan 1;80:292-7. 
[2] De Giovanni, P., A joint maximization incentive in closed-loop supply chains with competing 

retailers: The case of spent-battery recycling. European Journal of Operational Research, 2018. 
268(1): p. 128-147. 

[3] Arabsheybani, A., M.M. Paydar, and A.S. Safaei, An integrated fuzzy MOORA method and 
FMEA technique for sustainable supplier selection considering quantity discounts and supplier's 
risk. Journal of cleaner production, 2018. 190: p. 577-591. 

[4] Kannan, G., P. Sasikumar, and K. Devika, A genetic algorithm approach for solving a closed 
loop supply chain model: A case of battery recycling. Applied Mathematical Modelling, 2010. 
34(3): p. 655-670. 

[5] Gu X, Ieromonachou P, Zhou L, Tseng ML. Developing pricing strategy to optimise total profits 
in an electric vehicle battery closed loop supply chain. Journal of cleaner production. 2018 Dec 
1;203:376-85. 

[6] Tosarkani, B.M. and S.H. Amin, A possibilistic solution to configure a battery closed-loop 
supply chain: Multi-objective approach. Expert systems with applications, 2018. 92: p. 12-26. 

[7] Garrido-Hidalgo C, Ramirez FJ, Olivares T, Roda-Sanchez L. The adoption of Internet of Things 
in a Circular Supply Chain framework for the recovery of WEEE: The case of Lithium-ion 
electric vehicle battery packs. Waste Management. 2020 Feb 15;103:32-44. 

[8] Alamerew, Y.A. and D. Brissaud, Modelling Reverse Supply Chain through System Dynamics 
for Realizing the Transition towards the Circular Economy: A Case Study on Electric Vehicle 
Batteries. Journal of Cleaner Production, 2020: p. 120025. 

[9] Rezaei, S. and A. Kheirkhah, A comprehensive approach in designing a sustainable closed-loop 
supply chain network using cross-docking operations. Computational and Mathematical 
Organization Theory, 2018. 24(1): p. 51-98. 

[10] Sahebjamnia, N., A.M. Fathollahi-Fard, and M. Hajiaghaei-Keshteli, Sustainable tire closed-
loop supply chain network design: Hybrid metaheuristic algorithms for large-scale networks. 
Journal of cleaner production, 2018. 196: p. 273-296. 

[11] Taleizadeh, A.A., F. Haghighi, and S.T.A. Niaki, Modeling and solving a sustainable closed 
loop supply chain problem with pricing decisions and discounts on returned products. Journal of 
Cleaner Production, 2019. 207: p. 163-181. 

 

Gall
ey

 Proo
f



A New Approach for Eigenvalue Assignment via Uncertain 
State Feedback Controllers 

Nasim Ramroodi1 , Hojjat Ahsani Tehrani2  
1 Department of Mathematics, Faculty of Mathematics, Shahrood University of technology, Shahrood, 
Iran; (nasimramroodi@gmail.com) 
2 Department of Mathematics, Faculty of Mathematics, Shahrood University of technology, Shahrood, 
Iran; (hahsani@shahroodut.ac.ir) 

ABSTRACT 
In this paper, we propose a method for eigenvalue assignment using linear control systems containing  
uncertain parameters. First the state feedback matrix has designed by vector companion forms, then  
the close-loop matrix is calculated by the inverse eigenvalue problem such that its eigenvalues are 
arbitrary and prescribed. Numerical experiment is presented to illustrate the results. 
Keywords: Eigenvalue assignment, Interval number, Inverse eigenvalue problem, State feedback 
controller. 

1. INTRODUCTION
Many systems in the real world cannot be modeled with sufficient certainty. Uncertainty analysis is
studied in mathematics and sciences and in shape of intervals, is an important tool in distinct fields
associated to control system design [5]. Some interval techniques are presented in [6] to solve some
engineering and control problems. A number of researchers have considered with the problem of linear
systems containing uncertain values [7–9].
In this research, we present a new method for the eigenvalue assignment in state feedback controllers,
where the parameters and coefficients are modeled as interval numbers. It is based on the matrix inverse
eigenvalue problem.
There are many approaches for this problem. For example, [5] propose a new technique for the
parameterization of state feedback controllers in eigenvalue assignment. Their approach, similar to [2], is
based on the Karbassi-Bell method [1]. Main difference of their approach is based on their new
operations. They add proposed operations to usual interval arithmetic. The advantage of their method is
that it can find an interval feedback matrix with real coefficients using similarity operations.
The method proposed in this paper is much simpler than other methods. We do not need to solve non-
linear equation and, not necessary previous knowledge of the open-loop eigenvalue of matrix.  It is not
sensitive to location and frequency of eigenvalues so we can use it for discrete and continuous time
systems.

2. MAIN RESULTS

Consider a linear time-invariant system with the following representation

( ) ( ) ( ) ( ) ( )x t A p x t B p u t= + , (0) 0x =          (1) 
)()( tCxty =           (2) 

Where ( )x t and ( )u t are the state and control vector, n-dimensional and m-dimensional 
vectors, respectively. ( )A P  and ( )B p are the system and control matrices with appropriate 

dimensions. And p  is the uncertainty vector in shape of interval. ˆ ( )A P  and ˆ ( )B p are
uncertain matrices whose elements are interval numbers.  

The aim is to find the state feedback control law 

( ) ( ) ( )u t KC p x t=         (3)
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Eigenvalue assignment is to obtain a output feedback matrix K, such that eigenvalues of the 
closed-loop system are in the desired spectrum 1 2{ , , , }nL λ λ λ= 2 , where Ci ∈λ and 0iλ ≠ , 
i = 1,2, ..., n, such that this closed-loop systems presents a suitable performance. 

A BKCΓ = +     (4) 

Where the pair (A,B) is controllable [5]. 

In the case of uncertainty, the problem is to find a ˆ ( )pΓ = Γ  matrix with uncertain values such
that 

( ) ( ) ( ) ( ) ( )p A p B p K p C pΓ = +          (5) 

or in interval notion 

ˆ ˆˆ ˆˆ A BKCΓ = +     (6) 

Where for any ˆA A∈  and ˆB B∈  there exists a ˆK K∈  such that ˆA BKCΓ = + ∈Γhas the
self-conjugate eigenvalue spectrum 1 2{ , , , }nL λ λ λ= 2 . 
For more for more basic definitions of interval numbers and operators for them see [5]. 

First, consider the vector companion form , as defined in [1] 

A� = �
G0

In−m , On−m,m
�,               B� = �

B0
On−m,m

�       (7) 

Where B0  is an m×m invertible upper triangular matrix with unity on its diagonal and G0  is an 
m×n matrix. With this transformation, we have 

              (8) 

However,  has no special form. As shown in [3], the state feedback matrix is obtained from 

      (9) 

Γ� = �
Gλ

In−m , On−m,m
�            (10) 

such that the eigenvalues of  lie in the eigenvalue spectrum .[2] 

Assume that U1 and V1 that are the matrices formed by the base vectors of the null spaces of 
and respectively. Then we have  

1 1 1( )AV A BKC V AV= + =      (11) 

1 1 1( )t t tU A U A BKC U A= + =     (12) 

( ),B A

( ) ( ) ( )y k CTx k Cx k= =  

C

1 1
0 0( )F B G G Tλ
− −= − +

A BKCΓ = + 

tB
C
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Let Xl =U1, Xr=V1, 1
t

lY A U=  and 1rY A V= , we can find A [4]. If such A  exists, the matrix K 
can be computed through the equation 

 
  † †( )K B A A C= −                                                 (13) 

  
Where B† and C† are the Moor- penrose generalized inverse of  B and C respectively. This 
method is generally solved and when B and C are of full rank and rank (B) + rank(C) ≥ rank(A), 
we can expect a solution with probability 1 for a given set L [4]. 

 
3.  EXAMPLE 

Consider the system with the state matrices as follows, [5] 
 

.

1.3800  -0.2077  6.7150  -5.6760 0            0 
-0.5814  -4.2900  0.0000  0.6750 5.679     0

( ) ( )
1.0670  4.2730  -6.6540  5.8930 1.1360  -3.1460
0.0480  4.2730  1.3430  -2.1040 1.1360 

X t X t

 
 
 = +
 
 
 

( )

  0 

u t

 
 
 
 
 
 

 

 
Let A, B be uncertain matrices with elements  ˆ [ 0.05, 0.05]ij ij ijA A A= − +  and 

ˆ [ 0.1, 0.1]ij ij ijB B B= − +  for1 1 , 4i j≤ ≤   and 1 2k≤ ≤  . 
and desired eigenvalue spectrum of Λ= {−0.2, −0.5, −5.0566, −8.6659} to be assigned.  

 
1 -1  1 -1
0  2  0  2

( ) ( )
1 -1  1 -1
0  2  0  2

y t x t

 
 
 =
 
 
 

 

 
0.0534    0.0117    0.0534    0.0117
0.4786    0.2280    0.4786    0.2280

K  
=  
 

 

4. CONCLUSIONS  
In this research, we investigate a new eigenvalue assignment method via uncertain linear control systems; 
which is based on the matrix inverse eigenvalue problem. This method requires solving non-linear 
equations therefore is very costly in gain matrices.  
The method proposed in this paper does not require prior knowledge of the open-loop eigenvalues and the 
controller does not impose any restrictions on the position of the desired eigenvalues or their nature and 
multiplicity. So we can use it for discrete and continues linear systems. The error of method will be zero 
when B  and C  are invertible. We have solved one of the examples solved in paper [5] with our own 
method and have shown the answer that is better than their results. 
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ABSTRACT 
A Wireless Sensor Network (WSN) is developed with large number of sensor nodes.  Packet transfer in 
this network presents a range of challenges to protocol designers due to resource constrains, limited 
battery power, processing power, memory and storage capacity of sensor nodes in WSN. The applications 
that produce high volumes of data which require high transmission rates, may cause congestion in the 
sensor node and leading to packet loss and impairments in the quality of service (QOS) as well as 
throughput of networks. If data transmission to the network is not controlled, congestion status can arise 
and decrease network lifetime. Therefore, we need various congestion detection mechanisms to identify 
congestion. In this paper, we present a Prediction based Congestion Detection (P-CD) technique in order 
to identify congestion before congestion occurrence. These techniques use queue length as a parameter to 
recognition congestion. The introduced technique has better prediction accuracy. 
Keywords : Wireless Sensor Networks (WSNs), Congestion detection, Queue length, Prediction, ARIMA model

1. INTRODUCTION

A typical Wireless sensor networks (WSNs) consists of a base station (sink node) and large 
number of sensor nodes. Sensor nodes in WSNs can organize themselves to monitor around 
environment and report conditions. When sensor nodes are densely distributed and/or reporting 
conditions operate under heavy load, congestion can occur. Congestion may consequence to 
packet loss and increase transmission delay, energy consumption and hence decreases overall 
performance as well as QOS. Therefore, solution of congestion problem has many challenges 
due to limited battery power and storage capacity of sensor nodes in WSNs. 
There are two methods in order to resolve congestion problems. The First method is congestion 
control which system does not perform any response until congestion state occurrence. The 
system attempts to solve congestion just after this incidence. The second method is congestion 
avoidance that system tries to detect congestion occurrence before conditions happen. In second 
method, an estimation of time in case of situations that may occur in future is required. 
Congestion control is conducted in three steps: congestion detection, congestion notification, 
and rate adjustment. All congestion control techniques have the same basic manners: they 
investigate the network to detect congestion, notify the other nodes of the congestion status, and 
reduce the congestion and/or its impact using rate adjustment methods. Congestion control 
protocols differ in the way that they detect congestion, notice congestion information and adjust 
traffic rate. In this paper, we focus on congestion detection that is the first step of congestion 
control and can propose as a method for congestion avoidance. In order to detect congestion, 
there are three different ways [1]: buffer occupancy, channel load and reporting rate. Buffer 
occupancy-based methods consider the queue length of nodes while channel load and reporting 
rate provide more accurate information in some cases. In this paper, a simple yet scheme to 
address congestion detection is proposed. The scheme use prediction methods for recognition 
congestion proactively. Also congestion detection method considers queue length of sensor 
nodes. The reminder of this paper is organized as follows: section 2 presents various congestion 
detection techniques in congestion control protocols for WSNs. Section 3 explains employed 
prediction and also details of ARIMA method as well as Congestion detection based on ARIMA 
model. Finally, some concluding remarks and future works are presented in conclusion part. 
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2. RELATED WORK

In traditional TCP protocol, congestion is detected at the end nodes based on a timeout or 
redundant acknowledgments. Generally, link-by-link congestion detection in sensor networks 
has better performance than traditional end-to-end congestion detection using timeout or 
duplicate acknowledgment. Thus, TCP protocol has good performance in wired networks and 
cannot be suitable implemented for WSN [2]. Therefore, in sensor networks, proactive methods 
are used based on some forms of congestion indicator. Different congestion indicators have 
been proposed such as queue length, channel load, packet service time or the ratio packet 
service time to packet inter arrival time at the intermediate nodes. 
Different protocols have been proposed for congestion detection in WSNs which are using one 
parameter. Choosing this parameter is based on various criterions, for example: QOS or type of 
network applications, network resources, data transmission rate and network structure. In [3], 
CODA, an efficient congestion control protocol for sensor networks was proposed. CODA 
detects congestion based on queue length as well as channel load at intermediate nodes. Also 
Fusion [4], Siphon [5], ESRT [6] and STCP [7] use measurement of queue length in each sensor 
node in order to congestion detection. In CCF [8], author proposed congestion detection based 
on service time to deduce the current congestion state in each intermediate sensor node. In [9], 
congestion is detected based on packet service rate and packet scheduling rate in all sensor 
nodes. PCCP [10] uses packet inter arrival time and packet service time in order to produce a 
parameter to detect congestion. Also RCRT, for congestion detection technique, uses per-flow 
list of out-of-order which presents the number of packets have been received after the first 
unrecovered packet loss and how much time has passed since the first unrecovered loss. 

3. ARIMA MODEL 

If packets arrival rate exceeds processing rate, then queue length will arise. In this case, many 
packets may dropped because of overflow or the delay in their processing reach to a level, in 
which packets will be useless; that we called this state congestion. As we know, Congestion is 
one of the critical conditions in the networks that needs to avoidance or control.  
Congestion usually happens in network bottleneck. Bottleneck is a place that many packets will 
pass this point for arriving to their destination. Congestion in bottleneck causes strong falls in 
network performance. Therefore, we need a better method to congestion detection in the 
network properly.   

3.1 INTRODUCTION TO ARIMA MODEL   

In the analysis of time series, ARIMA Model [11] [12] is an integrated automated moving 
average which is a linear prediction method and more extensive than ARMA Model [11]. 
ARIMA model is useful for describing the behavior of many time series. ARIMA is a linear 
time series model. 
ARIMA model is one of the most important methods for box–Jenkins [13] which is the 
combination of the moving average (MA) and auto regressive (AR). ARIMA models defined as 
ARIMA (p, d, q) that p is auto regressive order, q is moving average order, and d is differential 
order of the raw data for usage in ARIMA model [11] [12]. P and q are computedthrough auto 
correlation function (ACF) and partial auto correlation function (PACF), respectively. ACF is a 
method to recognize the relationship between time–series observations. Therefore, correlation 
between current observation (Yt) and P periods before the current observation must be 
measured. We can determine the moving average (MA) parameter’s order q straight. Because of 
the characteristics of the PACF which describes the correlation between the current states’ 
innovation of the time series with the past, we can determine the auto regressive (AR) 
parameter’s order p directly. 
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For constructing an ARIMA model a four-step process is performed as Fig.1. First of all, using 
graphs, ACFs, PACFs and difference determine an experimental model through analysis of 
historical data (identification step). Then the unknown model parameters are estimated 
(estimation step). The error test runs to verify the suitability of model. If the model was 
confirmed, it can be set as the basis for predicting future behavior of that series otherwise repeat 
the steps (diagnostics step). In the last, forecasting the data (forecast step). 

Fig. 1 The diagram of procedure ARIMA model 

The ARIMA model can be described by Eq. (1). In the Eq. (1), available variable amounts are 
polynomial functions which presented in Eqs. (2) and (3) from p and q order, respectively. 

)1(             ∇𝑑𝑑 ∗ 𝑋𝑋𝑡𝑡 = 𝜃𝜃(𝐵𝐵) ∗ 𝛼𝛼𝑡𝑡 

Also Xt is defined as a time–series in which t is an integer index and Xt are real numbers. αt is a 

white noise with an average 0 and a variance σ
2
. We define the lag-1 difference operator ∇ by

Eq. (4). Also B is a backward shift operator that power of B presents the number of backward 
times in which t-power (B) indicates the time that X data are accessible. ∇d  which is defined in 
Eq. (5) [13], is a differential operator calculated by HURST parameter H. In order to calculate 
H, Abry-Veitch (AV) Wavelet method is used [14]. 

(2) ∅(𝐵𝐵) = 1 − (∅1𝐵𝐵 + ∅2𝐵𝐵2 + ⋯+ ∅𝑝𝑝𝐵𝐵𝑝𝑝)  

(3) 𝜃𝜃(𝐵𝐵) = 1 + (𝜃𝜃1𝐵𝐵 + 𝜃𝜃2𝐵𝐵2 + ⋯+ 𝜃𝜃𝑞𝑞𝐵𝐵𝑞𝑞) 

   (4)
(1 − 𝐵𝐵)𝑋𝑋𝑡𝑡 = 𝑋𝑋𝑡𝑡 − 𝑋𝑋𝑡𝑡−1 

(5) 
∇𝑑𝑑= (1 − 𝐵𝐵)𝑑𝑑 = ��

𝑑𝑑
𝑘𝑘
� (−1)𝑘𝑘𝐵𝐵𝑘𝑘

∞

𝑘𝑘=0

 

The estimation of the ∅ parameter values are based on the calculation of auto–covariance matrix 
and solving the Yule Walker equations. Then by using these estimated coefficients, observed 
series are being filtered to obtain an appropriate moving average process. Finally, a sequence of 
auto covariance of the moving average process is being calculated and will be used in 
estimation of moving average coefficients (θ) [15]. All the zeros of ∅(B)and θ(B) are outside 
the unit circle. In Eq. (5), �dk� value equals to Eq. (6). 

Identification 

Revised model Bad 

Good 

Estimation 

Diagnostics 

Forecast 
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 (6) �dk� = �d!
k! (d − k)!� � = (Γ(d + 1)

Γ(k + 1)Γ(d − k + 1)� )

3.2. PREDICTION METHOD OF ARIMA MODEL 

One of the usages of ARIMA model is to predict time–series. The mathematical terms of 
ARIMA model are being used for predicting one step forward and K steps forward. Let Xtto be 
the time series that we want to predict, then K steps forward prediction can be defined with 
Xt+k�.To have Kth step, we use the one step forward prediction recursively [16]. ARIMA model 
uses lagged queue length values to predict one step forward in different time scaling. By 
increasing K, predictions close to K encounter more errors to the other predictions close to t. 
For prediction, Eq. (1) is being used.  

4. EXPERIMENTAL RESULTS

One of the most important issues in congestion detection is queue length that influences the 
performance of the network. Many of protocols use queue length as a parameter to congestion 
detection. Also ARIMA model as a prediction model can improve methods such as congestion 
detection and flow control by predicting state of the queue in the networks. This prediction 
method can run in each sensor node. Therefore, congestion detection method that is proposed in 
this paper, can located in each sensor node. This method that is applicable to all nodes is more 
flexible since it is possible to determine time of congestion occurrence in each sensor node.   
The mainstream prediction methods can present us with an approximate time estimation through 
which critical conditions commence, according to input queue lengths records in past and the 
threshold of the queue length. This approximation will be conducted based on the modeling 
input data. System will try to prognosticate the future conditions time periods.  

4.1. CONGESTION PREDICTION BASED ON ARIMA MODEL  

In this section, we apply the ARIMA model that is described in previous section to predict the 
real queue length values. In the prediction procedure, we use one-step-ahead prediction and 
extend it to k-step-ahead prediction, where “step” means the time unit. All the models use the 
lagged queue length values to predict one-step-ahead traffic value. We notice that the nature of 
the queue length trend plays a significant role in the congestion prediction performance. 
Figs. 2 and 3 show the predicted values of queue occupation when we apply the ARIMA 
prediction model and provide a comparison to original data in data with a change of behavior 
and also without any change. The used scheme illustrates the queue length to hover around any 
undesired value by increasing time, so it detects buffer overflow and congestion occurrence. It 
also contributes to estimate the network utilization and avoid congestion. 
In Figure2, it is necessary to note that ARIMA method has identified a descending model at the 
time 128 exactly. Therefore, the identification process has been corrected and descending 
behavior of the data continues. In Figure 3, ARIMA method identified ascending model from 
historical data and its prediction is based on ascending model. Gall
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Figure 2. The comparison of ARIMA (3,1,4) 
method with real data in data with various changes 

Figure 3. The comparison of ARIMA (1,1,4) with real 
data in data with perpetual behavior change  

5. CONCLUSION

Predicting the queue length is important and of great interest because successful prediction of 
queue length may promise attractive benefits in detecting congestion occurrence in future. It 
affects decisions of sender nodes by increasing or decreasing transmission rate. We apply 
ARIMA model to predict one-step-ahead and k-step-ahead queue length values. It is tested on 
two different queue length data series by changing in trend and without changing. Based on 
experimental results, show that ARIMA method has been able to obtain a correct model of data 
and the performance of queue length prediction can be significantly enhanced. Therefore 
ARIMA prediction model can be highly efficient in prediction of queue behavior. Upon 
detecting congestion occurrence in future, sender nodes can adjust their rate to congestion 
avoidance. 
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An Improved Trust Region Method for Unconstrained 
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ABSTRACT 
In this paper, we propose a new improved nonmonotone adaptive trust region method for solving  the  
unconstrained optimization problems. Trust region methods are a class of effective iterative schemes in 
Optimization.  In this framework,  we use an approximate model to calculate Hessian matrix. So, the 
Hessian matrix is updated by the scaled memoryless BFGS formula. Furthermore, the trust region rdius is 
updated by an efficient rule.  Under some suitable and standard assumptions, we proof the global 
convergence properties of the new algorithm.  
Keywords: Trust region method, Adaptive radius, Hessian matrix, Global convergence. 

1. INTRODUCTION
 In this paper, we deal with the following unconstrained optimization problem: 
𝑚𝑚𝑚𝑚𝑚𝑚𝑥𝑥∈ℝ𝑛𝑛𝑓𝑓(𝑥𝑥), (1)
where 𝑓𝑓: ℝ𝑛𝑛 ⟶ ℝ  is a twice continuously differentiable function. In order to solving (1), two 
classes of method  such as trust region methods and line search approach is implied by many 
authors, [8,9,10]. Line search is based on moving along a direction that causes a sufficient 
reduction in the objective function. However, we imply the trust region method, because of the 
appropriate convergence properties and its efficiency. On the other hand, the trial step is 
(approximately) achieved by minimizing a model of the objective function over a region around 
the current point, in the trust region scheme. On the kth iteration of the trust region method, 
given 𝑥𝑥𝑘𝑘, the trial step 𝑑𝑑𝑘𝑘 is computed by solving the following subproblem: 

min 𝑞𝑞𝑘𝑘(𝑑𝑑) = 𝑓𝑓𝑘𝑘 + 𝑔𝑔𝑘𝑘𝑇𝑇𝑑𝑑 +
1
2
𝑑𝑑𝑇𝑇𝐵𝐵𝑘𝑘𝑑𝑑 

 𝑠𝑠. 𝑡𝑡.   ‖𝑑𝑑‖ ≤ ∆        
(2) 

In which, 𝑔𝑔𝑘𝑘 = ∇𝑓𝑓(𝑥𝑥𝑘𝑘) and 𝐵𝐵𝑘𝑘 is the exact Hessian or it’s approximation. Also, ∆𝑘𝑘> 0 is the 
trust region radius. 
Then, in order to evaluate the agreement between the constructed model and the objective 
function at the new point, the trust region ratio is applied as bellow: 

𝑟𝑟𝑘𝑘 =
𝑓𝑓(𝑥𝑥𝑘𝑘) − 𝑓𝑓(𝑥𝑥𝑘𝑘 + 𝑑𝑑𝑘𝑘)
𝑞𝑞𝑘𝑘(0) − 𝑞𝑞𝑘𝑘(𝑑𝑑𝑘𝑘)

 

This factor shows that whether the trial step should be accepted or rejected and it is used for 
determining that the trust region radius should be increased or decreased. As a result, the kth 
iteration is called successful if  𝑟𝑟𝑘𝑘 ≥ 𝜇𝜇  for some 𝜇𝜇 ∈ (0,1)  or unsuccessful if 𝑟𝑟𝑘𝑘 < 𝜇𝜇. 
Recently, the nonmonotone trust region methods is proposed [10, 11]. Ahookhosh et al. [2, 3] 
proposed a new efficient nonmonotone term as follows:  
𝑅𝑅𝑘𝑘 = 𝜀𝜀𝑘𝑘𝑓𝑓𝑙𝑙(𝑘𝑘) + (1 − 𝜀𝜀𝑘𝑘)𝑓𝑓𝑘𝑘 
Where, 𝑓𝑓𝑘𝑘 = 𝑓𝑓(𝑥𝑥𝑘𝑘), 𝜀𝜀𝑘𝑘 ∈ [𝜀𝜀𝑚𝑚𝑚𝑚𝑛𝑛 , 𝜀𝜀𝑚𝑚𝑚𝑚𝑥𝑥] ⊂ [0,1] and 𝑓𝑓𝑙𝑙(𝑘𝑘) = 𝑚𝑚𝑚𝑚𝑥𝑥0≤𝑗𝑗≤𝑀𝑀(𝑘𝑘)𝑓𝑓𝑘𝑘−𝑗𝑗 that is the 
Grippo’s nonmonotone term and M(0) = 0 and, for k ≥ 1, M(k) = min{k,M}, for given positive 
integer M.  
The process of updating the trust region radius at every iteration, is another important 
procedures in the trust region scheme. Furthermore, selecting the initial trust region radius is 
crucial, for more information see [1, 17, 18, 19].  
The most practical trust-region updating rule has been proposed by Gould et al. [7].  
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The interesting poposition on the adaptive trust region radius was introduced by Zhang et al. 
[15]. They proposed the 
adaptive trust region radius by  
∆𝑘𝑘= 𝐶𝐶𝑝𝑝𝑘𝑘‖𝑔𝑔𝑘𝑘‖�𝐵𝐵𝑘𝑘−1� �.
where 𝑐𝑐 ∈  (0, 1), 𝑝𝑝𝑘𝑘 is a nonnegative integer and 𝐵𝐵𝑘𝑘�  =  𝐵𝐵𝑘𝑘  +  𝐸𝐸𝑘𝑘 is a safely positive definite 
[11]. In order to avoiding calculating the inverse of matrix, Shi and Guo proposed the adaptive 
radius [12] given by 

𝛿𝛿𝛿𝛿 =  −𝑐𝑐𝑝𝑝𝑘𝑘
𝑔𝑔𝑘𝑘𝑇𝑇𝑞𝑞𝑘𝑘
𝑞𝑞𝑘𝑘𝑇𝑇𝐵𝐵𝑘𝑘�𝑞𝑞𝑘𝑘

‖𝑞𝑞𝑘𝑘‖ 

where 𝑐𝑐 ∈  (0, 1), 𝑝𝑝𝑘𝑘 is a nonnegative integer and 𝑞𝑞𝑘𝑘 is a vector satisfying 

−
𝑔𝑔𝑘𝑘𝑇𝑇𝑞𝑞𝑘𝑘

‖𝑔𝑔𝑘𝑘‖‖𝑞𝑞𝑘𝑘‖
≥ 𝜏𝜏, 

with 𝜏𝜏 ∈  (0, 1]. Moreover, 𝐵𝐵𝑘𝑘�  is generated by  𝐵𝐵𝛿𝛿�  =  𝐵𝐵𝛿𝛿 +  𝑚𝑚 𝐼𝐼 , where i is the smallest 
nonnegative integer such that 𝑞𝑞𝑘𝑘𝑇𝑇𝐵𝐵𝑘𝑘�𝑞𝑞𝑘𝑘 > 0. 
It is worth to mention that, in this paper, we use a new improved nonmonotone adaptive trust 
region method for solving unconstrained optimization problems.  
The reminder of this paper is organized as follows: In Section 2, we present the structure of the 
new nonmonotone adaptive trust region method in details. The global convergence property is 
established in Section 3. 

1. The new algorithm
In this section, Using a new strategy for updating 𝐵𝐵𝑘𝑘 we introduce the new algorithm. The 
update strategy of matrix 𝐵𝐵𝑘𝑘 is based on the scaled memoryless BFGS relation at every 
iteration, as follows [13]: 

𝐵𝐵𝑘𝑘+1 =

⎩
⎪
⎨

⎪
⎧ 𝜃𝜃𝑘𝑘𝐼𝐼 − 𝜃𝜃𝑘𝑘

𝑑𝑑𝑘𝑘𝑑𝑑𝑘𝑘𝑇𝑇

𝑑𝑑𝑘𝑘𝑇𝑇𝑑𝑑𝑘𝑘
+
𝑦𝑦𝑘𝑘𝑦𝑦𝑘𝑘𝑇𝑇

𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘
  𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘 > 0 

        

 𝐵𝐵𝑘𝑘 −
𝐵𝐵𝑘𝑘𝑑𝑑𝑘𝑘𝑑𝑑𝑘𝑘𝑇𝑇𝐵𝐵𝑘𝑘
𝑑𝑑𝑘𝑘𝑇𝑇𝑑𝑑𝑘𝑘

+
𝑦𝑦𝑘𝑘∗(𝑦𝑦𝑘𝑘∗)𝑇𝑇

𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘∗
 𝑂𝑂.𝑤𝑤.

(3) 

Where, 𝜃𝜃𝑘𝑘 = 𝑑𝑑𝑘𝑘
𝑇𝑇𝑦𝑦𝑘𝑘

‖𝑑𝑑𝑘𝑘‖2
 and 𝑦𝑦𝑘𝑘∗ = 𝑦𝑦𝑘𝑘 + ‖𝑔𝑔𝑘𝑘‖ �1 − 𝑑𝑑𝑘𝑘

𝑇𝑇𝑦𝑦𝑘𝑘
‖𝑑𝑑𝑘𝑘‖2

� 𝑑𝑑𝑘𝑘 ,𝑦𝑦𝑘𝑘 = 𝑔𝑔𝑘𝑘+1 − 𝑔𝑔𝑘𝑘 . 
 The nonmonotone term in our proposed algorithm is computed by (1 + 𝜔𝜔𝑘𝑘)𝑅𝑅𝑘𝑘, so: 

𝑟𝑟𝑘𝑘 =
(1 + 𝜔𝜔𝑘𝑘)𝑅𝑅𝑘𝑘 − 𝑓𝑓(𝑥𝑥𝑘𝑘 + 𝑑𝑑𝑘𝑘)

𝑃𝑃𝑟𝑟𝑃𝑃𝑑𝑑𝑘𝑘
, 

(4) 

                    where   

𝑅𝑅𝑘𝑘 = 𝜆𝜆𝑘𝑘𝑓𝑓𝑙𝑙(𝑘𝑘) + (1 − 𝜆𝜆𝑘𝑘)𝑓𝑓𝑘𝑘 and 
𝑓𝑓𝑘𝑘 = 𝑓𝑓(𝑥𝑥𝑘𝑘), 𝜆𝜆𝑘𝑘 ∈ [𝜆𝜆𝑚𝑚𝑚𝑚𝑛𝑛, 𝜆𝜆𝑚𝑚𝑚𝑚𝑥𝑥] ⊂ [0,1], 𝑓𝑓𝑙𝑙(𝑘𝑘) = 𝑚𝑚𝑚𝑚𝑥𝑥0≤𝑗𝑗≤𝑀𝑀(𝑘𝑘)𝑓𝑓𝑘𝑘−𝑗𝑗.  
Furthermore, {𝜔𝜔𝑘𝑘} is a positive sequence that holds ∑ 𝜔𝜔𝑘𝑘 ≤ 𝜔𝜔 < ∞∞

𝑘𝑘=1  [3]. 
An important key for efficiency in trust region methods is the rule of updating the radius. Based 
on the magnitude of the trust region ratio, one decides to accept or reject the trial step. The 
radius is updated according to the following adaptive strategy: 

Δ𝑘𝑘 = min ��𝜐𝜐𝑘𝑘 ,
∥ 𝑔𝑔𝑘𝑘 ∥
𝛾𝛾𝑘𝑘

� , Δ𝑚𝑚𝑚𝑚𝑥𝑥�, 

in which, max 0∆ >  is an upper bound for the radii and  𝜐𝜐𝑘𝑘+1  is updated by: 
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𝜐𝜐𝑘𝑘+1 = �
𝜎𝜎0𝜐𝜐𝑘𝑘  𝑟𝑟𝑘𝑘 ≥ 𝜇𝜇2
𝜐𝜐𝑘𝑘   𝜇𝜇1≤𝑟𝑟𝑘𝑘≤𝜇𝜇2
min {𝜎𝜎1𝜐𝜐𝑘𝑘 , 𝜐𝜐𝑚𝑚𝑚𝑚𝑥𝑥}     𝑜𝑜𝑡𝑡ℎ𝑃𝑃𝑟𝑟𝑤𝑤𝑚𝑚𝑠𝑠𝑃𝑃

, (5) 

where 
0 1 1 2 max0 1 , 0 1, 0σ σ m m υ< < < < < ≤ >  are given. Whenever 

1kr m≤ , the new point is calculated 
as 1k k kx x d+ = + , otherwise we set 1k kx x+ = .

3. THE NEW ALGORITHM

In this section, we propose a new adaptive nonmonotone trust region algorithm. The structure of 
the new algorithm is outlined in Algorithm 1: 

Algorithm 1: 

Step 0: Given 𝑥𝑥0 ∈ ℝ𝑛𝑛, 0 < 𝜎𝜎0 < 𝜎𝜎1 < 1,0 < 𝜇𝜇 < 𝜇𝜇1 < 𝜇𝜇2 ≤ 1, 𝜀𝜀,𝛽𝛽,𝜗𝜗,𝑀𝑀,Δ𝑚𝑚𝑚𝑚𝑥𝑥 > 0 𝑚𝑚𝑚𝑚𝑑𝑑 0 <
𝜇𝜇 < 1, set  𝛿𝛿 = 0,𝐵𝐵0 = 𝐵𝐵(𝑥𝑥0) = 1,𝑔𝑔0 = 𝑔𝑔(𝑥𝑥0). 
Step 1: If ∥ 𝑔𝑔𝑘𝑘 ∥≤ 𝜀𝜀, then stop. 
Step 2: Solve (approximatly) the subproblem (2) to determine the trial step 𝑑𝑑𝑘𝑘 and compute   𝑟𝑟𝑘𝑘 
from (4). 
Step 3: If 𝑟𝑟𝑘𝑘 < 𝜇𝜇, then set Δ𝑘𝑘 = 𝜎𝜎1Δ𝑘𝑘 and goto Step2. 
Step 4: Set 𝑥𝑥𝑘𝑘+1 = 𝑥𝑥𝑘𝑘 + 𝑑𝑑𝑘𝑘. 
Step 5: Compute 𝐵𝐵𝑘𝑘+1  from (3). If 𝐵𝐵𝑘𝑘+1 ≤ 𝛽𝛽 or 𝐵𝐵𝑘𝑘+1 ≥

1
𝛽𝛽

 then set  𝐵𝐵𝑘𝑘+1 = 𝜗𝜗. 
Step 6: Update the radius by (5). Set 𝛿𝛿 ≔ 𝛿𝛿 + 1and go to Step1.

3. Convergence Analysis

In this section, we provide the convergence analysis of Algorithm1.  We consider the following 
assumption on the problem: 
A1. The set Ω = {𝑥𝑥 ∈ ℝ𝑛𝑛|𝑓𝑓(𝑥𝑥) ≤ 𝑓𝑓(𝑥𝑥0)}  is a close bounded set and 𝑓𝑓(𝑥𝑥) is a twice 
continuously differentiable function in Ω  and the functions if , ig  are Lipschitz continuous for 
all i. 
Lemma 1. Let kd , is the solution of problem (2), then: 

𝑃𝑃𝑟𝑟𝑃𝑃𝑑𝑑𝑘𝑘 ≔ 𝑞𝑞𝑘𝑘(0) − 𝑞𝑞𝑘𝑘(𝑑𝑑𝑘𝑘) ≥
1
2
∥ 𝑔𝑔𝑘𝑘 ∥ min �Δ𝑘𝑘 ,

∥ 𝑔𝑔𝑘𝑘 ∥
B𝑘𝑘

�, 

due to these assumptions, Lemma 1 and some remark, we can prove the main theorem of the 
paper as follows [6]: 
Theorem 1: Suppose that Assumption A1 holds and { }( )kf x be bounded below, Then, the 
algorithm either stops at a stationary point or 

lim𝑘𝑘→∞ ∥ 𝑔𝑔𝑘𝑘 ∥= 0. 
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Unconstrained Optimization Problems 
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ABSTRACT 
 In this paper ,  we propose a new technique for solving the large scale unconstrained optimization 
problems .  Using a simple cubic regularization in the trust region subproblem ,  an efficient adaptive 
nonmonotone scheme is provided . Under some suitable and standard assumptions ,  we proof the global 
convergence properties  of the new algorithm .  Numerical experiments shows the efficiency of the new 
proposed algorithm . 

Keywords : Trust region methods ;  Nonmonotone technique;  Adaptive cubic regularization  method;  Global
convergence.

1. INTRODUCTION

 Consider the unconstrained optimization problem as follows : 
min
𝑥𝑥∈ℝ𝑛𝑛

𝑓𝑓(𝑥𝑥) (1) 

 in which 𝑓𝑓:𝑅𝑅𝑛𝑛 → 𝑅𝑅 is a twice continuously  differentiable function .  For solving 
(1)  many effective iterative procedures is provided ,  however we can devided these
schemes into two classes of methods ,  i.e. ,  line search and trust region methods
[1] .  Moving along a direction that implies a sufficient reduction in the objective
function ,  is the base of the line search methods .  Whereas in the standard trust region
method ,  the trial step is achived by minimizing a (quadratic or (recently) cubic) model
of the objective function over a region around the current point .  Then ,  we evaluate the
suitability of the model and the objective function at the new point by trust region ratio
that this value leads us for accepting or rejecting the new point.
 Furthermore ,  the trust region radius is updated appropriately .  Practically ,  Given 𝑥𝑥𝑘𝑘 ,  the
trial step 𝑑𝑑𝑘𝑘 is computed by
min 𝑞𝑞𝑘𝑘(𝑑𝑑) = 𝑓𝑓𝑘𝑘 + 𝑔𝑔𝑘𝑘𝑇𝑇𝑑𝑑 +

1
2
𝑑𝑑𝑇𝑇𝐵𝐵𝑘𝑘𝑑𝑑 (2) 

 𝑠𝑠. 𝑡𝑡.  ‖𝑑𝑑‖ ≤ ∆𝑘𝑘, 

 where 𝑓𝑓𝑘𝑘 = 𝑓𝑓(𝑥𝑥𝑘𝑘) , 𝑔𝑔𝑘𝑘 = ∇𝑓𝑓(𝑥𝑥𝑘𝑘) , 𝐵𝐵𝑘𝑘 is the exact Hessian ∇2𝑓𝑓(𝑥𝑥𝑘𝑘) ,  or it's  
approximation ,  and the trust region radius is ∆𝑘𝑘> 0.  Also ,  the trust region  ratio is 
defined as follows : 
𝑟𝑟𝑘𝑘 =

𝑓𝑓(𝑥𝑥𝑘𝑘) − 𝑓𝑓(𝑥𝑥𝑘𝑘 + 𝑑𝑑𝑘𝑘)
𝑞𝑞𝑘𝑘(0) − 𝑞𝑞𝑘𝑘(𝑑𝑑𝑘𝑘)

 (3) 

 where it is used for deciding whether the trial step is accepted or rejected .  Then ,  the 
trust region radius is updeted appropriately .  Studies Shows that if the sequence of the  
 objective values is monotonically decreasing ,  it frequently cuases the low convergance 
rate .  In order to overcome this difficulty ,  the nonmonotone trust region methods is 
proposed [11, 12] .  
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 Ahookhosh et al . [3,4] proposed a new efficient nonmonotone  term as follows : 
𝑅𝑅𝑘𝑘 = 𝜀𝜀𝑘𝑘𝑓𝑓𝑙𝑙(𝑘𝑘) + (1 − 𝜀𝜀𝑘𝑘)𝑓𝑓𝑘𝑘,         (4) 
 where 𝑓𝑓𝑘𝑘 = 𝑓𝑓(𝑥𝑥𝑘𝑘) , 𝜀𝜀𝑘𝑘 ∈ [𝜀𝜀𝑚𝑚𝑚𝑚𝑛𝑛, 𝜀𝜀𝑚𝑚𝑚𝑚𝑥𝑥] ⊂ [0,1] and 
𝑓𝑓𝑙𝑙(𝑘𝑘) = max{0≤𝑗𝑗≤𝑀𝑀(𝑘𝑘)}fkj ,  (5) 
 that is the Grippo's nonmonotone term and 𝑀𝑀(0) = 0 and ,  for 𝑘𝑘 ≥ 1 , 𝑀𝑀(𝑘𝑘) =
min{𝑘𝑘,𝑀𝑀} ,  for  given positive integer 𝑀𝑀. 
 Another important procedure in the trust region method is the process of updating the 
trust region radius at every iteration .  Also ,  selecting the initial trust region radius is 
crucial ,  for more information see [2,17,18,19] .  As some important factors in updating 
the trust region radius ,  we can denote to; using the more information of the objective 
function and avoiding to enforcement the costly calculation .  
 Becuase of the advantage of nonmonotone and adaptive schemes ,  we employ these 
techniques in the structures of the trust region algorithm .  Using the full information of 
the last two iterates ,  Sang et al . ]16 [  proposed the nonmonotone adaptive trust region 
method .  The framework of this method is based on a simple subproblem and it is 
efficient for the large scale unconstrianed optimization problems . 
 Hereupon ,  some applicable subproblems are introduced ,  see [9,15,21] .  Recently ,  in 
order to use Cartis et al . , in order to use the more information of the objective 
function ,  suggested the adaptive regularization method using cubic model of the 
objective function(ARC) [10].  Bacuase of the results that shows the efficieny of ARC 
method in comparison with the standard trust region method ,  many researchers attend to 
study about this manner [7,8] .  In this way ,  using a real positive definite scalar matrix to 
approximate the exact Hessian ,  Zheng et al .  modified the adaptive cubic regularization 
method  for large-scale unconstrained optimization problem [20].  
 In this paper ,  we introduce a new nonmonotone adaptive trust region  method based on 
the cubic regularization subproblem .  Our method is equiped the nonmonotone technique 
of  [3,4] ,  and for  constructing an approximation of the Hessian at the current point ,  it 
uses a slight  modification of the secant condition in [13]. 
 The global convergence is established under some standard assumptions. 
 The reminder of this paper is organized as follows :  In Section 2 ,  we  present the 
structure of the new nonmonotone adaptive trust region  method in details .  The global 
convergence property is established in Section 3 . 

2. THE NEW ALGORITHM

 In this section ,  we describe our proposed method .  Consider the following cubic 
regularization model [10] of (1) : 
min 𝑞𝑞𝑘𝑘(𝑑𝑑) = 𝑔𝑔𝑘𝑘𝑇𝑇𝑑𝑑 +

1
2
𝑑𝑑𝑇𝑇𝛾𝛾(𝑥𝑥𝑘𝑘)𝑑𝑑 +

1
3
𝜅𝜅𝑘𝑘‖𝑑𝑑‖3 

 𝑠𝑠. 𝑡𝑡.  ‖𝑑𝑑‖ ≤ ∆𝑘𝑘 
(6) 

 where  ∇𝑞𝑞𝑘𝑘(𝑑𝑑) = 𝑔𝑔𝑘𝑘 + 𝛾𝛾𝑘𝑘𝑑𝑑 + 𝜅𝜅𝑘𝑘𝑑𝑑‖𝑑𝑑‖. 
 As the trial step 𝑑𝑑𝑘𝑘 is parallel to −𝑔𝑔𝑘𝑘 we have : 
𝑑𝑑𝑘𝑘 = −𝛼𝛼𝑘𝑘𝑔𝑔𝑘𝑘   (7) 
and by considering (6) we conclude that [13] : 

𝛼𝛼𝑘𝑘 =
2

𝛾𝛾𝑘𝑘 + �𝛾𝛾𝑘𝑘2 + 4𝜅𝜅‖𝑔𝑔𝑘𝑘‖ (8)
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 Using the trial step 𝑑𝑑𝑘𝑘 ,  the nonmonotone ratio is computed by [5]: 
𝑟𝑟𝑘𝑘 =

(1 + Ωk)Rk − f(xk + dk)
𝑃𝑃𝑟𝑟𝑃𝑃𝑑𝑑𝑘𝑘

 (9) 

Δ𝑘𝑘 = min{𝜈𝜈𝑘𝑘
‖𝑔𝑔𝑘𝑘‖
𝛾𝛾𝑘𝑘

,Δ𝑚𝑚𝑚𝑚𝑥𝑥} (10) 

 where Δ𝑚𝑚𝑚𝑚𝑥𝑥 > 0 is a bounded value for the trust region radius [14] and  

𝜈𝜈𝑘𝑘+1 = �
𝜎𝜎0𝜈𝜈𝑘𝑘 𝑟𝑟𝑘𝑘 < 𝜇𝜇1
𝜈𝜈𝑘𝑘  𝜇𝜇1 ≤ 𝑟𝑟𝑘𝑘 ≤ 𝜇𝜇2
min{𝜎𝜎1𝜈𝜈𝑘𝑘, 𝜈𝜈𝑚𝑚𝑚𝑚𝑥𝑥}  𝑟𝑟𝑘𝑘 > 𝜇𝜇2

 (11) 

 where 0 < 𝜎𝜎0 < 1 < 𝜎𝜎1 , 0 < 𝜇𝜇1 < 𝜇𝜇2 ≤ 1  and  𝜈𝜈𝑚𝑚𝑚𝑚𝑥𝑥 > 0are given numbers .  Now ,  if 
𝑟𝑟𝑘𝑘 ≥ 𝜇𝜇 then the new point is introduced  by 𝑥𝑥𝑘𝑘+1 = 𝑥𝑥𝑘𝑘 + 𝑑𝑑𝑘𝑘, otherwise ,  we set 𝑥𝑥𝑘𝑘+1 =
𝑥𝑥𝑘𝑘 . 
 In order to calculate the parameter 𝛾𝛾𝑘𝑘 we have [6,13]:  
𝛾𝛾𝑘𝑘 = arg𝑚𝑚𝑚𝑚𝑚𝑚𝛾𝛾 �𝑑𝑑𝑘𝑘−1 −

1
𝛾𝛾
𝑦𝑦𝑘𝑘−1𝜋𝜋𝑘𝑘� =

𝑑𝑑𝑘𝑘𝑇𝑇𝑦𝑦𝑘𝑘𝜋𝜋𝑘𝑘
𝑑𝑑𝑘𝑘𝑇𝑇𝑑𝑑𝑘𝑘

 (12) 

 where ,  𝑦𝑦𝑘𝑘
𝜋𝜋𝑘𝑘 = 𝑦𝑦𝑘𝑘 + 𝜋𝜋

2
‖𝑑𝑑𝑘𝑘‖𝑑𝑑𝑘𝑘 ,  𝑦𝑦𝑘𝑘 = 𝑔𝑔𝑘𝑘+1 − 𝑔𝑔𝑘𝑘 and 𝜋𝜋𝑘𝑘 is updated at each iteration as

follows : 

𝜋𝜋𝑘𝑘+1 = �
𝜎𝜎0𝜋𝜋𝑘𝑘 𝑟𝑟𝑘𝑘 < 𝜇𝜇1
𝜋𝜋𝑘𝑘  𝜇𝜇1 ≤ 𝑟𝑟𝑘𝑘 ≤ 𝜇𝜇2
𝜎𝜎1𝜋𝜋𝑘𝑘  𝑟𝑟𝑘𝑘 > 𝜇𝜇2

 (13) 

 Now ,  we describe the structure of our algorithm : 
---------------------------------------------------------------------------------------------------------- 

A new algorithm 
----------------------------------------------------------------------------------------------------------  
 Input:  𝑥𝑥0 ∈  𝑅𝑅𝑛𝑛, 0 < 𝜇𝜇 < 𝜇𝜇1 < 𝜇𝜇2 ≤ 1, 0 < 𝜎𝜎0 < 1 < 𝜎𝜎1, 0 < 𝜀𝜀𝑚𝑚𝑚𝑚𝑛𝑛 < 𝜀𝜀𝑚𝑚𝑚𝑚𝑥𝑥 < 1, 
𝜀𝜀, 𝜖𝜖,𝑀𝑀, 𝜈𝜈𝑚𝑚𝑚𝑚𝑥𝑥,Δ𝑚𝑚𝑚𝑚𝑥𝑥 > 0, 0 < 𝜃𝜃1 < 𝜃𝜃2 and Δ𝑚𝑚𝑚𝑚𝑥𝑥 > 0, 0 < 𝜃𝜃1 < 𝜃𝜃2, 𝛿𝛿 > 0. 
Step 0: Set 𝑘𝑘 = 0,  𝛾𝛾0 ≔ 𝛾𝛾(𝑥𝑥0) = 1,𝑔𝑔0 = 𝑔𝑔(𝑥𝑥0), 𝜈𝜈0 = 1 and  
Δ0 = min �𝜈𝜈0

‖𝑔𝑔0‖
𝛾𝛾0

,Δ𝑚𝑚𝑚𝑚𝑥𝑥� . 
Step 1: If ‖𝑔𝑔𝑘𝑘‖ ≤ 𝜖𝜖, Then Stop . 
Step 2: Determine 𝑑𝑑𝑘𝑘 by solving 𝑞𝑞𝑘𝑘(𝑑𝑑𝑘𝑘) ≤ 𝑞𝑞𝑘𝑘(𝑑𝑑𝑘𝑘𝐶𝐶) where 𝑑𝑑𝑘𝑘𝐶𝐶 = −𝛼𝛼𝑘𝑘𝑔𝑔𝑘𝑘 is the Cauchy 
point and 𝛼𝛼𝑘𝑘 is computed by (7). Also ,  compute  𝑟𝑟𝑘𝑘 using (8) . 
 Step 3: If  𝑟𝑟𝑘𝑘 < 𝜇𝜇, Then set  ∆𝑘𝑘= 𝜎𝜎0∆𝑘𝑘  and go to Step 2 .  
Step 4: Set 𝑥𝑥𝑘𝑘+1 = 𝑥𝑥𝑘𝑘 + 𝑑𝑑𝑘𝑘. 
Step 5: Compute 𝛾𝛾𝑘𝑘+1 by (12). 
If 𝛾𝛾𝑘𝑘+1 ≤ 𝜀𝜀, Then set  𝛾𝛾𝑘𝑘+1 = 𝜃𝜃1. If  𝛾𝛾𝑘𝑘+1 ≥

1
𝜀𝜀
  ,Then set 𝛾𝛾𝑘𝑘+1 = 𝜃𝜃2. 

Step 6: Update 𝜈𝜈𝑘𝑘+1 using (11) and set  ∆𝑘𝑘+1= min{ 𝜈𝜈𝑘𝑘+1
‖𝑔𝑔𝑘𝑘+1‖
𝛾𝛾𝑘𝑘+1

,∆𝑚𝑚𝑚𝑚𝑥𝑥}.  
 Set k =: k + 1 and go to Step 1 . 
 ----------------------------------------------------------------------------------------------------------
.
3. Convergence analysis
 For considering the global convergence ,  we assume some standard assumptions as :
A1. The set Ω = {𝑥𝑥 ∈ 𝑅𝑅𝑛𝑛|𝑓𝑓(𝑥𝑥) ≤ 𝑓𝑓(𝑥𝑥0) is a closed bounded set .
A2. 𝑓𝑓(𝑥𝑥) is a twice  continuously differentiable function in Ω .
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A3. The function ∇ 𝑓𝑓(𝑥𝑥) is a Lipschitz continuous function on Ω. 
Lemma 3.1.  Assume that 𝑑𝑑𝑘𝑘 is a solution of the problem (7) .  Then ,one has [14] : 
𝑃𝑃𝑟𝑟𝑃𝑃𝑑𝑑𝑘𝑘 ≔ 𝑞𝑞𝑘𝑘(0) − 𝑞𝑞𝑘𝑘(𝑑𝑑𝑘𝑘) ≥

1
2
‖𝑔𝑔𝑘𝑘‖min �∆𝑘𝑘,

‖𝑔𝑔𝑘𝑘‖
𝛾𝛾𝑘𝑘

�. 

 Proof. ]14]  
Theorem 3.2.   Suppose that Assumption A1 to A3 holds and 𝑥𝑥𝑘𝑘 is the sequence  

generated by the new algorithm .  Then ,  the new algorithm either  stops at a stationary 
point or  lim 𝑚𝑚𝑚𝑚𝑓𝑓𝑘𝑘→∞‖𝑔𝑔𝑘𝑘‖=0. 
 Proof.[13 ,  14] . 
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ABSTRACT 
In this paper, we consider a location allocation problem with considering the data envelopment analysis 
problem. In this case, the service capacity of each server is considered as its efficiency. Our main goal is 
to reduce servers to a specified number so that the sum of the traveling cost from customers to servers and 
the sum of the inputs cost relative to each server (as a DMU) are minimized. 
Keywords : Location, Allocation, Data Envelopment Analysis (DEA) 

1. INTRODUCTION

Finding the location of facilities in order to serve the clients in an optimal criteria play a 
fundamental rule in the most models of location theory. The median problem asks to find the 
location of a facility such that the sum of weighted distances between this facility and the clients 
are minimized. In the many type of location models the goal is finding the optimal location of 
facilities with respect to different criteria that consider the time, cost and distances between the 
clients and facilities. However, the efficiency of the facilities which concerns to the location of 
facilities, has been considered by a few authors.  
In general, term of efficiency can be thought as a type of trade off that what we gain by 
consuming our resources. Data envelopment analysis (DEA) is a well-known methodology, 
based on mathematical programming models that can be used to assess the relative efficiency of 
a number of similar processing units, commonly called decision making units (DMUs). This 
methodology needs data about the amounts of each input that is consumed by each unit and the 
amount of each output that is produced by each unit. . In DEA, we seek to find a virtual DMU 
which produces output equal to the output of the DMU under evaluation, with less input or to 
produce the output more than output of under evaluation DMU one with same input. 
(Thomas et al., 2002) are the first attempts for considering efficiency concept in the location 
problem. They considered the combination of obnoxious facility location and DEA models and 
presented two approaches. In the first approach they find the optimal location of facilities, then 
these optimal facilities are used as the input of the DEA model. If the efficiency of DEA model 
is unity, then the optimal solution is found. Otherwise, the optimal location of new facilities 
should be found. This method continues until all facilities are considered or all DEA scores are 
efficient. In the second approach the DEA model and location problem have been considered as 
a single objective linear programming model to maximize the efficiency of those facilities that 
are going to be opened. Then second attempts present by (Klimberg & Ratick, 2008)  they used 
the DEA concept for finding the efficient location of facilities and presented two bi-objective 
linear programming models for capacitated and un-capacitated facility location models which 
combined with DEA models. They consider optimization of both spatial interaction between 
facilities and the customers they serve and the efficiency of facilities at the selected locations 
simultaneously. 
Inspired by (Thomas et al., 2002) and (Klimberg & Ratick, 2008) other research are performed 
in the literature for combining location problem and efficiency concept. (Guo, 2009) utilized 

Gall
ey

 Proo
f



fuzzy DEA for location analysis of finding an ideal location for establishing a Japanese-style 
rotisserie in a metropolis in China. (Ramanathan, 2009) utilized DEA models for measuring 
relative attractiveness of locations. He proposed an extension of Huff model capable of dealing 
with multiple factors using DEA models. The multi-criteria DEA model has been used for 
location problems in fuzzy environment by (Moheb-Alizadeh et al., 2011). In another study on 
DEA and location, (Mitropoulos et al., 2013) developed a method for evaluating the efficiency 
of existing facilities and finding location of the new facilities. In fact, they utilized DEA and 
location methods separately in two different stages.   (Khodaparasti et al., 2016) presented the 
new formulation combines facility location and DEA to support the decision maker with more 
realistic solutions based on the optimal location-allocation decisions. In fact, they set the outputs 
of the model as a function dependent on the allocation variables. (Fang & Li, 2015) proposed a 
two phase method for incorporating DEA and location. In the first phase they estimated the 
efficiency of potential location and then in the second phase efficiencmeasures are assumed as a 
goal in the location problem. The second phase used goal programming model. (Darestani & 
Mohammadreza, 2016) dealt with a multiple objective programing for local reliability-based 
maximum expected covering location problem, taking efficiency concept into account that was 
done by DEA model.   (Georgantzinos & Giannikos, 2017) incorporated the efficiency concept 
to the set covering, packing and partitioning problems. Their attempt yielded to a series of 
multiple objective programming. In this paper, we propose a new combination of integrating the 
data envelopment analysis problem into the location problem in which we consider the capacity 
of the servers according to their efficiency. 
In subsection 1.2, we consider a median location problem where the goal is to reduce servers 
from f to p to minimize total costs. In the subsection 2.2, we discuss the problem of data 
envelopment analysis and its mathematical model. In Section 3, we discuss the proposed model 
and develop a peer linearized mathematical model.  

2. Preliminary
2.1. Facility location problems
Suppose that there are a set like 𝑁𝑁 = {1,2, … ,𝑛𝑛} contains customers and a set 𝐹𝐹 = {1,2, … , 𝑓𝑓}
contains servers. The cost of setting up jth server is 𝑓𝑓𝑗𝑗. The cost of traveling of each customer
from point  𝑘𝑘 ∈ 𝑁𝑁 to jth server is 𝑐𝑐𝑘𝑘𝑗𝑗. Also suppose each server's service capacity is 𝜃𝜃𝑗𝑗. The 
weight of each demand point is equal to 𝑤𝑤𝑘𝑘. The goal is to reduce servers from f to p so that 
minimize the total cost of traveling to the servers and setting up the servers. 

𝑥𝑥𝑘𝑘𝑗𝑗 = �1   𝑖𝑖𝑓𝑓 𝑘𝑘𝑘𝑘ℎ 𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝑛𝑛𝐷𝐷  𝑖𝑖𝑖𝑖 𝐷𝐷𝑎𝑎𝑎𝑎𝑎𝑎𝑐𝑐𝐷𝐷𝑘𝑘𝐷𝐷𝐷𝐷 𝑘𝑘𝑎𝑎 𝑗𝑗𝑘𝑘ℎ 𝑓𝑓𝐷𝐷𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑘𝑘𝑓𝑓 
0                                 𝑎𝑎𝑘𝑘ℎ𝐷𝐷𝑒𝑒𝑤𝑤𝑖𝑖𝑖𝑖𝐷𝐷 

𝐷𝐷𝑗𝑗 = �1   𝑖𝑖𝑓𝑓 𝑗𝑗𝑘𝑘ℎ 𝑓𝑓𝐷𝐷𝑐𝑐𝑖𝑖𝑎𝑎𝑖𝑖𝑘𝑘𝑓𝑓 𝑒𝑒𝐷𝐷𝐷𝐷𝐷𝐷𝑖𝑖𝑛𝑛 𝐷𝐷𝑖𝑖 𝑎𝑎𝑛𝑛𝐷𝐷 𝑎𝑎𝑓𝑓 𝑝𝑝 𝑖𝑖𝐷𝐷𝑒𝑒𝑠𝑠𝐷𝐷𝑒𝑒
0                         𝑎𝑎𝑘𝑘ℎ𝐷𝐷𝑒𝑒𝑤𝑤𝑖𝑖𝑖𝑖𝐷𝐷     

 

𝑀𝑀𝑖𝑖𝑛𝑛    ��𝑤𝑤𝑘𝑘 𝐶𝐶𝑘𝑘𝑗𝑗

𝑛𝑛

𝑘𝑘=1

𝑓𝑓

𝑗𝑗=1

𝑥𝑥𝑘𝑘𝑗𝑗 +  ��𝑓𝑓𝑗𝑗

𝑚𝑚

𝑡𝑡=1

𝑓𝑓

𝑗𝑗=1

𝐷𝐷𝑗𝑗    (1) 

s.t.
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 �𝐷𝐷𝑗𝑗

𝑓𝑓

𝑗𝑗=1

= 𝑝𝑝  (2) 

 �𝑥𝑥𝑘𝑘𝑗𝑗

𝑝𝑝

𝑗𝑗=1

= 1  𝑘𝑘 = 1, … ,𝑛𝑛  (3) 

 �𝑥𝑥𝑘𝑘𝑗𝑗

𝑛𝑛

𝐾𝐾=1

≤ 𝜃𝜃𝑗𝑗   𝑗𝑗 = 1, … ,𝑝𝑝  (4) 

 𝑥𝑥𝑘𝑘𝑗𝑗 ≤ 𝐷𝐷𝑗𝑗    𝑘𝑘 = 1, … ,𝑛𝑛      𝑗𝑗 = 1, … , 𝑓𝑓  (5) 

 𝐷𝐷𝑗𝑗 , 𝑥𝑥𝑘𝑘𝑗𝑗 ∈ {0,1}  𝑗𝑗 = 1, … , 𝑓𝑓     𝑘𝑘 = 1, … ,𝑛𝑛 

2.2. DEA Models 
Assume there are n DMUs which can be banks, schools, ministries, etc. Each DMU uses m 

inputs to produce s outputs which may be product service etc. For 𝑗𝑗 = 1, … ,𝑛𝑛, let's denote 𝑂𝑂𝑟𝑟𝑗𝑗, 

𝑒𝑒 = 1, … ,𝐷𝐷, outputs of j-th DMU and 𝐼𝐼𝑡𝑡𝑗𝑗, 𝑒𝑒 = 1, … , 𝑖𝑖, inputs of j-th DMU. The following CCR 

model introduced by Charnes et al. (1987) can be used for assessing the efficiency of k-th 

DMU, 𝑘𝑘 ∈ {1,2, … ,𝑛𝑛}. 

𝑀𝑀𝑖𝑖𝑛𝑛  𝜃𝜃𝑘𝑘  (6) 

s.t.

 �𝜆𝜆𝑗𝑗𝐼𝐼𝑡𝑡𝑗𝑗 ≤ 𝜃𝜃𝑘𝑘𝐼𝐼𝑡𝑡𝑘𝑘

𝑛𝑛

𝑗𝑗=1

   𝑘𝑘 = 1, … ,𝐷𝐷      (7) 

 �𝜆𝜆𝑗𝑗𝑂𝑂𝑟𝑟𝑗𝑗 ≥ 𝑂𝑂𝑟𝑟𝑘𝑘

𝑛𝑛

𝑗𝑗=1

   𝑒𝑒 = 1, … , 𝑖𝑖    (8) 

𝜆𝜆𝑗𝑗 ≥ 0  𝑗𝑗 = 1, … ,𝑛𝑛 

The above model is known as envelopment form of CCR model. If we transfer to the dual space 

we get the following model called multiplier form of CCR model. 

3. New location models dealing with efficiency

Consider the 𝑛𝑛 given demand point 𝐵𝐵𝑘𝑘 with nonnegative weight 𝑤𝑤𝑘𝑘 , 𝑘𝑘 = 1, … ,𝑛𝑛, . Also suppose

that there are 𝑓𝑓 servers which, from the perspective of data envelopment analysis, each server

𝐴𝐴𝑗𝑗 is interpreted as a DMU. Assume that the j-th DMU has a set of 𝐷𝐷 inputs 𝐼𝐼𝑗𝑗1, 𝐼𝐼𝑗𝑗2, … , 𝐼𝐼𝑗𝑗𝑚𝑚 and
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a set of 𝑖𝑖 outputs 𝑂𝑂𝑗𝑗1,𝑂𝑂𝑗𝑗2, … ,𝑂𝑂𝑗𝑗𝑗𝑗. Consider the capacity of each server proportional to its 

performance of  𝑓𝑓 units. We want to reduce the number of servers from f to p (𝑝𝑝 < 𝑓𝑓) so that 

sum of the cost of inputs of p selected servers and the sum of weighted cost from this p servers 

to all demand points is minimized. To model this problem, let 

𝐷𝐷𝑗𝑗 = �1  𝑖𝑖𝑓𝑓 𝐴𝐴𝑗𝑗  𝑖𝑖𝑖𝑖 𝑖𝑖𝐷𝐷𝑎𝑎𝐷𝐷𝑐𝑐𝑘𝑘𝐷𝐷𝐷𝐷 
0  𝑎𝑎𝑘𝑘ℎ𝐷𝐷𝑒𝑒𝑤𝑤𝑖𝑖𝑖𝑖𝐷𝐷 

Then the model of this problem can be written as follows. 

𝑀𝑀𝑖𝑖𝑛𝑛    ��𝑤𝑤𝑘𝑘 𝐶𝐶𝑘𝑘𝑗𝑗

𝑛𝑛

𝑘𝑘=1

𝑓𝑓

𝑗𝑗=1

𝑥𝑥𝑘𝑘𝑗𝑗 +  ��𝑐𝑐𝑡𝑡𝑗𝑗
,

𝑚𝑚

𝑡𝑡=1

𝑓𝑓

𝑗𝑗=1

𝐼𝐼𝑡𝑡𝑗𝑗𝐷𝐷𝑗𝑗    (9) 

s.t.

 �𝐷𝐷𝑗𝑗

𝑓𝑓

𝑗𝑗=1

= 𝑝𝑝  (10) 

 �𝑥𝑥𝑘𝑘𝑗𝑗

𝑝𝑝

𝑗𝑗=1

= 1  𝑘𝑘 = 1, … ,𝑛𝑛  (11) 

1
𝑛𝑛

 �𝑥𝑥𝑘𝑘𝑗𝑗

𝑛𝑛

𝐾𝐾=1

≤
𝜃𝜃𝑗𝑗

∑ 𝜃𝜃𝑗𝑗
𝑝𝑝
𝑗𝑗=1

 𝑗𝑗 = 1, … ,𝑝𝑝  (12) 

 𝑥𝑥𝑘𝑘𝑗𝑗 ≤ 𝐷𝐷𝑗𝑗    𝑘𝑘 = 1, … ,𝑛𝑛      𝑗𝑗 = 1, … , 𝑓𝑓  (13) 

 𝐷𝐷𝑗𝑗 , 𝑥𝑥𝑘𝑘𝑗𝑗 ∈ {0,1}  𝑗𝑗 = 1, … , 𝑓𝑓     𝑘𝑘 = 1, … ,𝑛𝑛 

4. CONCLUSIONS

In this paper, we consider a new combination of integrating the data envelopment analysis 

problem into the location problem in which we consider the capacity of the servers according to 

their performance. Then we solved it with the appropriate software and we got the optimal 

solution. 
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